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Abstract

We studied the motion of neutrally buoyant spheres inducedybinternal waves
in a linearly strati ed uid with moderate Reynolds numbers (200-300). The char-
acteristic scale of the sphere is much smaller than the waveigh (D= < 0:05), so
we apply Morison's equation, which is a semi-empirical fornfauto estimate the force
on underwater structures, to model the drag force and motioaf the sphere. In our
5-metre long wave tank, a mode-1 internal wave was generateg a wave generator
to study the motion of the spheres. Experimental results skothat, similar to surface
waves, there exists a wave induced drift of the sphere resali from the phase lag
between the motion of the sphere and the uid. The magnituderal direction of the
drift velocity ug can be a ected by many parameters, including the initial phge of
the wave generator, depth of the sphere, and frequency of thadrnal waves. An
empirical formula for ug will be introduced and will be compared to the theoretical
results from a numerical simulation. For the vertical motio of the sphere, both the
experiment and numerical simulation show that at low frequecy of the internal waves

('=N < 0:2), a series of harmonics df appear in the vertical motion.
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Chapter 1

Introduction

1.1 Strati ed Fluid

Most uids in our daily life are homogeneous with uniform desity, but a strati ed
uid is the one that density changes with depth. In stratied uids, many physical
processes can be di erent, such as waves.

The main reason for density strati cation in the ocean are chages in temperature
and salinity. Strati cation could be caused by either one othese or both. Typically,
the top few tens of metres are uniform in density. Beneath thimixed layer is a
strongly strati ed region called the pycnocline. A similarstructure can occur in
lakes where temperature alone controls the density. Belowwv&ral hundred meters,
the ocean is weakly strati ed. Density changes with depth &w water parcels to
perform vertical oscillations in the uid due to variable bwyancy forces. This makes

the motion in a strati ed uid much di erent than in homogeneous uid.



1.2 Internal Gravity Waves

Surface waves in a homogeneous uid are commonly observeatetnal gravity waves,
or simply internal waves, are di erent from what we are famibr with. Internal waves
are baroclinic waves that exist in strati ed uid and are hard to observe in our daily
life. Baroclinic means the gradient of pressure and the gramfit of density are not
aligned. The restoring force of internal waves is the reduteravity, which means
the net force of gravity and buoyancy. Internal waves in thea@ean usually have large

amplitudes and long periods.

1.2.1 Internal Wave Equations
1.2.1.1 Derivation of the Equations

The internal wave equation can be derived from the basic edi@ns of uid dynamics
based on some assumptions. We will assume the uid to be incorapsible and
inviscid. The uid also satis es the Boussinesq approximatin, which means the

mean density could be described as the background densitypla variation
= ot (2) (1.1)

where o is the characteristic density and (z) is the density variation with depth,
where (z) 0-

The momentum, conservation of internal energy and mass edigas [Sutherland,

2010] are
D
Och:: gf(’ (1.2)
D
o= o 13)
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D d

Dt~ "Vaz
5 4=0 (1.5)

(1.4)

The - symbol means the material derivative which expands tg- = @@t+ 4 5.

For small amplitude motions, we can linearize the equationegglect non-linear terms

and get:
@u_ @p
O@I_ @X (1.6)
@w_  @p

‘@t @z g a.7)

@ _ d
@t W@Z (1.8)
5 4=0 (2.9)

Combine the four equations above, eliminate pressure frorhegm and bring in the

streamfunction

@_ , @._
@z " @X

Finally through rearrangement we can get the internal wave eation expressed by

w (1.10)

the streamfunction as

@

@ gd.
@t

U2)+(‘Em)m=0 (1.11)

1.2.1.2 Buoyancy Frequency

Now we introduce the buoyancy frequency, also known as the BittVaisala frequency,
N, from equation (1.11) where 4 is the background densityg is the gravity accelera-
tion, and is the density variation. It can be understood as the anguldrequency of

a water parcel which naturally oscillates vertically in a stati ed uid. The expression
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Figure 1.1: Density and Buoyancy frequency squardl?, in the ocean [Talley, 2011]

of buoyancy frequency square is

Nz= 9@ 1.12
@z (1.12)

From the expression, we can see that ? represents the stability of the strati-
cation, if N? < 0 heavy uid is over light uid, which means the uid unstable.
If N2 > 0 means stable strati cation. For non-linear strati cation, the buoyancy
frequency also could be a function of depth written aN (z).

We can replace ( %g—z) with N2 and get the simpler equation:

@(r )+ N? =0 (1.13)

@1
Figure 1.1 shows the density and buoyancy frequency as a fuict of depth in the
Paci c ocean [Talley, 2011]. As can be seen from the gure, th#ensity is strongly

strati ed within the rst 200 meters below the surface and is nalinear. But after

4



reaching a depth of about 350 meters deep the strati cationdcome weak and density

increases linearly with depth.

1.2.1.3 Dispersion Relation

We look for a wavelike solution for 2D internal waves of the far = Ag!(kex*kez 1)
where! | k, andk, represents the frequency of the wave and the horizontal andrtieal
wavevector of the wave. Substituting into the internal wave equation (1.13), we
can get the dispersion relation as:

k2

2= N?
k2 + k2

(1.14)

This shows the relation of the frequency of the internal wavand wave numbers. For
a xed frequency, a wave can only have phase lines with a cemangle =tan l(%)

and we have another expression for the dispersion relation {Berland, 2010]:
I = N cos (1.15)

From equation (1.15), we can see that for an internal wave &8/ propagating in
a strati ed uid, the frequency of the wave must not exceed tle buoyancy frequency.
The magnitude of horizontal and vertical wavevectok, and k, also related by the
dispersion relation as:
k2= k3(—2 1) = k’tan? (1.16)

Through the dispersion relation, we can nd phase velocitg, and group velocity
of the g of the internal wave as well. If we us& to represent the total wave vector,
the magnitude ofR is k = | m the phase velocity is

I R ) Nky,
&= EJE = Slgn(kx)W(kx’ K2) (1.17)

5
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Figure 1.2: Vertical structure of internal waves
and the group velocity is
G = Viw = (g,:;, g,‘;> = ﬁ;@, —kz) (1.18)

Through equations above, we can see that ¢, - ¢; = 0, which means they are per-
pendicular to each other. The direction of those velocities determines the propagating
direction of the internal wave.

Figure 1.2 shows the vertical structure of a downward propagating internal wave.
The angle of propagation is given by equation (1.15). We can see how the wave
propagates and the phase changes in a wave packet. Even though the lines of constant

phase move up and to the right, the wave packet as a whole (i.e. the energy) moves



down and to the right.

1.2.1.4 Wave Modes

If we bound an internal wave in a 2D rectangular domain with 0 z H and
0 x L, we can have wave modes. The no normal- ow condition requirésat the
vertical velocity w = 0 at the upper and lower boundaries and the horizontal velaty
u = 0 at left and right boundaries. To express this with the stramfunction (x;z;t)

[Sutherland, 2010], we should write:
x;0t) = (x;H;t)=0 0 x L;t> 0 (1.19)

©0;z;t)= (L;z;t)=0 0 z H;t> 0 (1.20)

which means is constant along all the boundaries. Substitute these bodary
conditions to the internal wave equation (1.13), and still ssume there are wave like
solutions Ae'(xx*k2z 1) gnd substitute into equation (1.13). Unlike an unbounded
domain, the existence of boundary conditions restrict thellawable internal waves
that can occur in this domain: \only the superposition of lgfright and up-down
propagating waves with xed nodes at the boundaries."[Suthand, 2010] This means
only waves with certain wave vectors can exist in the domainThe streamfunction

could be written as:

xR .
(x;z;t) = Aj sin(ikxox) sin(jk z0z)e it (1.212)
i=1 =1
in which ko = =L and k;,o = =H represents the basic wave number (longest
wavelength), andi;j = 1;2;3;::.. A; is the amplitude of streamfunction fori  jth



mode. And through the dispersion relation we can nd the fregency by:
JL oy ..
Ly = N°[1+(F) 12 ;) =1;2,3;:: (1.22)

Wave modes are important because in our lab the tank we use igectangular
box as described above, with a wave generator on the left sidethe tank. Most of

our experiments are carried out in a mode-1 internal wave @l

1.2.2 Internal Waves in the Ocean

The ocean is a naturally strati ed system, where multiple tpes of waves exist, includ-
ing internal waves. Diving through tens of meters of mixed yeer, we will reach the
thermocline, which is strongly strati ed in the ocean with a loyancy frequency of
N = 0:01s [Wunsch and Ferrari, 2004]. A few hundreds of meters below tiserface
is the abyss, where the strati cation is weaker than the thenocline. The buoyancy
frequency can be as small a¥ = 10 4s ! [Wunsch and Ferrari, 2004] in the abyss
which means the period of one oscillation can be a few hours.

Internal waves in the ocean can be generated by many sourceslsas surface
waves or tidal ow over topography. Vertical displacement bthe water parcels can
be tens of meters typically with the time scale from tens of mutes to hours. The
horizontal displacement of internal waves could be as long a kilometer with a cur-
rent speed at 0.5 ms! [Garrett and Munk, 1979]. As the earth is rotating, for waves
having periods exceeding tens of hours the rotation e ectseaimportant [Sutherland,
2010]. Using the Coriolis frequency = 2 sin( ) [Garrett and Munk, 1979], where

is the earth rotation angular velocity and is the latitude, the dispersion relation

will change to a combination of the vertical and horizontal tsucture [Garrett and

8



Munk, 1979]:

2= N2?cog + f?sin? (1.23)

The limit for an internal waves to exist in the ocean id ! N. When!
is slightly greater than f, the motion of water particles will tend to be closer to
horizontal and circular, and if! is close toN, the water particles tend to move more
vertically and the trace would be more elliptical.

The strati cation is non-uniform in the ocean, a downward popagating internal
wave with frequency! may encounter an interface wheré > N , the wave will
experience a re ection [Garrett and Munk, 1979]. Combined Wi the re ection at
a upper interface with! > N , there will be two vertical boundaries of the internal
waves which means there would be wave modes in the ocean ad.wel

The dissipation of internal waves is usually due to the sheanstability, which
mainly caused by the superposition of di erent waves makinthe local Richardson
number N 2=(£%2 down below; [Sutherland, 2010]. The breaking internal waves will
cause mixing and lose energy and nally dissipate. It is an ep research question
to determine what fraction of internal wave energy results iiapycnal mixing [Ilvey

and Kose , 2008].

1.3 Autonomous Underwater Vehicles

Autonomous underwater vehicles are robots that travel undeter with limited hu-
man control during a mission. AUVS, as is type of unmanned undeater vehicles, are
di erent from those non-autonomous remotely controlled unerwater vehicles called

ROVs. ROVs require cables from a surface ship and only conducigsions in a lim-



ited area. The rst AUV was developed at the Applied Physics Labratory at the

University of Washington at 1957 and was named 'Special Purpe Underwater Re-
search Vehicle'. It was mostly used for the study of di usionacoustic transmission
and submarine wakes [Mark Sibenac and Thomas, 2004]. Some pihstitutes also

developed some early AUVs, such as MIT in the 1970s and in the &&tWnion. At

that time, AUVs were mainly produced for military use [Mark Sitkenac and Thomas,
2004].

Today, many types of AUVs have been designed, from the undeneatgliders to
the tons heavy deep water AUVs. Large AUVs such as Sentry from WoedHole
Oceanographic Institute, whose dimensions are 290220 180 CM’, weigh about
1250Kg, is able to dive to 4500 meters with various scienti ¢ senser The REMUS
100 represents the typical small size AUVs which is about 19 CM diameter and
about 37 Kg in mass, having a maximum operation depth of 100 M. Launching
and recycling REMUS could be a one person job, to reduce cost. AU\sually are
equipped with various modules to deal with di erent underwagr environments. They
have onboard batteries, computing systems, control systenand dynamic systems.
With the pre-programmed mission system, AUVs are able to reptoand adapt their
routine instantly. The development of battery technology dbws AUVs to vy in the
ocean for many months.

AUVs are becoming a very e ective tool in ocean research scieoally and com-
mercially with developing manufacture technology and deasing cost. For instance,
the oil and gas industry are using AUVs to map the sea oor to detd¢ mineral re-
sources before the construction of a platform. AUVs are stillciive in the military

area, which usually are employed in anti-submarine warfarand to aid in the detec-

10



tion of submarines [B.Curtin, 2005]. Sensors equipped withlA/s are able to collect
data of the ocean current and ow of the local area. They havegbential to be a
very e ective underwater technology in the frontier of phyigal oceanography and
geophysics for various scales of surveys and projects.

Di erent types of gliders also have been designed for longrte use [B.Curtin,
2005]. These gliders are able to travel with minimum power ding a mission. The
feature will be of great bene t if we need to collect data for aery long time in the

ocean.

1.3.1 Equations of simplied AUV Models

An AUV model is a mathematical simulation of AUV motion in uid for both engi-
neering and science. Such models are found useful in testingl amproving vehicle

performance.

1.3.1.1 3-DOF Equations

Usually a 6-DOF (degrees of freedom) model will be used to deberthe AUV mo-
tion, but for our simpli cation of the derivation, we will in troduce a 3-DOF model for
simplicity. More details on the 6-DOF equations are includeth Appendix A.1. As
an AUV has a certain shape, the orientation will contribute tathe hydrodynamics of
the vehicle, so the system equations are usually derived asalved in 2-sets of coordi-
nate systems: the earth- xed coordinate system (X-Y-Z) and th vehicle body xed
coordinate system (x-y-z). Newton's 2nd law for translatioml motion and Euler's
law for rotation are written in the body- xed coordinate and are transformed into

the inertial coordinate system in the 3-DOF situation. The gstem contains various

11



forces and torques from each part of the vehicle, so some siifyphg assumptions are
made. In the derivation of the equations, we consider the dsic added mass e ect
to be included in the inertial mass system and we will discusster what added mass
contribute to the motion of a submerged object.

The AUV geometry (Figure 1.3) we use here is an ellipsoid shapédll body
with control surfaces on both sides of the body withirx y plane. We restrict the
motion of the AUV in the x z plane and neglect the rotation along axis, thus only
the translational motion in x and z direction and the rotational motion alongy axis
needs to be considered. With the setup above we reduce the 9 d@res (including
the kinematic relation) down to 3. Forces and torques on theoatrol surface are out
of the x  z plane but they still contribute to the motion in the vertical plane.

The system of equations [Nahon, 1996] are:

m(u+ gw = (G B)sin + Fex+ Fix; (1.24)
mw qu= (G B)cos + Fc;+ Fpy; (1.25)
lyyd= My + Mpy; (1.26)

whereu and w represents the velocity alongx; z] axis and q represents the angular
velocity aroundy axis. In the equations above, the rst two represent the traslational
motion and the third one describes the rotation. We assume ¢hcenter of gravity
and buoyancy overlap each other at the same point and we chodbat to be the
origin point of the vehicle body xed reference frame. is the Euler angle for the
rotation along y axis. G and B represents gravity and buoyancy, respectivelyF;
and F;, represents the control forces and the hydrodynamic forces the vehicle. On

the right hand side of the equations are the force and torqueetms and on the left

12



control surface

AUV hull

/ . X_ax I S
\cemer of gravity(buoyancy)

Figure 1.3: AUV schematic used for the motion equation

side are the linear and angular accelerations. These three equations are written in
body-fixed reference frame which itself is a rotating reference frame, so the Coriolis
terms appear in the translational motion with the form of +qw and —qu. To get the
spatial information of the vehicle in the inertial-reference coordinate system, we will
decompose the velocity vector into X and Z direction in the inertial-reference frame.

The transform equation [Fossen, 2011] is:

U cosf —sinf 0 U
W | = | sinf@ cosf 0 w (1.27)
Q 0 0 1 q

which gives us the expression for the velocity vector [U, W, Q] where U and W are the
translational velocities and () is the angular velocity in the inertial reference frame.
By integrating over time we can obtain the spatial and orientation information of the

vehicle in the inertial X — Z plane.

13



1.3.1.2 Hydrodynamic Forces on the Vehicle

Gravity and buoyancy forces on the AUV can be obtained accuraly from the features
of the AUV, and they are considered to be constant. We also neglehruster force
which is considered as a constant force alongaxis in body- xed coordinates. For
the solution in the body- xed coordinate system, expressianof hydrodynamic forces
on the vehicle hull and the control surfaces are essentialt dontains drag and lift
force when an object is moving in the uid. The mathematical fon of these forces
may vary as a function of the Reynolds number and Froude numbevhich are of
vital importance. For our system, we introduce a quadratic hg and lift law which
has been tested through many experiments for di erent objéz. The general form

[Fossen, 2011] of lifL and dragD forces are

1

L= 5 V 2A¢ CL (1.28)
1 2
D = SV~ A Co (1.29)

for which A; is the relevant reference area for each part of the vehicledan is the
density of the uid. V; is the velocity relative to the ow for a rigid shape. C, and
Cp are the lift and drag coe cients which will be di erent under di erent conditions.

The lift and drag forces share the same formula but the coe ci@s are di erent.
Most formula of coe cients here are discussed by Nahon [1996]For the vehicle
geometry, the two control planes are symmetric along axis which prevent rotation
around x axis from happening. These control planes a ect the angulaelocity of the

vehicle.

14



The lift coe cient of each control plane [Nahon, 1996] is giverby the formula:

a

=0 2(ar 4)=a+2)

(1.30)

in which a means the aspect ratio of the planeC; is the slope of the 2-D lift curve,
and is the angle of attack of the plane. The aspect ratio used hei® usually low
(0:4) in the calculation of the lift force on the plane.

The drag coe cient of each plane is estimated [Nahon, 1996] ugj the formula:

Ct
CD = CD0+ E (131)

We can see from the formula that the drag coe cient has some laionship with the
lift coe cient. And from which Cpq is the parasite drag coe cient related to the
shape and skin friction of the object, e is the Oswald e cieng factor which usually
has a value about @ 0:9.

The lift and drag coe cients on the AUV hull body [Nahon, 1996] s given by the

formula:
_ 2(ke ki)So

C -
L Vh2_3

(1.32)

wherek, k; is an added mass factor related to the shape of the body whichllw
approach 1 if the AUV body is elongatedS, is the cross section area of the hull, and
V4, is the volume of the hull.

The drag coe cient of the hull body is:
Cp = Ci[1+60(Dp=l)3+0:0025 (I,=Dy)] (1.33)

whereC; is a function of Reynolds number, and, and I, represent the hull's diam-

eter and length.
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With the forces on the vehicle, we can calculate the moment of éaforce during
the motion. As gravity and buoyancy are considered to be at therigin of the body-
xed coordinate system, the moments on the hull body will be ze. To get moments
on each control surface, we have to de ne the reference pa@ntf each plane which
are usually located at the hydrodynamic center of the planelhe model requires the
center (X;; z) information for each plane and the relative velocity; of the surrounding
ow. These coordinates should be known from the AUV design. Eirelative velocity

is calculated by the equation below from the body- xed cooidate:

q
Vi= uz+(w  gx)? (1.34)

thus we can get the angle of attack [Nahon, 1996] for each caritplane:

i =tan 1 V[,\jl-l-g;(l (135)

which will be substituted into equation (1.30) to solve for he hydrodynamic force on
the plane. The control force of the vehicle comes from the rdian ; of the control
plane. And this factor should be added to the calculation of theyldrodynamic force
on the plane as:

0=

P+

i (1.36)

We have a simpli ed mathematical model for a ellipsoid shagleautonomous un-
derwater vehicle in 2 dimension with 3 degrees of freedom. Wancuse the equations

to model the motion of the vehicle in the uid.

1.3.1.3 Added Mass

In the discussion above, we included the added mass e ect inethnertial mass. In

uid dynamics, added mass is important for marine vehicles drause it a ects the
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motion in the uid.

If an object is unsteadily moving in uid, and with acceleraton, the uid parcels
around it will also move. This phenomenon is due to friction ah drag between
uid parcel and the object body. For vehicle manufacturer, he added e ect must be
considered in vehicle design.

Added mass coe cients are determined by the geometry and motioof the vehicle
and have been investigated and tested for many years. Visdgss also very important
for the added mass e ect, and although some research was bekme for the added
mass e ect in stratied uid [Ermanyuk and Gavrilov, 2003], it need more e ort to

establish a complete theory about added mass in stratied .

1.3.2 Scale

Scaling is another extremely important factor in uid dynamics. To get the correct
scale parameters is the rst step to design our experiment#n the ocean, waves can
have wavelengths up to hundreds of meters, while autonomousderwater vehicles
are typically only a few meters in length. Compared to most ofhe waves in the
ocean, the size of the vehicles are small compare to the wavedle are going to
introduce some dimensionless numbers which are used in thendmic laws to write

our equations.

1.3.2.1 Reynolds Number

Reynolds number (Re) is a dimensionless number which repeats the ratio of inertial
force to viscous force. For an object moving in a wave eld, idetermines the form

of drag law for the motion. The de nition of Reynolds number $ [Cushman-Roisin
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Figure 1.4: Flow past a cylinder with increasing Reynolds Number from 1 to 5 [NASA,

2010]

and Beckers, 2011]:

Re = % = % (1.37)

in which v is the relative velocity of the object to the fluid, L is the characteristic
length of the object (for a sphere it will be the diameter), v is the kinematic viscosity
and p = pv is the dynamic viscosity. p is the density of the fluid.

For Re < 1, the flow would be purely laminar, the dynamic force on the object
will be just skin friction from the fluid, which means if a small sphere falls in laminar
flow, it will reach its terminal velocity (gravity and buoyancy balanced by the skin
friction force which usually proportional to the relative velocity as terminal velocity)
after a short time after the process begins. When Re < 0.1, the drag force on the
sphere will be a linear drag which is proportional to the velocity.

For 1 < Re < 10?%, it will be in a regime where the drag force from the fluid
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Figure 1.5: The drag coeflicient for a sphere as a function of Re for rough and smooth

surface [NASA, 2010]

between the linear drag law to a quadratic drag law, the flow around the object
(using sphere as an example) is neither purely turbulent nor purely laminar. In this

regime, usually we represent the drag law in the form of a quadratic one as:
1 2
F = §pCDAVT (1.38)

which we have introduced for hydrodynamic force on the AUV. In this range, to get a
unified formula, we usually set the drag coefficient, Cp, to be a function of Re shown
as figure 1.4. For this project, finding the drag coefficient which best describe the
scenario is valuable.

For Re > 103, the flow around the object is purely turbulent, and the drag law

could be best represented by equation (1.38) with a uniform drag coefficient Cp.
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1.3.2.2 Froude Number

The Froude number (Fr), de ned as the ratio of the charactestic velocity to the
fastest wave speed [Sutherland, 2010]. In a uniformly strad uid with depth H,
the formula for Froude number would be

Uo Uo

Fr= pgﬁ: NoH (1.39)

where Uy is the characteristic velocity andg®is the reduced gravity, we suppose the
horizontal scale is much longer than the vertical and = P g™ represents the speed
of the wave.

Froude number is a dimensionless number that describes tmegortance of strat-
i cation, also can be understood as the ratio of a body's ingal to gravitational
force. For dierent sizes of object, the same Froude numbereans they have the

same dynamics.

1.3.3 Internal Waves and AUV

If we take all factors into consideration, the marine vehiel motion equation should
include the hydrodynamic forces and all the other e ects fronthe environment such
as the wind force and the wave force. In the interior of the oaa, internal waves are
common waves strongly connected to the energy transportati.

For an AUV travelling underwater during the mission, the vehite will encounter
internal waves with certain amplitude; the amplitude can bdéwundreds of meters. The
interaction between waves and the vehicle is of great intesteto us. Waves can change
the trajectory of the vehicle and we need to gure out the dynanas of the interaction

to predict the vehicle motion in a given internal wave eld.
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The knowledge for internal wave and AUV interaction still neds to be studied.
The wave e ect is often simulated as periodical perturbatios that have been neglect
in homogeneous uid. But in a stratied uid, internal waves also have vertical
structure.

In most textbooks and research papers, the numerical simtilzn of AUV in surface
waves have been studied a little bit and most of the waves havedn treated as mean
ows. The internal wave may generate a non-linear ow eld am it has a natural
system frequency as the buoyancy frequency, which could beetmost interesting

part.

1.3.3.1 Drift of Floating Objects in Surface Waves

An AUV can be treated as a neutrally buoyant object when it is not tavelling in
the ocean, and AUV in internal waves can be described as the nwot of a neutrally
buoyant object in an internal wave eld. Before we study the iternal wave case,
some research already been done on oating objects in surfagaves, which similar
to our project. Conclusions from surface wave drift probleman be useful in our
experiments and numerical simulations.

Stokes drift is a classical phenomena in deep water surfacaves, which is caused
by the non-linearity of the wave equations. The magnitude ofiid parcels will increase
as the uid gets deeper. If we average the velocity of a uid pael over one period, we
will get a mean velocity which is the same direction as the pka velocity of the wave.
Small sized oating objects also have been studied numerilyaand experimentally,
which is related to the motion of icebergs in the sea. The numeal study of the

drift of oating objects have shown that, for the di erence in viscosity and the added
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mass e ect, the motion of the object is di erent from the uid parcels [Grotmaack
and Meylan, 2006]. The conclusion from numerical models shehat the object will
have a transient motion due to di erent initial conditions, and nally the object will
drift to the same direction as the Stokes drift. Some recenkperimental results have
been published by [Huang and Huang, 2011] for di erent shapesaijects in regular
surface waves. The drift of the object is di erent from the Stkes drift of the uid
parcels. In the experiment, they did not observe the tranam process of the object,
this is probably because the frequency of the wave is as highlHz. In the transient
process we supposed to see positive drift or negative drifegending on the initial
condition of the experiment.

In this thesis, we are going to study the motion of a neutrallyouoyant sphere in
an internal wave eld. Which is the simpli ed model of an AUV. Chapter 2 is the
setup of our experiment and the experimental results. Chapt8 is the analysis of the
experiment data where we discover the drift motion of the sphe. Some numerical
study about the motion of the sphere will be presented in Chapt 4. And Chapter

5 is the discussion and conclusion session.
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Chapter 2

Experiments and Results

2.1 Apparatus

To study the e ect of internal waves on oating objects, lab@atory experiments can
be used to test the theory. In our laboratory, we have the ahiy to generate internal
waves in a 5 m long and 60 cm deep tank with a wave generator witariable fre-
guencies. Using a technique called synthetic schilieren, wa@n visualize and measure

the internal wave eld in the tank.

2.1.1 Tank

The tank we used to run the experiments is 49845 60cm (length width depth).
It is made in three sections and combined together in a aluminuframe with the
side walls of transparent acrylic material. The length of theank ensures a clear view
of the propagation of the wave. The tank is divided into two pas along the length

direction about 30 cm and 15 cm each in width. The purpose ofithis to make the
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Figure 2.1: The tank we used for the experiments

30cm channel the same width as the wave generator, and have a\®Bve pattern in

this channel.

2.1.2 Camera and Lens

The camera used to capture the motion of the uid and the objedn the uid is a

Manta G-125B from Allied Vision Technologies. It is a low cost (§E Vision camera
with a Sony ICX445 sensor. The camera can run at 30fps at a regadn of 1000 1000,
and capture and transfer data simultaneously. The lens mourdeon the camera is
HF25SA-1 from Fujinon. It is a high resolution lens (5 megapixelyith a focal length
of 25 and a aperture of F1.4. The camera is connected to a Mac Rhvough GigE

to transfer data. When placed about 2.5 m away, the camera carbtain a vision
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Figure 2.2: Camera model Manta G-125B

window about 60 cm 45 cm (width height). Almost all of our experimental data

are acquired with this camera.

2.1.3 Pumps

The pumps used in our lab are two industrial peristaltic pump&om MasterFlex with
model number 7592 40 which have a angular velocity ranged from 6 rpm to 600 rpm.
The pumps can be used with 3 diameters of tubes and have digitaotor controllers.
Each size of the tubes has a max ow rate. The pumps are capaldérunning for a
long period with a constant ow rate. They need to be calibragéd before the start of

an experiment.

25



Figure 2.3: MasterFlex industrial pumps

2.1.4 Double Bucket Setup

We used a double bucket setup [Oster,1965] to generate a &g strati ed density
pro le in the tank. To Il the tank with a volume of about 1200 L, we need the two
buckets to be at least 650 L each to maintain enough water in thaixing bucket.

If we de ne the ow rate from the freshwater bucket to the saltvater bucket as
Q1, and the other asQ, from saltwater bucket to the tank, then to generate a lineayl

strati ed pro le, these two ow rate should have the relation

Q2=20Q, (2.1)

To create a strati ed uid, it is important to prevent mixing f rom happening. So
the ow rate Q, should not be too fast, and there is a oat made of sponge andaim
placed at the end of the tube in the tank to reduce mixing. A homwgeneous bottom

layer will be generated before the mixer is turned on to o er@sne buoyancy force to
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Figure 2.4: The double bucket system

the oat.

For the size of the tank,Q, has been set to as fast as 5 L/min thu®), is 2.5
L/min, and the mixer is on during the whole process. For a volue of 1200 L, the
lling process takes about 4 hours to complete. But usuallf), will be slower to get
a better strati cation, so the lling process can take more han half a day.

The strati ed uid is maintained for 1-2 weeks to carry out di erent experiments
under various conditions. The volume of the tank allows thetrsti cation to remain
mostly unchanged after each experiment. Before every expmeent, the strati cation

is measured by a conductivity probe.

2.1.4.1 Strati cation Measurement

The strati cation of the uid is measured by a MTSCI fast conductivity probe (Pre-

cision Measurement Engineering) which is mounted on a moiped linear slide that
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moves vertically above the tank as shown in Figure 2.6. The gre is connected with
the computer through a LabJack U3, and a multimeter is also coested to read the
voltage from the probe directly. The multimeter is used to c#brate the probe each
time. The calibration tends to drift over time and so the proke is recalibrated before
each experiment.

The calibration procedure is to record the voltage drop of o di erent solutions
with di erent densities which have been measured accuratelyith an Anton Paar
DMAS35 density meter. A parabolic tis used to estimate the condugatity (voltage)-
density relation and to plot the density strati cation measuwement as a function of
depth.

After the calibration, the probe is controlled by a Python sadpt to move down
automatically and measure the density simultaneously. Thdensity is plotted as a
function of depth to calculate the buoyancy frequencyN 2. Each time we measure
the strati cation, there will be a record stored according toa timestamp for further

analysis.

2.2 Wave Generator

The wave generator used in our project generates di erent pes of internal waves
[Mercier et al., 2010]. For vertically trapped, mode-1 wage the generator forces
a sinusoidal boundary condition that varies in time. By solwg the wave equation
analytically or numerically, we can predict the waves in theéank forced by this wave
generator.

The wave generator we have is made of high density polyethaée There are
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Figure 2.5: Wave generator with vertical resolution of 2 cm

26 plates in generator and each of them is about 2 cm in heigtigr a total height
of 52cm. The resolution of 2 cm is small enough to create wawegh a vertical
wavelength of 100cm. The wave generator is about 56 cm in haigincluding a 2cm
thick bottom plate and an outer transparent plastic box madeof acrylic. A central
shaft though all the plates is rotated by a motor. Twenty-sixcams are mounted along
the shaft with di erent phases to drive the plates to give sinsoidal motion in time.
We used a brushless DC motor with a 200:1 gearbox which coulotate with a
angular frequency! ranging from 0.04 rpm-25 rpm, which satis es the internal wae
generation requirement ag < N . The motor is mounted above the wave generator
and connected with gear box. A digital motor controller is ale to set the rotation

rate within 0.001 rpm of the target frequency.
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Figure 2.6: Conductivity probe for strati cation measuremet

2.2.1 Equations of the Wave Generator in Strati ed Fluid

Linear theory allows us to predict the wave pattern generately a given wave gener-
ator. This is very important in simulation and construction of a wave generator. The
result from the wavemaker equations could also be a supplem& the measurement
of the waves in the tank.

In strati ed uid, treating the uid as inviscid, the interna | wave equation in terms

of stream function is:
21 [
@r N Nz@ _

& o3 ° (2.2)

as introduced in Chapter 1.

We will review how to solve this equation under the boundaryanditions.

'v=0 z=0;H (2.3)
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',=0 x!1 (2.4)
.= qt) x=0 (2.5)

In which (t) = Acosfnz)cos(t ) is the prole of the wave generator, m is the
vertical wave vector. In our experiments, we usually use ankar strati cation and
chooseN?=1.0 s 2.

To get the solution for the stream function, we can use a Lapie transform to

eliminate time derivative, from equation (2.2).

Zl
f\(s) = . f (t)estdt (2.6)

The transformed time equation (2.2), is written in terms of patial derivatives only

and we can use separation of variables to solve the equatiohhen use the inverse

Laplace transform to get the solution.

Z +

f(s) = le iil f\(s)eds (2.7)

Using all the steps above we can get the solution for the inteahwave stream-

function as:

I 7 m!x
(x;z;t) = Wsm(mz)cos(!t pﬁ) (2.8)

if we use the dispersion relation in chapter 1, eqn (1.16) andrsider that N=1.0 s 2,

we can get the solution form:
A .
"(x;z;t) = Hsm(mz) cos(t  kyx) (2.9)

If we neglect the damping from the side wall, the internal wavin the tank should
be a mode-1 wave whose vertical wave number depends on the icattpro le of the

wave generator. The forcing frequency of the wave generatoowd be the frequency
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of the system as well. We expect from our setup a 2D wave whicheak not vary along
the y axis, but this needs to be tested in the real experiment. In thlab experiment,
the solution above for internal waves may not be the best reltio describe the wave
eld because viscosity does play a role in the wave propagatio There would be a
decay of the wave amplitude as a function of the wave vector wh we neglect. But

in the near wave eld area, we still can get good results fromhis model.

2.3 Neutrally Buoyant Sphere in Internal Waves

A sphere is the most common object to begin with in many hydrgehamic research
projects for its advantage of total symmetry. By neglectinghe weak rotation of
the sphere while in a slow translational motion regime as welsahe internal wave
eld, it is valuable to acquire some general knowledge abowobject-wave interaction
through spheres given that many hydrodynamic characteriss of spheres are already
well known.

The simplest but most e ective scenario is to start with a neutally buoyant sphere
in stratied uids. We can eliminate gravity and buoyancy force together from the
equation of motion for the sphere. For a spherical shape, wancremove the concern
about orientation of the object based on the assumption of wkeaotation which can
be neglected. The spheres we use are plastic spheres from AQUMIcompany,
which are originally designed for wax storage. The sphereseahollow and can be
opened with threads in the middle part. To create neutrally bayant spheres, we
submerge 2 parts of a sphere under the salt water solution ofcartain density, and

screw the sphere underwater. Then we have spheres that can tnally buoyant at a
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Figure 2.7: Spheres (plastic) used in the experiments

certain depth in strati ed uids.

If we apply the motion equations in Chapter 1 to the sphere, weilvhave the

following equations:

mu= Fy (2.10)
mw= Fpn, +( G+ B) (2.11)

which is simpler than the expression before. And it would be aept help for the

experiment and analysis.

2.3.1 Experiment Setup

The spheres we use are shown in Figure 2.7, they are plastic]lbw spheres that
are connected by screws in the middle. These spheres, whigke about 39.5mm

in diameter, are lled with di erent densities of salt water solution to control their
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Figure 2.8: Stratification measured of the same fluid on: blue (July,16th), green

(July,20th) and red (July,22nd)

mass, which allows them to be neutrally buoyant at different depths as required
experimentally.

The tank is filled with stratified fluid using the double bucket setup, mostly we
choose the buoyancy frequency N=1.0 s7! as the default option. The buoyancy fre-
quency plays a role in the time scale of the wave propagation . We want to avoid
reflected waves from the far end of the tank that have a great effect on the motion of
the sphere. The surface of the fluid is covered with styrofoam when not in use; this
is to prevent the evaporation, which causes mixing of the top layer of the stratified
fluid. After filling the tank, there will always be a mixed layer about 2 cm and will
deepen as many experiments have been conducted. Figure 2.8 shows the change of
stratification between July, 16th and July, 22nd. We can see that as there is a mixed

layer and the layer is getting deeper with time. Data shows that the deepening rate
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Figure 2.9: Basic experiment setup

of the mixing layer is 1 cm per 3 days approximately with the gtofoam on top. The
change in strati cation will change the boundary conditionof the internal wave equa-
tions, which means internal waves generated by the wave gear with the same
frequencies and amplitudes will be di erent. As a result, thelata for experiments on
di erent dates need to be compared carefully.

As the bottom plate of our wave generator is unmovable, uids Wibe pushed out
by the upper plates and fall down from the bottom plate, whictwill generate a strong
internal wave beam across the whole tank. In initial experients, the wave eld in
the tank was a superposition of the wave beam and a mode-1 wawkich is not what
we expected. To eliminate this we build acrylic bottoms whithave the same height
with the bottom plate. The bottom is made of a acrylic plates wth thickness about

1.2 cm and many stryofoam feet about 0.8 cm in height, whichgtiadds up to 2 cm,

35



15CM

@ 3.95CM

Sphere

30CM

k - = — — — ok - —

wave generator

N
|
|
|
|
|
| 3M
|

|

|

ﬁ camera

Figure 2.10: Schematic of the experiment setup

same as the thickness of the bottom plate. The acrylic bottoroovers up to about 3
m in length and just the width of the front channel of the tank, whch means there
will be an internal wave beam generated at the end of the botto

Figure 2.9 shows roughly the setup of the experiments, (theroara is positioned
much further back in an actual experiment). Figure 2.10 is theschematic of the
experiment setup from a top view. The tank is lled with linealy stratied uid
with N 0.96 s1. The tank is divided into two channels with di erent width, about
30 cm for the front channel and 15 cm for the back channel. Thechannel design
should have the advantage that if we can re ect waves to the ok channel at the end
of the tank, we can greatly reduce the e ect of re ected wavesThis still needs to
be achieved for future version of the experiment. The wave rggrator is placed near

the left end of the tank in the front channel. A 48%elevision placed behind the tank
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about 95 cm away from the wave generator, is used as a brightdsground with a
image of black and white lines. The black and white line image et for the synthetic
schlieren method [Sutherland.B.R and Linden.P.F, 1999] whehe wave information
is needed. The camera is placed about 3 m away from the front Waf the tank.
Figure 2.11 gives a sample picture from our experiments. Wencabtain a eld of
view about 75 cm 48 cm, including the surface of the uid. Spheres with di erat

densities oat in the tank according to the experiment requirments.

Table 2.1: Combination of parameters

NG ! (s?h A (cm)
0.2,0.25,0.3,0.35, 0.4, 0.45, of 1, %,
1.0 2.0
0.5, 0.55, 0.6 3
0.7 0.1047,0.2,0.3,0.4,05 | 2.0 0,

There are many parameters that a ect the motion of a sphere ian internal wave
eld, but we just have the ability to change the internal waves. As a result, parameters
related to the features of internal waves will be our main vaables, including the
buoyancy frequencyN, the internal wave frequency! , the initial phase of the wave
generator , amplitude of the wave generatoA and the initial position of the sphere
(Xo; 20)-

Table 2.1 shows combinations of parameters that change inetlexperiments. We
carried out most experiments with buoyancy frequency N1.0 s * and some are done
with N 0.7 s . The buoyancy frequency is determined while lling the tank, ad

remains the same over succesive experiments.
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Figure 2.11: Raw image sample from our experiments

The frequency of the internal wavel will be the same as the frequency of the
wave generator, which can be set using the digital motor cawller before turn on the
motor. As the display on the controller is in rpm, and we have a@® : 1 reduction
gearbox to slow down the spin of the shaft, the transformatio from rpm to s ?
considering the gearbox ratio will be given in Appendix A (Tale A.1).

The initial phase of the internal waves is determined by thespe of the wavemaker
pro le when we turn on the motor. The shape of the wave generatés a half cosine
pro le, and the initial phase of the wavemaker is shown as Figar2.12. The motion
of the wavemaker can be described ascos(;z !t ), where A is the amplitude of
the plates, H=52 cm is the height of the wave generator and is the frequency.

The initial position of the sphere ko; zp) is measured and recorded manually before
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Figure 2.12: Initial phase of the wave generator, arrows represent directions of motion

of the plates
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each experiment.Xq is the horizontal distance away from the middle plane of theave
generator ( = % ). And z; is the distance from the surface and is negative. The
initial position of the sphere is hard to control as there wilalways be disturbance
when the sphere is placed into the strati ed uid, including the motion of the sphere
and the motion of the uid. It would take some time for the sphee to be at rest in
the uid.

The camera starts recording 30 s before the wave generatorrtad on in each
experiment, which is to record the motion (if any) without irternal waves. As we
mainly want data for the motion of spheres with rightward prpagating internal waves,
the re ected waves will come back about 120 s later (theoretl prediction based on
the group velocity), so about 200 s video is enough for eachpeximent. After each
experiment, the wave need time to dissipate and the sphere hasreturn to rest. For
lower frequencies, the time for the tank to calm down is no moitkan half an hour,
but for higher frequencies(eN > 0:5), as more energy have been transferred to the

uid, the time can be as long as an hour.

2.3.2 Results
2.3.2.1 Horizontal Motion

The raw data is shown as Figure 2.11. We have to evaluate the gam information
for center of the sphere from a series of pictures with a Pythcscript. A sample plot

of the path data is shown as Figure 2.13 with the buoyancy fregncy N =0.920 s 1,

wave generator frequency =0.45 s ! and the phase of the wave generator = % .

The rst 2 plots show the horizontal (X) and vertical (Z) motion as a function of
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time and the third one plot the spatial path of the sphere cente

From the plot, we can see that for horizontal motion between® 100 s which
only a right propagating internal waves exists, the path ted to indicate a slightly
rightward drift for the sphere, but after the re ected wavescome back and encounter
the sphere, the motion becomes unpredictable and arbitramt this frequency. A
long time later, waves in the tank will be the superposition fothe internal waves,
re ected waves, e ect of the un at bottom and the standing wares which makes
analysis challenging. The vertical motion of the sphere islegively simple compared
to the horizontal motion. Due to the existence of buoyancy fae, the sphere cannot
get too far from its equilibrium position vertically. But at relatively low '=N , we can
observe some harmonics df in the spectrum of the vertical motion, which require
an explanation from the theory. The spatial path shows thatle sphere is moving
elliptically in the wave eld, which is close to the motion ofthe uid parcels, but
the drift in horizontal indicates that the dynamics of thesetwo kind of motions are
di erent.

Figure 2.14 shows the path plots with as the variable parameter. We keep the
depth of the sphere and the initial phase of the wave generatibre same, although the
buoyancy frequency changes because the last two experingeate done on a di erent
day. The horizontal initial position of the sphere is not thatimportant as the phase
when the wave approaches the sphere is determined by the iaitphase and the
group velocity €.

With the internal wave theory summarized by [Sutherland, 201], internal waves
are dispersive waves which means waves with longer wavelsgtravel faster. In

our experiment, the vertical structure of the internal waves the same as the vertical
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structure of the wave generator, which means the vertical wa vectork,= ;=0.0604

cm ! is constant. From equation (1.16), we can get the expressiofk, as

Ke = §—2 (2.12)

N is considered to be constant, and we can see from equationl@ with the growth
of I, k¢ is decreasing, which means the horizontal wavelength/ %/ I', the lower
the frequency, the faster the wave travels. This will greatla ect our experiment at
low frequencies such as=0.1047 s 1. From gure 2.14a, we can see that the sphere is
moving as a uid parcel, partly because the wave period is wetong and the re ected
waves come back at about 60 s after the recording starts. Moretdiled data about
group velocity and frequency will be given in the Appendix. A.

From gure 2.14, we can see that the sphere is driven by the ietnal wave eld, so
the frequency of its horizontal motion is almost the same aké¢ wave generator, as we
expected. Figure 2.14d is di erent from the other path at fregency! =0.4s 1. This
is probably because when the wave generator starts for thiefjuency, there are waves
from the previous experiments in the tank. We can observe thsphere is moving to
the right before the wave generator starts. The path for gue 2.14d should be a
result of superposition of internal wave elds from di erem experiments. This can be
the reason for the non-linearity of gure 2.14d. And within tre rst 100 s, when the
internal wave is mainly propagating to the right, we can see dear rightward drift of
the sphere with = % . Also, we can observe a growth in amplitude when the internal
wave rst approached the sphere, which indicates there is aansition process of the
wave-object interaction.

Figure 2.15 shows the dependence of the horizontal motion dmetinitial phase
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of the wave generator. The sphere stays at the same depth and wse a moderate
frequency! =0.3 s 1. Asthe gure shows, we can see that the initial motion directio
of the sphere are strongly related to as well as the drift direction. Roughly, we can
say the drift direction is always opposite the initial diretion of the wave or sphere
motion. The value of the drift velocity may be related to depending on the data
we obtained from each experiment.

Figure 2.16 shows the dependence of horizontal motion on deptf the sphere
zo. The change in depth will also a ect the starting phase of thesphere, but the
main di erence in the change of depth is the change of vertitdisplacement of the
wave eld, which we suppose to have a impact on the magnitudé the drift velocity.
Figure 2.16d show a di erent pattern than the rest, it is probély because at the
depth of 29 cm under the surface, it is close to the interfacenere the wave generator
does not move much. At this region, the wave eld is not alwaysniform and some
high vertical wave number structure may generated by the itability of the waves.
So we see a relatively outlier path of the sphere.

We can observe the existence of the drift from the graphs ale\but to understand
and predict the internal wave induced drift, we need more amgsis to show the relation
of the direction and magnitude of the drift and all the paramters we introduced. This

will be discussed in Chapter 3.

2.3.2.2 Vertical Motion

Figure 2.17 shows the vertical motion with di erent frequenas.The vertical motion of
the spheres are relatively close to the motion of the uid paels, but we can see a slight

di erence with di erent frequencies. At low frequencies tle vertical displacement is
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not as smooth as at high frequencies. This is in part becausewwe measure position
from the raw image. There maybe a little error when we read vigzal position of the
sphere, but that only explains the mussy part of the curve. T irregular, non-
sinusoidal shape at low frequencies can not be explained Ihetdeviation from our
tools. The sphere must oscillate around levels of neutral byancy. As the re ected
waves reach the sphere, the amplitude of the vertical motionay increase as the result
of superposition. Fourier analysis will not have a simple e&sation of the amplitude
information. We need some other methods to evaluate the imfoation in the vertical

motion.
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Chapter 3

Analysis

3.1 Dirift in the Horizontal Direction

When only the rightward propagating internal wave exist, we loserve a wave induced
drift of the horizontal motion of the sphere. From the expemental results, we observe
that the magnitude and direction of the drift are related to nany parameters such as
the frequency of the wave, initial depth of the sphere and inai phase of the wave
generator. We are going to explore an empirical formula for éndrift velocity and

dynamics of this phenomena.

3.1.1 Evaluation of Velocity and Drift Velocity

To get the information of the sphere motion, we need to chooaesubinterval from the
time series we recorded. Re ected waves from the far end oftlank also a ect the
motion of the sphere. Selection of the time domain depends on theoup velocity of

the wavecy, which is determined from the dispersion relation of the wav According
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Table 3.1: ¢y« and time for re ected internal waves reach the wave generato

L (s 1) | N(s 1) | cgx(cm/s) | wavelength(cm) | time (s)
0.2 1.0 15.58 510.0 55.7
0.3 1.0 14.39 331.0 60.3
0.4 1.0 12.76 238.6 68.0
0.5 1.0 10.77 180.4 80.6
0.6 1.0 8.50 138.9 102.2

to equation (1.18), ¢y« decreases as frequency of the wave generator increases, the
re ected waves will reach the sphere earlier at lower freqoeies.

Table 3.1 representy, for each frequency and roughly calculates the time for
an internal wave to travel along the tank and return after re etion. L=434 cm
represents the distance from the wave generator to the end thie tank, and time
is calculated from the formula 2=cy44. As the sphere is located some distance away
from the wave generator, the actual time domain will be shoet than that shown in
Table 3.1.

In Chapter 2, the streamfunction for a mode-1 internal wavesigiven by equation

(2.9), so the theoretical horizontal velocity of the wave shud be:
u= IR IA cosk,Z)coskyX IT) (3.1)

and for the vertical velocity is:

—@:&l

@x kZ.A sin(k;Z) sin(kyX T ) (3.2)

for a internal waves propagating in a unbounded box. Althoughu tank has a
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right boundary, before the re ected wave reaches the spherthe formula above can
describe the motion of the uid properly.

As the sphere motion is driven by the internal waves, we supposiee velocity
of the sphere and the uid should be close. We can use equati(®1) to represent
the major motion of the sphere, both for the maximum velocityand the amplitude.
Figure 3.1 shows how we evaluate the motion velocity and driftelocity with this
information and theoretical assumptions. The time intervh(green vertical lines) is
selected within the beginning of the motion to a completed walength near the time
the re ected waves (black vertical line) reach the spherehswn in the t-X graph in
Figure 3.1a. The method we use to evaluate the drift velocitydm the data is a linear
t of the data, as has been used by [Shen and Zhong, 2001] for themerical study of
the drift of small oating bodies in surface waves. A transiet process for the growth
of the amplitude needs to be considered, and the error need te bstimated for each
experiment. In Figure 3.1, the sphere starts 11 cm below therace of the uid,
frequency! of the wave generator is 0.2 ¢ and the buoyancy frequencyN=1.0 s 1,
the wave generator starts at =  where the velocity is negative maximum at the
start. We can see from Figure 3.1a that the sphere is moving sinigally horizontally
with an increasing amplitude, which is probably caused by #thsuperposition of the
propagating waves and the re ected waves. Without the re ecid waves, there is a
weak leftward trend for the motion of the sphere. The amplitde of the horizontal
motion is close to the prediction from theory, wher& ;np= A cosk,Zo) 1.57 cm. To
obtain the velocity amplitude of the sphere, we eliminate th drift with the estimated
ug and compute the derivative of the selected curve to get the manum value. As

shown in gure 3.1b, the selected t-x graph, the blue curve fsom original data and
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the green one is where we eliminate the drift, the red dash a@ris a spline t curve
that we can use to estimate derivatives. In gure 3.1c the coputed derivatives are
given an absolute value showing derivatives of tting curve We average the peak
values (red lines) to get the amplitude of horizontal veloty U as Uym,. For gure
3.1¢,Uamp=0.34 cm/s.

Figures 3.2 and 3.3 showbl,n, acquired at a depth 7 cm and 11 cm below the
surface. Green dots are computed from the experiment datacgblack squares are the
theoretical predictions. The theoretical value is calcutad using equation (3.1) as the
amplitude is Usmp="!A cosk,Zo) for a mode-1 wave, wheré¢ and A=2.0 cm are the
frequency and amplitude of the wave generator. The theoresitvalue is linear with
I at a given depth. Due to buoyancy, the sphere must oscillateand a neutrally
buoyant depth. We can use this depttiZy as the parameter to estimate the velocity
amplitude which is a sinusoid curve as a function of depth atoastant ! . For the
sphere at 7 cm below the surface, it is closer to the mixed layand will encounter
a larger viscous force as the frequency increase. At highezdquency, the measured
velocities are lower than the theoretical ones, this may bagse at higher frequencies,
the scale of vertical motion grows larger and it will easily wves into the mixed layer.
While in Figure 3.3, the sphere stays far from the mixed layer, @vcan see a better
consistent with the theoretical predictions.

From gures 3.2 and 3.3, we can see that the experimental dath@v a consistent
trend with the theoretical results in both trend and value at hese two depths. The
error bars of the experimental data are computed from the derence of the mean value
and the maximum or minimum values for each experiment. A betteestimation of

the velocity amplitude could be an average value of 2 conséiga peaks within one
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wavelength, but the problem is for low frequency waves with gher ¢y, we do not
have enough data for such an analysis. Beside the error basus, the mean values
from the experiments show great consistency with the thedreal values because the
average can greatly eliminate the di erence in peaks. The mon of the sphere can
be roughly represented by the theoretical motion of the uidbecause the sphere is
neutrally buoyant and the scale is relatively small compart the wavelength.

Our experiments are carried out in the moderate frequency rga from 0.2 s to
0.6 s1, which satis es the internal wave propagating condition tht ! < N . The
streamfunction in Chapter 2 is derived without viscosity, Wich means at higher
frequencies, the velocity deviates from the theoretical pdection and become smaller
in value. And at higher frequencies, more mixing is generatagreatly a ect the

experimental results.

3.1.2 Distribution of Drift Velocity

Although the general motion characteristics of the sphere nae described by the
uid parcel motion, the drag forces on the sphere will lead to icerent behaviours
of the motion, such as a mean drift. The wave drift phenomenaal been studied
for surface waves for sea ice problems in the past. Most of teeidies are focused
on numerical simulations for small sized objects. Althoughose research have been
done on the drift problem, we still lack knowledge in describg and understanding
in this problem, especially for drift induced by internal waes.

Figures 3.4 and 3.5 shows drift velocityy as a function of!=N with ! be the

wave generator frequency antll the buoyancy frequency.uy for all the experiments
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are evaluated with a linear t method within the time interval of only a rightward
propagating mode-1 internal wave acting on the sphere. Thelsere sits at di erent
depths will have di erent values ofuy with the same!=N , as the horizontal velocity
U is dependent onZ,. Dierent colors and types of dots represent di erent staring
phase of the wave generator, which can be considered to be one of tindial

conditions.

We can see from gures 3.4 and 3.5 that at both depthyy tends to show a
decreasing trend in absolute value with increasing=N in the moderate range. We
abandon the data wherd=N < 0.2 as the group velocity is relatively large and the
time domain for recording is not enough for analysis. And for gher frequenciesi=N
> 0.6, the mixing generated near the wave maker spreads and tiighere motion is
not smooth. The drift of the sphere is a small behaviour compad to the major
elliptical motion, and it can be greatly a ected by the wave tate and the initial
condition of each experiment, such as the initial phase of theave generator or the
initial velocity of the sphere. As we introduced before, theris usually a mixed layer
at the top of the tank and this slightly change the wave eld. Br those experiments
at Z,=-7.0 cm, the initial velocity of the sphere is not strictly O because the waves in
the tank did not disappear, which may cause some scatter ofdipoints. But they are
still showing the overall trend. For the experiments aZ,=-11.0 cm, they were better
designed and the initial velocities were strictly 0. We caneg a more consistent
distribution of ugq as a function of!=N or . Although the motion velocity Uy is
increasing with!=N , uy is decreasing as frequency increase in the rst few wave
periods with a constant N. As we consider the drift behaviour eated by the phase

lag between the motion of the sphere and the uid, the phase heeity ¢, can also be
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a reason of this phenomena, which will be discussed later. Kéle high frequency
part, we can observe a slight increasing trend ing, which can not be explained by
our result. For the hydrodynamics of the sphere, the change frequency will lead to
a change in Reynolds number and Richardson number, which maal to a totally

di erent expression of the hydrodynamic force. As the drift mbon is sensitive to

many conditions, it is hard to derive a general expression.

Figures 3.4 and 3.5 show that the initial phase is also a factéor ug. Figure 3.6
shows that the di erence in lead to a variation in both value and direction ofug.
Although at Zy=-7.0 cm the points do not show as clear a pattern, af,=-11.0 cm we
can see a sinusoid distribution on. The values of are not representative values that
demonstrate the amplitude distribution ofuy versus , but should be a continuous
curve that describes the dependence of on . What the phase really changes is the
relative initial velocity U;q=ug Ug, Whereug is the initial velocity of uid parcels
and Uy be the initial velocity of the sphere. In our experiments, ta sphere is designed
to start at Up=0, so U;o=Ug, thus this can be controlled by the phase of the wave
generator. Within the rst few wave periods,uy is greatly dependent onJ,q in both
magnitude and direction in a mode-1 internal wave eld.

Figure 3.7a shows the data fouy at di erent depths Zy. ! for every experiment
is 0.45s?! and :% , thus the theoretically U,o=0 for all of them. The only variable
should be the velocity amplitudeU,y, and the direction of U;q after time zero. The
di erence in U, is caused by the shape of the wave generator, and the distritmn
of Uamp Ccan be described by the theoretical formultlymp,=!A cosk.Zo). This means
Uamp Should be maximum in value near the surface and bottom and zerothe middle

part of the uid. From the distribution of the dots we can obseve a similar trend for
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uq. Figure 3.7b showsly divided by Uamp plot versusZ,. For Zg near 26 cm, the wave
eld turned out to be di erent from our theory, U, is close to O in this region and
the wave shows some high vertical wave number structure inghmiddle of the wave
generator. The result would be more predictable in this regn, if we neglect the data
near 26 cm, a reasonable assumption would be that the drift veity is proportional
to Uamp When!=N and U, remain constant.

The length of our data is not su cient, so we cannot conclude Hat uq is con-
stant over the whole time domain, but in the transient sectin, we can predict the
behaviour of the sphere if we can gure out the dependence of on !'=N and
From the analysis above, we roughly get the dependenceugfon!, and Uzm,. Our

assumption of the equation form based on the experiment dateould be:
|
Ug = CUgmpcos( + )f ('N) (3.3)

where Uy is also a function of!=N , is the phase adjustment because the shift
caused by the dispersion of the internal wave, C is a constaamd f (!W) is a decreasing
function that need to be de ned. Equation (3.3) is an expressn for ug within the
rst few wave periods in a mode-1 wave. Whether it is applicablfor a long term
drift needs more experimental investigation. At higher frguencies, the mixing due
to our wave generator enhances the uncertainty of the resslt The instability of ug
at '=N near 0.6 may indicate the change in hydrodynamics of the prigm. We will
investigate these questions may need to be answered by nuit&r simulations based

on a proper mathematical model in Chapter 4.
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the time limits and seek for the peak values. Green dots regents the measured
values from the experiments and black dots are the theoregicvalue calculated from
Zamp = A(%) sin(k,Zo), which represents the vertical amplitude of the uid parcé
at Zo. The data is evaluated atZ,=-11.0 cm. We can see the real data matches the
theoretical estimates pretty well. The major vertical moton of a neutrally buoyant
sphere can roughly be represented by the uid motion.

Figure 3.9 gives the spectrum information of the vertical matn with di erent
I'. Although the amplitude information is not accurate due to thesuperposition of
re ected waves, the frequency information still can be usef From gure 3.9 we
can conclude that the vertical motion frequency is determimeby the internal wave
frequency.

The net force of buoyancy and gravity is an important force ithe vertical motion.

Other properties of the vertical motion will be studied in ou numerical simulation.
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Chapter 4

Numerical Simulations

4.1 Morison's Equation and Vfgen

In addition to the lab experiments, we also carried out numeral simulations for
the motion of the sphere in a internal wave eld. To understad and explain the
behaviour of the sphere motion in internal wave eld, we neeithis theoretical support.
Morison's equation is used to model the hydrodynamic forcem the sphere. An
ordinary di erential equation solver named vfgen has been &d to solve the motion

equations and calculate the necessary parameters.

4.1.1 Morison's Equation

In ocean engineering, the Morison equation can be used toissite the force on a
rigid structure such as o shore platforms in oscillatory av. The Morison equation, or
the MOJS equation named after a combination of its contributs: Morison, O'Brien,

Johnson and Schaaf [Sarpkaya, 1986], is a semi-empiricalnriafa consisting of the
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inertial force and the drag force, which will bring in two empical coe cients: the
drag coe cient Cp and the inertial force coe cient C;,. We discussed abouCp
in Chapter 1. The inertial force coe cient C, is an empirical value obtained from
experiments which have been used to simplify the e ect of thanertial force. A
relatively simple empirical equation is used to represent ghcomplex dynamics of the
object in the ow. The Morison equation for a xed cylinder ina ow with sinusoidal
motion is:

F= ;DCDUrjUrj+ 411 D 2C,hU, (4.1)

in which F is the in-line force per unit length on the cylinder, is the density of the

uid, D is the diameter of the cylinder,U; is the relative velocity of the ow to the

4 is the derivative.

cylinder and U, =
The rst term on the right hand side of the equation represert the drag force from

the viscosity of the uid and the second one represents theertial force. These are

the hydrodynamic force due to the ow. The lift force, generied by the vortex as the

ow past the cylinder and perpendicular to the ow direction, is not included within

the Morison equation.Cp and C,, have a general dependence on some dimensionless

numbers such as the Reynolds number which we introduced in &fter 1, and as well

as the Keulegan-Carpenter number also called the period nber, representing the

ratio of drag force and inertia force. TheKc number is de ned as

_ Ut

Kec 3

(4.2)

where U is the amplitude of the ow velocity, T is the period of the ow oscillation
and L being the characteristic length of the object. The roughnesof the object

surface also a ectsCp, as it determines the type of viscous force. The dependence of
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Cp and C,, on Re and K. were analyzed by Sarpkaya [1986] for homogeneous uid
and shallow water waves, which is di erent from our scenariof strati ed uid with
internal waves. For our situation, the sphere is neutrally oyant and supposed to
stay on an isopycnal, thus the relative velocityJ, cannot be represented by the ow
velocity particularly. We useu to represent the velocity of the ow andU represents
the velocity of the sphere. The Morison equation [Sumer andrédsoe, 2006] for a

moving sphere in an oscillatory ow will be
1 : .
F=Vu+ C,V(u W+ > CpA(u Uju Uj (4.3)

where V represents volume of the spheré) is the the cross sectional area of the
sphere,C; is the added mass coe cient andC,=C,, 1. The rst term on the right
hand side is the Froude Krylov force, which can be understand as a hydrodynamic
pressure induced force from the wave eld; the second one lsetadded mass term
and the last one is the hydrodynamic drag force on the sphere.

The empirical added mass for a sphere in homogeneous uid §het, 2005] is given

by

M, = 2 R (4.4)

where is the density of the uid and R is the radius of the sphere.

The motion can be described by a 2D system of equations in X addlirections, as
the internal wave eld is set to be 2D, and the buoyancy changsith depth need to be
considered in vertical motion. We suppose the sphere sitgron and oscillating close to
an isopycnal where fig = sphere- SO sphere CaN be replaced by qig when calculating
the mass of the sphereas = V = % R 3. Thus the added mass coe cient here we

use isC,=m,=m=0.5. The added massn, is derived under homogeneous condition,
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so C, may not be exactly the same for the situation in stratied uid with internal
waves. Some adjustment o€, may be applied to the model to get a better result.
To write the horizontal motion equation, we rewrite equation4.3) and apply the

Newton 2nd law asF = mU, and we will get:
1 . .
mU= Vu+ C,V(u U+ ECDA(u U)ju Uj (4.5)

and through some rearrangement, we can get:

Co

U=u+—2 A
47 om@+ C)

(u Uju Uj (4.6)

To get this we use the assumptionssia = sphere from the neutrally buoyant condi-
tion. Equation (4.6) can be considered as the model equatior©n the right hand
side, u represents the hydrodynamic pressure for this whole \spherwith the tran-
sient layer around the sphere, and the second term represenhe viscous force or
drag force. Now the expression for horizontal motion is onlyebcontrolled by one
parameter: a combination ofCp and C,. This will make it e cient for the operation
of the simulations.

For the motion in Z direction, the control equation is di erent due to gravity and
buoyancy. We have to consider the hydrostatic buoyancy fagacombined with gravity
as a restoring force. We still use equation (4.3) and addingye restoring term, we

get:
mW = Vw+ C,V(w W)+;CDA(W W)w Wj N2V (Z Zy) (4.7)

The rst three terms are the same as the horizontal equationand the last term

is a combination of buoyancy and gravity written in form of bugancy frequency
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q_—
N= %g—z However, the buoyancy term we add is sensitive to the neutuhabuoy-

ant condition, which means it also works when the sphere is that its equilibrium

depth. As the internal wave propagates, the uid will have a vdrcal motion, which
means the isopycnal where the sphere sit also moves up and doso the initial depth
will have a correction asZy=2Zy+ z Wherez:A';—z sin(k,Zp) coskyX !t ) represents

the vertical motion of the isopycnal. Through rearrangemerwe can get:

W = w+ m(lJlrQa)(;CDA(u Uju Uj N2V (Z Zv) (4.8)

With the buoyancy term, the motion of the sphere in vertical wi be similar to the
uid parcels. In our experiment, we can see that at low frequeies, there is some

other component that makes the motion not monochromatic, whicwe need to test

in the simulation.

4.1.2 Vigen

Vigen is a software that generates code for numerical ordiryadi erential equation
(ODE) solvers [Weckesser, 2003], and we use it to solve thendynic equations (4.6)
and (4.8). The ODE solver code is produced with a given programing language
through a vector eld written in XML. Our ODE solver is based onthe GNU Scienti ¢

Library.

4.2 Simulation Results

Figure 4.1 is a sample of the simulation output, the simulatiomas been run for 500s

with ! =0.3 s 1, left boundary has been set to be half cosine pro le which is ¢ghsame
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as our wave generator, and the uid depth is 52.0 cm. The buogay frequency of
the uid has been set to be 1.001 8. The sphere sits atZ;=-11.0 cm and X (=0
cm. We change the initial positionXy to change the initial relative velocity U,q,
which we assume is e ectively the same as adjust in initial plsa in our experiments.
The output le contains information on the path (X ,Z) and the velocity (U,W) as a

function of time.

4.2.1 Long Term Drift vs Transient Drift

As we can see from gure 4.1, for the horizontal positioX , there is a bend around
t=100 s where the sphere turned from a leftward drift to a righward drift. Our
experiments gather e ective data works within the rst 80s br higher frequencies, so
the long term drift behaviour can not be recorded as we can ndirainate the re ected
internal waves. Figure 4.2 shows the transient and the longrta behaviour with
di erent values of X, Zo=-11.0 cm for all the simulations,! =0.3 s * and N=1.001
s 1. The initial velocity of the sphere isUy=0 for every simulation, thus the relative
velocity equals the initial velocity of the uid parcels neathe sphere,us. From gure
4.2, we nd that the transient process is di erent with di erent initial conditions. The
transient drift velocity is estimated by the green lines, tle red lines represent the long
term drift. This indicates that there is a stable long term drft for a certain frequency
with the same drag and added mass coe cient regardless of thmeitial conditions.
Similar results has been announced by Grotmaack and Meyla2z0P6] in a theoretical
study of the surface wave drift. They studied a similar equain for small oating

objects on the surface and conclude that there will be a longrta drift velocity which
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mass coe cient in homogeneous uid, and =0.3 s 1, N=1.001 s 1. Thus the value
of the combined parameter is controlled by the change 6. From gure 4.3 we can
see the velocity amplitude of the spher®,,, remains the same a€p, changes, and
the value of U, is the same as the theoretical valu&eoy, Which is the velocity
amplitude of the uid parcels. This result agrees with our expriments and shows
the main behavior of the sphere is close to the uid parcelsaund it. The invariance
in value againstCp =C, indicates that the major horizontal motion of the sphere is
controlled by the hydrodynamic pressure termu._The drift of the sphere is due to

the drag term.

4.2.3 uq Vs Cph&Cy

The drift behaviour of the sphere, as a second order motiors ielatively small com-
pared to the general motion of the sphere. As we introduced loeé¢, the model gives
a long term drift as well as a transient. Our experiments cannty show the existence
of the transient, which is comparable with the simulation irnthe transient process in
the rst few wave periods. For the experimental transient dft, the direction and the
value ofuy can be approached though the adjustment of phase and initiaélocity in
the simulation. The long term drift velocity ugy is another important feature for the
sphere, the drift motion usually turns to be stable after ten @&ve periods. The drift
results from the existence of the drag force, and the relatioof the drift velocity and
Cp along with C, need to be studied form the model.

Figure 4.4 shows a the transient drift velocity which is witha the rst 80 s of the

motion and the long term drift velocity which is evaluated aker 500 s of the motion as
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From the simulation results, the long term drift velocity uy depends weakly on
Cp at a constant frequency! , as Cp increase from 5 to 25 by 400%,4 increased

by 6%. The dependence aiy on 1f%a is not strong. For the transient drift velocity

Uqt, the dependence oq%a is much stronger as the value decreased by:B% with

Cp .
e for

the same change irCp. The transient time has a non-linear relation with

Co

smaller 73—,

the transient will last for a long time.

424 ugvs!é&

From the previous section we have some knowledge of the rolat the parameter

Co
1+ C,

plays in the simulation. We are more interested in the reladin of drift and the
characteristic of internal waves,!=N and the initial velocity or the phase( ) in our
experiments.

As introduced in Chapter 1, an internal wave only propagates vém!=N < 1, and
the wave structure is determined by'=N as well. In our experiment and numerical
simulations, the vertical wave number is set by the shape dfi¢ wave generator and is
xed at k,=7=0.0604 cm !, whereH=52.0 cm is the height. The dispersion relation
will determine the horizontal wave number.

Ermanyuk and Gavrilov [2003] did experiments to measure thferce on a sphere
oscillating in a strati ed uid. They observed that the drag coe cient Cp and added
mass coe cient C, depend on!=N . This is of vital importance to our problem as the

transient drift is strongly connected with the parameterlfDCa

. Their observation gives
a increased value o€p and a decreased value i€, with '=N in the range[0,0.5]. We

don't have a speci ¢ formula forCp (57) and C,(5;), but it is important to make such
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but the value diers a lot in these two situations. ug is bouncing between negative
and positive values with , which is similar to gure 3.6 in our experiments, with
some phase shift . For the long term drift ug, the bouncing range in absolute value
is within 10 ° of magnitude, which is negligible compare to the variation csed by

frequency change.

4.2.5 Summary of Drift Motion

From the analysis above we can get a clear view of the horizohtiift and its de-
pendence on many parameters. The drift is generated from th@mlinearity of the
control equation (4.6), especially the drag term. There is @mansient process for hori-
zontal motion of the sphere in the internal wave eld, Both tke transient drift velocity
ug and the long term drift velocity ug need to be considered.

The initial motion of the sphere is a transient process. It is ected by many pa-
rameters, including!=N , the initial relative velocity represent by initial phase or the
initial position Xy and the empirical coe cients Cp and C,. ug is sensitive to these
parameters as seen in the simulation. From the limited durain of our experiments,
the data only shows the behavior of the sphere in the transigrwhich con rms the
existence of the initial condition problem in the transient.The comparison of model
and experiment results will be done later.

The long term drift velocity ug depends strongly on=N . According to Grotmaack
and Meylan [2006], there will be a transient and a long term dtiin surface wave
drift. The long term drift should be along the wave propagabn direction and only

a ected by Cp and C,. Our simulation shows that the internal wave drift has some
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similarities with the surface wave drift: they both drift to the propagating direction of
the wave. In a propagating mode-1 internal wavegg and ¢, are both related to!=N
by the dispersion relation, and this may lead to a stronger gendence of the long
term drift ug on frequency. Although the initial conditions and empiricakoe cients

also lead to a variation inug, their e ects are not as strong ad=N .

4.2.6 Vertical Motion of the Sphere

Figures 4.8 and 4.9 represent the vertical motion of a spherdthv ! =0.3 s * and
=0.5s ! N is 1.001 s?! for both simulations. The sphere is set initially to be at
(X,2)=(0,-11) cm, and Cp =4, C,=0.5. We apply Fourier analysis to bothZ and W,
and the result has been plotted as labeled. In thé t graph, the theoretical vertical
displacement of the uid has been marked out with a green linéThe X  Z path is
showing the spacial information for each simulation.

The sphere can not move far from its neutrally buoyant depth, thich means
besides the hydrodynamic forces included for horizontal on, we have a vertical
restoring force with the buoyancy frequenciN. From Figures 4.8 and 4.9, the vertical
displacement amplitude is consistent with the theoreticalalue of the uid parcels, for
both frequencies, which again shows that the neutrally buayt spheres have similar
major features of motion as the uid parcel at the same depth. & the vertical path
in the transient process is more complicated compared to tt@rizontal motion. The
excess displacement & beyond the amplitude limit represents the sphere motion
beyond the uid parcels at the same depth. This indicates thephere has moved o

its isopycnal and buoyancy force starts to drag the sphere dato the equilibrium
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position. Such phenomena are more obvious at low frequerscid he vertical path is
not as monotonous sinusoidal as the horizontal path. The gais quasi-periodic and
irregular. This is the same for the vertical velocityW.

From the Fourier analysis ofZ and W in gures 4.8 and 4.9, there exists a second
dominate frequency in the spectrum around 0.8 s! for both frequencies. This
second frequency has a stronger signal for lower frequesci€his shows that at lower
frequencies, the buoyancy and gravity force are more dominaian at higher fre-
guencies. The irregularity in the vertical displacement ialso seen in our experimental
data at lower frequencies, but for the limited duration of egeriments we are not able
to apply Fourier analysis to get amplitude information. In he spectral analysis, we
did not see an apparent second dominate frequency above théseof the data. Given
a longer experiment the e ect of the buoyancy and gravity fare should be observable
in the vertical motion of the sphere.

The existence of buoyancy and gravity forces in vertical diction as well as the
hydrodynamic forces make the vertical motion of the sphere me®complicated than
the horizontal one. They both depend on position and relates motion, but the
major vertical motion can be described by equation 4.8 as wart see the vertical
displacement and velocity are all close to the the theorett prediction as well as the

experimental results.
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Chapter 5

Discussion and Conclusions

In the previous chapters, we present experimental resultsiéh a numerical study of
the internal wave induced drift of neutrally buoyant spheresin this chapter we are
going to discuss more details for both of them. And nally try b get a empirical law
for the internal wave drift with the necessary parameters. Qus we can estimate the

drift of neutrally buoyant vehicles in the internal wave eld with similar scales.

5.1 Discussion

5.1.1 Internal Wave drift versus Surface Wave Drift

The drift behaviour of oating objects has been studied in tk past 10 years both
theoretically and experimentally. It is a one-dimensional mblem and has a relatively
complete system equations. The surface wave drift also neaddonsider the inertial
force and the drag force, but as the object that have been usédthe experiment

and simulation are all very tiny, many assumptions have beemade to simplify the
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problem. Through theoretical analysis, a transient procesand a long term drift
exists in the surface wave drift [Grotmaack and Meylan, 20D6And the experiments
done by Huang and Huang [2011] also show that di erent shapes dfjects will have
di erent drift velocities. There is no well agreed upon expmssion for the surface wave
drift velocity as the drift depend on wave heights and the dragoe cients.

For internal waves, the vertical and horizontal scale of thevave is larger than the
sphere we use, so it still can be described as small scale otgjalrifting in internal
waves. The internal wave eld in our study has a 2-D structurewhether the additional
vertical dimension will have an e ect on the drift motion or nd is a question needs to
be answered. And the di erence in the empirical coe cients mayalso have a e ect
on the drift. The simulation results show a transient drift and a long term drift for

the internal wave drift as well.

5.1.2 Comparison of Experiment and Simulation
5.1.2.1 Dierence in Internal Wave Field and Phase Correction

In our experiment, the internal wave is propagating from the ave generator to the
right end of the tank, and encounter the sphere after distaecX,. When the wave
generator is started, the motor needs some time to accelezaind we may have some
error at the initial velocity of the uid parcel uy. But as the acceleration time is
pretty short (within 1s), so the wave eld will become unifom after a quarter wave
period, which may have a little e ect on =0 or whereug is at maximum at time
zero.

In our simulation, the internal wave eld is prescribed oveithe whole domain, in
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which the initial velocity of the uid ug is set by the initial position X,. There is no
delay of up in the simulation, which may cause di erence in the rst few sconds for
the sphere motion.

To match the model and the experiment, one important thing igo match the
phase problem, which is represented byin the experiment andX in the simulation.
In the experiment the wave generator is moving in a sine cunas A sin(!t ) where
A is the amplitude. We de ne the motion of the left boundary in he simulation
asu = !A cosk;Zg)coskyXo !t), thus through an integral we get the horizontal
displacement should beA cosk,Zo) sin(!t k«Xo). The way we de ne phase in
simulation will give us negative phase. Thus, we need to adjuhe phase to match
the results. So the phase we use in the simulation are all néiga phase, and the

correction is experiment: simulation ( 1)+2 .

5.1.2.2 Transient in the Simulation

As limited by the length of our tank, the re ected waves will a ect the motion of
the sphere not long after the experiment starts. We only hava limited length of
valid data for analysis. Through the analysis we observe a dri¥elocity which can
be roughly described by equation (3.3), the drift of the spime seems to depend both
on! and . But the simulation which we can have a long time series showsat in
the rst few wave periods, the sphere is just a transient prass and after that there
will be a long term drift as the wave propagates. This is sindl to the surface wave
drift which was theoretically analysed by Grotmaack and Mdgan [2006].

Although the transient process is only a short term behaviouwe have observed

it in our experiment and it is still valuable to compare the tansient drift velocity
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from the experiments and the simulations.

Another important feature of both the experimental and the nurerical simulations
is the dependence on the empirical coe cient€, and Cp. These coe cients will be
di erent under di erent conditions with the changes of non-dmension numbers such
as the Reynolds number Re and the Richardson number Ri. Ermark and Gavrilov
[2003] measured the force on a sphere oscillating in a strad uid and gives their
estimation of the added mass coe cientC (C,) and drag coe cient C (Cp). They

observe a decrease 6, and a increase irCp in the range 02s ' <!=N < 0:5s 1.

Co

Thus the combined coe cient in our simulation 2

should have an increasing trend
with '=N . This may explain why in the experiments, the transient drif velocity ug;
is decreasing with!=N in value.

The drag coe cients of small spheres settling in stratied uid also have been
studied [Yick and Torres, 2009], and they give the formula @@, as a function of Re

(to a moderate regime) and Ri:
C —(E+ H§—+O'4)(1+1'9Ri%) (5.1)
""'Re 1+ 2Re ' '

which gives a possibility that the drag coe cient can be a eded by the strati cation
as well. Their study is focused on spheres with micrometer$ diameter, which will
be di erent from ours, but the change inCp is important in both situations.

The added mass coe cientC, is also a very important di erence in the experi-
ments and simulations.C, depends on size of the objects, for very small objects the
added mass e ect can be neglected. But for our experiments,etfsphere is 4 cm in
diameter, soC, will be important for the motion of the sphere. In the model waise

C,=0.5, which is the added mass coe cient of a sphere in homogemes uid. For
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the sphere in a stratied uid as well as an internal wave eld only empirically C,
need to be determined by the experiments and the simulation.

The transient process of the sphere is not stable and this mekit hard to evaluate
the coe cients from our experiments. Although to getC, and Cp by comparing the
results from the experiments and the simulations will not beccurate, we can still
show the correct coe cients will give us a relatively accurad estimate about the
motion of the sphere.

Figure 5.1a gives us the transient drift information from thesimulation with dif-
ferent values of combined parameter. We can compare gurel5with experimental
data of gure 3.5 in chapter 4 where the sphere is at the samepth. The decreasing
trend with ! can be created with the chosen d@p and C, in Table 5.1. Figure 5.1b
plots transient drift velocity ug versus corrected from the simulation. The phase
in this gure is consistent with our experiment. We also canee a sine curve distri-
bution of ug on , but compared to gure 3.6, we can observe a obvious phasefshi
of the curve. This might be caused by the dispersion of the inteal wave as the wave
propagates. The di erence in group velocitycy and phase velocityc, will change the
phase information of the leading wave edge when the internahve reach the sphere.
The empirical coe cients in table 5.1 is just a guess for theiswlation results to get
close to the experiments. It is clear in gure 5.1a that at hig !=N , ug is tending
to become positive (considering the points where=0), so the transient process may
come to an end earlier than at lower frequencies. The unceirtdes in ugy are larger
for the transient process since it is not stable in timajy should be a function of time

and nally approach the long term drift velocity ug for all initial conditions.
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Table 5.1: Empirical coe cients for I=N in simulations

(s ) N(s?h) |Cp | Cal| i

0.2 1.0 11 | 05| 7.3

0.3 1.0 13|05 8.7

0.4 1.0 15/ 05| 10

0.5 1.0 17 1 05| 11.3

5.1.2.3 Long Term Drift

Compared to the transient drift, the long term drift is a morevaluable result from the
numerical simulation. Unfortunately our experiment is unake to record the long term
drift behaviour, so the result can only be evaluated from th@umerical model. In
Chapter 4, we analysed the e ect of all the parameters on themg term drift velocity
in a mode-1 wave. And the conclusion is that the long term driftiy is mainly a ected
by the frequency of the internal wave. Although changing in itial conditions and
drag coe cient can also lead to a variation inuq, the magnitude of change can not
compare to the change caused by changihgN .

Figure 5.2 showslq plotted versus!=N from our simulation, the initial condition
problem has a little e ect at lower frequencies but at highefrequencies they show
great consistency. To determine the dependence wf on !=N , we divide uq by the
horizontal velocity amplitude U;mp=!A cosk,Zo), which we believe thatuy should
be proportional to Usmp, and plot again versus!=N . As shown in gure 5.3, we
see a pretty linear trend. It is possible that the expressim@:dTp might be linear in

frequency. If we do a linear t for the data we have, we get thelgpe of the t curve
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is s=2.24 10 ? with an intercept b=-8 10 #. Thus an empirical expression fougq
can be written as:

Ug = (C! + B)Uamp (5.2)

If we substitute the expression folU,m, and with the assumption that B C, we

will get a more simple expression for gure 5.2 as:
ug = C! °A (5.3)

whereA represents the true amplitude which equals té cosk,Z,). The dependence
on N in equation (5.3) is not obvious as the expression bk, does not containN,
and in our simulations we setN=1.0s ! for simpli cation. We are not quite sure
whether =N or N should act as the variable. But asiq is strongly related to Ump,
we propose equation 5.3 as the empirical estimation for a lotgrm drift velocity of

a neutrally buoyant sphere in a mode-1 internal waves.

5.2 Conclusion

In this thesis, we introduced the basic equations about automous underwater vehi-
cles and internal waves, including the mechanism of interhaiaves and the hydrody-
namic motion equations of the AUV. To understand an impact of th internal wave
eld on AUV motion, we choose to study a neutrally buoyant sphee motion in a
mode-1 internal wave eld.

In the experimental study, we used a 5m long tank and a wave gmator to
generate a rightward propagating internal wave eld, but tle re ected waves from the

end wall led to a limited length of valid data. Through analys we found the internal
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wave drift phenomena, which was related to many parameterdaut the internal
wave eld. For a further understanding of the internal wave dft problem, we apply
numerical simulations to the motion of the sphere. To destré the sphere's motion in
strati ed uids with internal waves, we use Morison's equaton for moving objects in
uid to estimate the hydrodynamic forces on the sphere. Masbn's equation is a semi-
empirical formula including the added mass coe cient and drg coe cient which are
both determined empirically. Using gure out the correct vales of these coe cients
for the equation is important to describe the motion of the dpere accurately. Through
the simulation results, we discovered that the sphere is miog similarly to the uid
parcel at the same location, since there is a transient pra= which depends on
the initial condition of the internal wave eld. After the tra nsient, the motion of
the sphere is only related to the frequency of the internal was, as the impact of
empirical coe cients and initial conditions are limited conpared to the frequency.
With the analysis of the long term drift velocity, we nally get an empirical equa-
tion, which the long term drift velocity uy is connected with the frequency of the
internal wave! and the horizontal velocity maximum valueU,m,. For a mode-1 in-
ternal wave, these two values also have a relation. The nakgmation of uq is given
by equation (5.3). Given a spherical AUV of neutrally buoyantn strati ed uid, with
a mode-1 internal wave propagating witH =0.2s ! and an amplitude A=100 m, the
velocity amplitude will be U,mp,=20 m/s, then the estimated drift velocity after the
transient will be ug = C! 2A=0:0224 0:22 100=0.096m/s 10 cm/s, and the AUV
is drifting in the direction of the internal wave propagates This mean drift speed is
comparable to typical currenty speeds at depth. The interdavave drift is a measur-

able e ect but in operation, an AUV with a thruster would be abke to compensate
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for this drift at a voyage speed of 2 m/s.
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Appendix A

Appendix

A.1 Introduction to 6-DOF Equations

We use a 2D model to introduce the derivation of the mathematitanodel of the
AUV motion equation, but the design and manufacture of an AUV alays require a
3D model for more details.

We are going to do a review of the 6-DOF equations of the vehisleFor 6-DOF we
have to consider the motion in surge, sway, heave, roll, pitand yaw. Each degree
of freedom has one control equation. If we still put the origi of the body reference
frame in the gravity center and make the buoyancy center of éhvehicle sits at the

same point, the basic motion equations in vector form are

X
F=mx (A.1)

and

X
M= leml + ! lom! (A.2)

which represents the translational and rotational motion camolled by Newton's 2nd
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Law and Euler's equation, respectively!:’ F is the net external force on the vehicley
is the mass of the vehicle anec is the acceleration for the center of gravity of the
vehicle in the body- xed frame andl ¢, and P M are the moment of inertia tensor of
the vehicle and the net external moment acting on the vehicleThey are all related
to the center of gravity of the vehicle.! is the angular velocity of the vehicle body
in the body xed reference frame.

We have 6 equations with 9 unknowns in the equation above for welty vector
[u; v;w; p; g; " which the former three represents translational velocity ahthe latter
represents angular velocity, and we also have 3 unknowns abdhbe euler angles
(;;" ) of each axis in the body- xed reference frame. The kinematirelations of
a rigid body must be considered in the form of a relationship beeen angular rates

[p; ;1" and the time rate change of the Euler angles which is given by [Nen, 1996]

—=p+(sin tan )q+(cos tan )r (A.3)
—=(cos )q (sin )r (A.4)
' =(sin sec)q+(cos sec)r (A.5)

Through all the equations above we can solve for the velociegctor [u; v; w; p; q; "
in body xed reference frame, to get the position informatiornn the earth xed frame,
we need a transformation of the velocity vector in this two aardinator systems, so
we need the transformation matrix, to multiply the velocity vector by the matrix
we can get the derivatives of the position vector, and througintegral, we could get

the vectorix;y;z; - ;' ]" in the inertial reference frame. The transformation matrix
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Nahon [1996] is given byl :

Tl 03 3
T= (A.6)

03 3 T2

c'c s'c +css S's + Cc'cs
Ti= sc c¢cc +sss c's +s'ss (A7)
S CS cc

1 st ct

.= 0 ¢ S (A.8)

0 s=c c=c
In whichs sin,c cos andt tan.

With the transformation
XYz ++" 1" = Tlu;viw; p;o; 7 (A.9)

we are able to obtain the velocity vector of the vehicle in the artial reference frame.
We can integrate the velocity to get the translational posibn of the vehicle's gravity
center. The Euler angles can o er the information for the velle's orientation, then

we have the information we need for the vehicle in the inertiaeference frame. The

hydrodynamic force would be calculated in the similar way as the 2D scenario.

A.2 Added Mass Coe cient in 6-DOF Equation

Here will be a brief introduction on the added mass coe cient irthe 6-DOF motion

equation of the AUV. The added mass force[Fossen, 2011] oppdbesmotion can be
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added into an equation as:

mx+ bx+ kx=F mgx (A.10)

through rearrangement we can get:

(M + M)X + bx + kx = F (A.11)

Where m, is the added mass coe cient in 1-D motion. Equation 1.24, cand
uni ed to be one general equation, rst we de ne the generatied velocity vectory =

[u;v;w; p;g; 1", and use for all the external moments and forces.Fossen [2011]

Mgrg ¥+ Cgrp (‘V)’V = (A12)

where Mgg is the rigid-body system inertia matrix, Crg (V) is the Coriolis vector
term because the vehicle itself is a rotation reference fr@nin a 6-DOF equations,

the matrix without the added mass is
2 3

m O O 0 0 0
Om O 0 0 0
O Om O 0 0
Mgs = (A.13)
0 0 0 Iy 0 Ixz
O 0 O O Iy O

0 0 O Ix O Iy

We already reduced many terms using symmetry of the vehicle simplify the

equations. For an arbitrary 6-degree freedom system, the sgmtensor is a 6 6
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matrix. A general form of the added mass e ect would be

2 30 1
M1 My Mz Mg Mis Mg Uz
M21 M22 M3 Mps Mos Moyg uz
M31 M32 M3z M34 M3z Mgg Us
F = (A.14)
Mg1 Mgy Myz Mgg Mgs Mge Ug
Ms1 Msz Ms3z Msg Mss Msg Us
Me1 Me2 Me3z Mg Mes Mep Ug

where each componentn; in the matrix represents the added mass force iith
direction due to the acceleration generated frorth direction. For instance if we
take added mass into our equation A.14, them;; = m X, instead of justm, the
other terms ofm; will not all be zero and the computation complexity will incrase.
The value of these added mass coe cients depend on the shapelad vehicle. For
a certain design of an AUV, a group of values will be measured acately depending
on its geometry and weight distribution. The accuracy of sucvalues will be of vital

importance to a vehicle for manufacture.

A.3 Motor Frequency Transformation
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Table A.1: Motor frequency transformation

rpm st
200 0.1047
382 0.2
478 0.25
573 0.3
669 0.35
764 0.4
860 0.45
955 0.5
1051 0.55
1146 0.6
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