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This th~s1s presents the computer simufate'd thermal

strellS analy.sis' of fo.rgin~ "in9ot~" dur1.ng the h'eating :and'

These 'results' a'r~ then uaeif to obtain 'the,
,~ .' I

, .... , ' .'

ncinl,inear finite e~emer)t: analy~is., ,The nonlineariti~B due to

the' -variation o,f 'milter~al propert~eB. have' been talten .."int.o

account by. calculating the. temperature at' :(U.ff,erent time

ste~s 'fi,~8t ~,n~: ~~~n at' each' .time·_s~~e the f2hmentaq~.t!r;_t.~:~~
~~tric'e~ are recaiculated.' ..The. nonlinear algebraic equ~'.ticin8 ' .'

)
"

, optimal, 'heating, schedule of.- thes,e i'ngots',

,'fhe' equa'~ions f'~r' 'the: tra~8i'ent'.'nonlinea'r

'tempera't'ure· 'distribution withi-n ,t'!l~ '"ingot duet~''''''t'h'~

convective' and: radi":~i~e' 'h~at flu~ are ~edved,,'u~ing the
"~~< ..

,,~~

..

I at:e solved" usipg thr~e techniques' and 'then','the best technique~

! is sele<:t~d Jfr6m,,the~e ."thr,ee f:r 'fur~h~~:'an,aIYsi~:
! 'l ' The mathema'ti"Cal'~deI'"f~r ,e.h~ th~rlnal'.~.e..~tt-.~8S
I, (analyst$; hAS a18? bee'n. fo\tmul';"t~d''~~~ng 'the, finite eiEk~~t

,\1 • analysis.. The' temperaturesobtain:d from the heat, trans,fer

\ ana,lyeis are used' t~ calcu~ate' the fo.rge,' vector:. fO'f "the ~ .

t
Oo' ', • ..-'~' stress analysis,. These iinite element, models' ,are then used

____ t'o ,calc.ula·te, the effects of axial. ~eat ~IU:lt •.;_t~e, !ilendorne,lI8'

, . rati~' .of the ingot,- andt:-he "linearizatio~ of the" ~e~t:',flux,on

the transh'n~ temperature' and· 8tresS d1stribU~ion's:....ith1n th~,I ingot.

"



, ,/~~.
The optimal heating schedule has bee.n obtained

co.n1li~ez::i~9 two t.y~eB of· cdn~t.r~.,int~BI . th-e nut ~ype o~)the

con8tr~i.~t is that, the, stre,sses developed should not;. exce\!2
... :""'..1' .' . ,! .. '" . .

.certain '~alue Bstablishe4:, by, som~ .. of the co~o.n~y -known
_./ '.' ".,' - ,'" " :.

fa'Uur~ tl1,e0t;ieB~ and ~e second t~pe is that the "temper.ature

'1.0 y~~- .i~90t, dur'ing -the -heating, 0;: 80a~i:n9 period '~oes -. n,o.t
. .

e~ce~d. a specified ,value for- a particulak- type of .mat~rlah .
". .

;Th~ m~.~:tl~d' o~' optimizat1~n of", :the f~rnace 'h~aHn~ schedule is

....:. s.ei~ct·~d "after . con8ideri~9. t:hr~ :a~ tex-nate way~ of c~rr"yin9

out the optimization.

,\","','"

.. ::'
.,....'
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CHAPTER 1

INTRODUCTION AND LITERATURE SURVEY

1.1. The Forqing "6£ an Ingot ~

A large' number of' primary or s.eC~hd"ary meta'l

forming processes i~volVe-'- ccimpi""'"e"x heat !.'ransfer .and~. at.ress .

.. analYllis calclJ~ations. The .' solutions of such' pr~ble'm8
. . .

require enorm~)l.s computations which, ar,e possible it?'" with ,the

~d~ent pf the. fast di~~tal. comp.ut~rs. The benefi~'s of. thesC/

compurations are that these p-~oces~e91can be done .safely· and

within much ahorter. :ime thus sa,vin~ ~ .l~rg~ sum of capi~al.
One of the'se" processes is the heating' ~f ingolcs in a sO';'k10g

p~t.

In conventic;mal steel mill practi~e,. tlre-molten

stee} is· first' poured into a preheated, ingot molds which ca."

be vacuum 'degassed aa sho,,-n in Fig. 1.1 aod-left to solidify

for several d~,YS before the ing,ot is stripped' away fr~m the

mold [1.2], Then the ingot is sent to a soaking furnace for

heating to a convenient teinpera,ture for hot wor~in9•.A ~~.rge

number of steels are heated :to a temperature. around .122S·C

'for' forging. ~fter initial f~rgin.g. the' ingot is 'reheated '~n

prepar-ation for further wotk .such as forming. rolllt:1gI

. annealing. drawing,' etc. During the heating bf the in90t,in~

a 'furnace the. surface gots heated fairly ~apidly who.reas thp



,-

'Fiq. 1.1: Schematic Arrangement of the. Vllccum-Calllting
Installation. Emp10yinq the Stream Degassing
Tei:!hnique (after .McGannon· [1]) •

.... ,..
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core remains' at a comparatively lower 'temperatut'e. Thus, the

thermal stresses ll.t"s ~eveloped in the ingo~ due t.o the

temperat1Jre- variation within the ingot. ..::.::::..:

J "In p.ractice~· these in?ots 'at"e charged' into a

4!Jrnace maintained at a lower temperature ip. the first ,atage,'

and then the furnace tempet"atu~e is r.aised to 149S·K(122S"C)

~lon~, a cer~in path. ~uc'h that the thermal 'st:resse:'! do not

ca~'ii::;acki~9_ failur"s 0.£' ~he material. ·on~ ca~ heat th~

ingots to a highs"r'· temperature: t"ange without causing, thermal

. cracking by choosing di'f£erent' f~.rnac~ temperature paUls,_

But, th.l;-9 hea~in9 process 'has t~ 1;>e ~arried out in an optimum

time in. order to min~mize the pt"o'duction time as we-Ii as
p'roduction coat. This problell\ [nvolves the calculation o~ .

. 7J the transient temp~ratures .and the cot"t"esponding thermal

. stress distributions within the ingot and then the 'ppt.ima.l

fu!~~e tempe~ature pith is obtained.

1.2 The Litet"ature Survey

1.2.1 The Heat Transfer A~aiysis

The numerical studies of the heat transfer prqcess

o~ a solid ,exchanging heat ....ith the<-'-;urr-ounding8 have been

carried ,out (J,~]. In [3'], the heat· balance of the system

was fot'ltluiated using the finite difference' method. The

~emperature decay. ·t'ate in the ·g&.ses in 'an annoa.ling fut"na.oo·

w&.s s~udied. The numerica.l 'results we're obt~ined ~Y ,using'an ..... ,



implicit. .•rnethod~:f$..1:n the investigation carried 'out in [4].

th~ transient te.@~ture diatributlon ..,ithi~ an I-beam w~a

.an~lyzed 'using the finite element I'Iibthod. The radla,t1ve aa

weU as convect-ive heat transfer f~om the....~rrounding fl'uid

medi1Jm wa~ rep·resented,. tw -m-equivalent conv'ecti~~'heat

tr;a~afer CO~f.Ji~i.en~, whic~ if mUlt~Pl~ea b;' the .tempera~ure

difference "between the :bound..iry .node ana' the ambi,E!'':\t..

temperature equalled the total am~unt of heat tn.-;;;fer •. This

amounted to l,ineai:-i,dng. t.he boundary condition. ;

. 'The calcu.lat!~on of the in~ern(\l temperature

distribution within the cylindrical ingot during heating 111 a

pro~lelD in unsteady-state heat condu'ctton and the' equationa

governi~~. thia heat transfer proceu ap given in [5,6].

Runt [7] o':!tlined a. numerical method for the solution of the

int.ernal temperatu!="e distribution in a heated ingot .which

inv?lved t:he knowledge of the initial temperature

distribution in the ingot, the variation of t1'te ingot slein

t.emperature with .time, etc. The heat transfer prpceas 'id.thin

the cylindrical ingot haa been studied by seVeral G!ther

researcher, a1'eo, [8,9]. In these studies, the t,emperature

distributions' within the ingot were obtained usinq the finite

differen~e method. ' 1't. number of aS8u~ption8 were made in

these investigations whLch can ~written as



......
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(a) The ....hole of the ingot' surfa-~e ,'...as at the

temperatllr,e and the a'!?aorption of ~he heat. was

symmetrical.

(b) ~e ingot wae· assumed to- be infinite in length. 80 ~hat

the' heat _flow was r~dial', i ~ ~'. ,the~e. was no "heat input
t'o the flat' 8iJrf~c~s.:~hl'Ch are th~, .t.op "and' bottom

Bur'faces ·Of.,t;~~· ~ngot" '

(c) Each temperatu'rQ .z~ne wa.s sUffioie~tl,y Jlmail .so'that a

slngle temperatur.e could: be a~ll:ji9ned ~o ,it and> over- a
small time .t.t. the differeno;:p of te"mpera'ture between the

adjacent zones ....as regarded as .constant:

1;2.2 The Thermal Stress Analysis,'

In rec;:ent y~arB'considerable amount 9£ effort has

been devoted towards calculation. o.f the thermal str~88es in

infinite a~d s!!mi-infinit: solids, tliiclt plate8~ an'd

infini.te ly long _ cylinders ~ Adequate' references on these

types 9f work. can 'be found, in [10]. There are 'numerbu"s

processes in the cerami.c' as ....ell as in m~tallurgica,l

engineering fields ....here vone ha,e to have ,--""very 'good idea

about the~hermal 'st~e'Bae~: These ~t.resses are' ~8ually'

generated, by the crea~ion of te'mperatur~ variation. wi~hin. the \

body due to t.he 'impossd 8urfacEt, cqnditions: these t;ttresses'

can d~? <;!ccur i~' t.here is a ,heat. 89u~ce' ....ith;n thli bo~·y.

The solution of such problelllll involves simult.aneou8· soluti~n

, '..•.
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)
of the, elastlcit.y and thermal .p'Coblems •• The thor.mal 8tt'eSB88

\. ' , .'9.eneryed by nl;munifodn' tel1lperature "distribut,ion during- the

, heating of"iarge-di"a.met.er Hastealloy' x~ ingots W8l:'e etud.ls'd in

In this St.UdY',. tJ:le tem~erature dlet'r'iblJ'tl_on and ~he •

co'c,respond.ing' therma'l' str,esees along ','the horizontal section
. . . , . .

An '(refer' 'to Fig_· 1-.2,.) wel"~ caleulo1lted. In .the tempeti!lot.ure

~-f~tt-LPUt.i'O~ .~a{CUl'au·one, 'th~ "~eat flux .in ""th~ 'a·.~i!11. . . ..' .
dit'8ct:.i~.n was .neS"lec,t,;Sd. (. Th~ . equa.t~(>ns' fO,? -.the, ,··'t.he.t'fI1.4:"

stc'sss: cal:ciula'tions .given· i:,R [11] we:re u!e.d •. '",he th4lrmai '

8tre8~eg .Along the' v'er:-ical axle at ~th'e c~ntre ot the ingot

(in te,n8io~) was selected as . tl\e cl:"i tica 1 pa r~meter; and a

maximum allowable stress_ of 90 '~er cent o~/0.2pet" cent yili!'id

strength ~a!s considerl!d' as the fractu~_e .ct"itet"ia. ~h'e fffect

'

of th~ va. ,ia,tiOn of mat~~i<U pr,ope~tie's, which change \<ii~h

tempe~atu~J on the t~mal stt"l1'sses in the cylinder Was

'stu<lie'd ii [12]. ,In .cUl,. the uncoupled t\1e~moelas~i~'_

'brittle ft"aet.ure problem has been di'scuseed'in tet"ms of' ~h.q

typ~e of stress-' ffelds produced by Burface heatinc:t

cooling. ~ t,

\ C '.
J:2.3 The optimiza'tion Studie~.of ·the ~eatin~.~rOCe8Be8·

Any' industrial opera,t.io~ . should . be carded Ol;lt 1-n

, an' optlma.i manner •. For sxampl'e, in the ca~e 'o·t". heating- of

'alloys, c'enmice, etc ••. th'e process a.h9uld' .be done "in the

'minimum time and in doin9' so,. all ~the cOOl:itr~lnt8, must be

....,
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In~6 heating pt'OC,eS9 care should be taKen that

the materhal tempe["atll~eg at vacious points in the solid '(1.~,.

not exceed a certain BP~ified value, and . thQ therma 1. .
stresses during the heati/, Sh0!:l.~d not cause failure df thl;!

material. !n the fot-git'lg, operation of steels, the hot· . .
· wark419' is canied alit., ,In.' the higher austen-itie ~ar'rge. If. .

a . close. control 0t'!- the finishing 't~mpEirat'ures ace

maintained, then "the solid temperatures' can rise .into the

. two":pnase region whe~re one of .the ~ha.8.e8 :i~ liquid, ~r. 'everr

w'ithln the salid-phaBete~pet'ature cange. the p'coblem'df"

burning at' oxidation ca~ occur' if the finishing te'mperature

J. is excee~ed:.. ·:Thus, 't.his· op~ration- '["eq~ire8 a very close

control on the 30l,id telllpetatures.

. Meric [14-1~] has d0tle quite e. ,consir'lerable amoUnt

of work in optimizing the heatfng, time of solids. In [141!..

· an infinh.-el.y long solid slab having tempet"atJre depen~ent

the,rmal condu~tivi~y "';a8 heated opt'imallY' under certain. .. ~ ..
ambient conditions. The objective ,in this ....ork 'was to heat

·the slab to.a higher temper.ature level ~t the end o,f a' f'i~el1'

time ~eTiod. while keeping the 'ambient te~~erature as low as.

possible. The bounda.ry.cont.rol pt'oblem pi optimal heating of

an infinitely long slab w.~th t'empe;ature~dopendElnt therm~l

,condu~~i~.ity:, sUbjecte4.• to a convectio.n and radia,tion

·'b.?undary .cond.it.t~n. was' analyzed using the finite. eleme~t

method in ,[15].
,.
In [1'6]. a stationary vat'iat~ona.l·

, ;...
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. formulation of the necessary conditions for optimality was

derived fo.c# an- optimal control. problem governed by 11

parabolic equation a.;,1 mixed 'boundary conditions. ".A simple

model problem in optim'!l.l boundary heating of solids wa~.

analyz'ed In [17~ •. The objective of this etud'y was to achieve

11 desired temperature pl.:ofile 'along a segment of solid
. . " . ", .
boundary with a minimum amount of 11 bounocl.r.y heat flux which

. ,:.~

act;s as the controi~in9 function. The conjugate gTadlent

method of .optimIzation .was used. 1n .the 'm.l:Pirnj,z-a\iOn pro7~~:8. c;
In [18], the unsteady optimal 'heating of" solids by a boundary

helllt flux 'W4S f6rmulated for a solid of·.arbit~ary ge~metry.

Through the USB of the ~~range mu-lt.t.plier·, the problem was

reduced t<l an unconstrained optimization problem. Pt.n optimal

steady-s:tate control problem 9Qyerne~ by an el~ipt~c lltate, "-

equation was solved by several 'finite element methods in

[19].! Pt. !10nline~rly constrain~d problem ....hich ,involved

" minimi'zation of the i ~ner9Y coneumpt.ion of an industfial

furnace ....all . formulated' in {20]. The variables .of the

optimization method represented the' profile of fuel

con,sumptions along the furnace" The sum o.!, these variables

minimized, • The ,constraints were forlJlulated to satisfy

,:.he ..functioning t"imits of the furnace and the desired

characteristics of the i=!~.Oduct. In 'all these a-nalyses,,'

.- ­:;'

con8train~1l such 4S the thermal stresses ....ere not considered.

,In [eL the thermal st.resses. were inclu-ded in the



optimization of the furnace heating schedule but the optimum

furnace path. ....as approximated by a series of finite-length

constant-sl,ope paths ....hich is sho....n in Fig. 1.). In this

study, the temperat.ure and thermal. st.ress dist(ibutions ....ere

calculat.ed usin.c,J t ....o-dimensional finite-difference analysl,s.

Thi~ analysis has t ....o drawback.sl Th.e first' one. is that the_

optimum pa.th should' b~ a continuous smoot.h curve rather t.han,

a, series, of ~eraight. lines and' .the second one ~s· tha,t ~,Klal

heat. flux should also be· considered. Thi,s 1.s because i"n

ac·tual practice, .the·heat: flows from both the radial alLJole.ll

the axial directions.

Based on a !evie.... of the available literature, it

can be inferred that the nonlinear three-dimensional

transient thermal and stress analyses of the cyiind;ical

ir:'got dJring heating .'in the furnace, and the optim.um

(mirdm1tm) time heating cycle of t.he ingot. considering 'the.

thermal cracking of the materia.l have not been done so far.

These are the Objectives ·of the present lnvest19atlon.

brief description of the oljljec'1ives' is presented in the' nex~

section.

1.3 Tbe Objectives of the Pre·lIent, Investigation ."

J,:n thi~. thesis, the equations for the transient

temperature diatribl,ltion ....!.thiri the cylindrical ingo~ due to
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the radiative and convective heat flux front the furna,ce have

been obtained using the f,lnite element method. This problem

has been fonnlt'la.ted as an a!tisymmetri.c Held problem. Tile'

thet"mal stre-ules due to nonunlfot"!1l tempe'C'~tlJt"e distt"ibution

of the ingot are calj:lJ1.-at:~d using, the linear elasticity

theory. The heating ·'nte. of .• the "logo," h~8 been va~.ied· ....iih a

·.vi~w to optimize' t:~e ~ea~ing schedule of the ingot ..

Thet"efore. the fo1l9wi~9 a"re "the Ob.~ectivt!~ of the, ·present

investigation,

~. The d~dva~ion of the tempera~;l"e d.~strlbution cqu~t-ion~f"
in an in.got using the nonl.Lnear fInite element analysis. " .

. .. ,I
2. The study of the temperature dutr1.butlons .... ithin the

.. ingot due to various furnace heatinq paths.

'J. The study of the thermal stresses due' to the .varioue

furu..ace hea t1nq pa ths.

4. The optimal hea~i~q' echedule ..of· t~e heatinq pro~ese~

In Chapter 2, ~sinq the finite ele~ent llIet.had, the. . ,.
for the nonl1ne~r therma.~ ~nalyshi of the inq~t.

~ 'during h~4tin'q in the furn~ce are derived." The.

Cr~nk-Nicholeon fi~it'e difference method has been lItIsed ~o

eXPfess the system of diffel:entlal equ~~ionsa:s a s,ystem of

nonlinear algebl:aic equations. Sevel:al numerical methods i5-r8
. .

discussed fOl: solving theae nonlineal: equat1o:,s. ~The eff,ect

of the heating l:ilte of the fUl:nace on, the Ingot temperaturee

':.I has a,laO been studied.,

..
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In Chapter J. ,a m~thematical model for the

axisymmet:ric thermal ,stress distribution ....ithin the 1'bgot due

to nonuniform' temperature dis~ribution has been established

using the finite element method. The thermal '~tresses a·re

calcl\lated ueing' the linea't-elasticity theory. To
.'. r'~ _ .

demonstra"te the importan~.e o~t:h:e thre~-dimenslonal.mo'del •.the

<$liet-mal stresse"s of this ari~lysls a~e compared"with those of

,the two-dimensional model. T~e effect of linearizing the

he:a,t transfer 'equat~o~s llnd slelldet'ness ratio of the, ingo~ on
•• the thermal stre~ses are alB? studied •

. 1 In Chapter 4, the'temperatu;e: and thermal stress

""\ distributions are ~Mlyzed for various feasible constants as

....ell as linear .slo~e furnace temperature paths. .The

different optimizattJ methpds applicable for the study of

minimum .heating time a..r::e disctissed,. The optimum ~eat"ing

furnace temperature path is. obtained by maintaining the

thermal ?tress energies at 90% of the 0.2 per c~nt yield

stress of the materia~ throughout the heating p~riod; This

optimum' path is a.chieved by;carry{ng out the single variable

optimization at each stage duri~~ the_heating of the ingot •.

The conclusions and recommendations for futut'~ork

are prese·nted in. Chapter S.

....,
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CHAPTER .2

THE TRANSIENT HEAT TRANSFER ANALYSIS OF THE INGOT•
2.1 Introduction

The c.ylipdrical ingots are heated in a furnace to'

higher tempe:atufe.·rang8 for hot:.:working; ":r'he heat (lux

~nterls i~to the~' ingot;- through ~he top ,and bo~tom ,flat

surfaces as well as t,he cylindrical surface- during" heating..
, .:. . . .

In the ir:igot, the thetmal at-ress'es while heating are

developed. due to the nonuniform ~emperature di~t.ribution. In

the stu~y 6~ optimal heating of the ingot l'Iithout .the ~het'mal

crac~ing of the "ateriai., one always has to consid,er the

magnitudes of maximum therma'l stresses within the ingot. The

calculation of the .:hermal stresses involves, at. first",. the

determ~nation' 0'£ the trallsient temper;ature distd~ution at

cert~i.n'" instant of time, and the~ "these are used for the

corresponding stress calcula~ions. Therefore', in this

chapter as{ the first step.' the transient temperature

distr~butions are ca~culated. A mathematical model 'for the

nonlil"!~ar transient h;~t transfer anal:(si,s within the ingot

has been formulated using the three dimensional finite

eleme':at method, where le' boun~ary eleme~~8 exchan~e .. heat

wi th . the surrounding. furnac.e. by the convection and radia-tion

mechanisms. The resulting first-order matrix. di.fferential

,
, .
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equ~~On--±8 expressed as the system of nonlinear algebraic

eq~ation8 by using the Crank-Nicholson finit"e difference

method.. This system of equations are -Jsolved for nodal

temperatures of ingot by using_ an i:eration method. Fina~.

the effect of rate of heating.. on the ingot temperature is

etud±'ed. Th~ mat.hematical formulation .of the finite element. .
heat trans'fer analysis i~ pr..!!.~nted in the next secHon.

2.2 The ·Mathemat.ical Formufation

"The diametral croSB-sBction of an ingot is shown in

Fig. 1.2. W!'en this ingot is' charged into the hot furnace

the heat flows both radially "and axially. The governing heat

transfer ,equation for the heat flow can be written as

-- with· the boundary 90ndition

k r *.tr + k z *.tz + q + h(T-T~)

a c.
r

(T4_T
F

4 ) '" 0

where

k
r

, k
z

- thermal cOl'I.ductivitiee in rand z

directions respectively



"
T .. temperature

o ~ heat generated within the body per unit v~lume

p ... density of the materia1.

c '" specific heat

t ;;. time'

l r .lz ;;. direction cosines normal to the DurEa-ce

q ... heat: flux per ..unit area
I _ ~ .

h ;;. co~vecti~ heat transfer coefficient

T
F

= furnace temperature

l'o o's Stefan-Boltzmann Constant

& '" emissivity of ~he eurface

It can be shown by calculus of variations [21] that

the solution to the above Qifferential equation, Eqn. (2.1)

and boundary condition,. Eq~.,":·-(2.2l. can alternate.lY be,

obtained by' minimizing 'th"o corresponding variational
I .

functional and solving the' reSUlting set of algebraic

equations. The.refera, ....e, seek a 'functional ·such that its

first variation with respect· to ternpe"rature, T,· i8 zero ..

Eqll.; (2.1) can be rewri..tten.as

-k
r

r b.2T·~"'k n_ k r ~2T_ (0 pc.[£) - 0 (2.3)
br2 r Or z l:lz2 - r -. l:lt_

Simll~rly, one. can rewrite Eq~. (2.2)



'/.>-...
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k r r ~ .Lr + k z r ~ .Lz + r q +; r h (T-Tp '..
.. 4 4

+ r o. t(T -T
F

) ... 0
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-v
(2.4-)

Multiplyi"ng Eqn. (2.3). and Eqr;i. (2.4) by the first variation

of T...,hieh is ,6;' -;~d .integratihg over the do,"ain, ·...,e get

~2T· !! _ ... _.l)2; _".(a-pc.!!))., dV··
~l - ~ [-k r r .r2 - k r • r ••.•••2 '. ,t

(2.5)

.;;0.

Eqn. (2.5) can be l"oa"tt'anged as'

,
+ ~ t' (J dT4.lTy4) 6T dS

Ulling Green's divet'gence theorem, the £.0110wing integt'ale can

be expre88ed as



18

/ k ~T 1 6T dS .. J k t' 0
2

", 6T dV·. f k ~ 6" dV
S [" t" ~ t" V '[" Or v r Ct"

(2.'7)

(2.B)

By 8~b8t'1t~tin9 Eqns. (2.7) and (2.9) 1n Eqn. '0.6) •. ~.

obtain

6X '" ~ ~ r 6<%*)2 dV + ~'~ t" 6(*)2 dV - ~ r lIT(Q-pc *)dV

~ / r q 6T dS + / Jh 6(T-T
F

)2 dS + J t"at. 6(f -T
F

4
T)dS

S S S •

. (2.91

Tlle above equation can be' rearranged ""s

'6~ .. ~ 6(~ d*)2 + f. d*12 - "C T(O - pc ff)]dVo

2 ,.5' 4
: ~ 6[rqT + ¥- (T-T,) ~ 'COt (5 - T r T»)dS (2.10)

The variational operato't' 6 can be removed 'from both sides .of

Eqn. (2.10) and then it be.comes

/"."
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where

51 is the surface experiencing heat.\flux

52 1s "t,he 911rfa~e exper~_encing convec~i'.on·and

radfation h~at exchange \

.Let T
e

represent the temperature 0.£ an axisymmetric trianglax

element shown in F'ig. 2.1. Defining the fOl~QW'in9 elemental

matrices

..... . ['0" ~ '0:]-.r Or 'r
". . [8

1
o J ..

aNi e aN • aNke

!"Z;" ?- lZ
"-

191·1-~ aTe Trz:::l

(2.12b)

(2.12c)

-.'.. ""
C2.12d) -:-'-.



\.

..K.{.'" ........•....•.
~ .

Node i
(r i ; zi)'

.,.

....

,.

..

.... "

to

The.'betails .of the 'AxiBymmetric Triangular
Aeml!nt. 'It

" '




































































































































































































































































































































































	001_Cover
	002_Inside Cover
	003_Blank Page
	004_Blank Page
	005_Title Page
	006_Preface
	008_Abstract
	009_Abstract iii
	010_Acknowledgements
	011_Dedications
	012_Table of Contents
	013_Table of Contents vii
	014_Table of Contents viii
	015_List of Figures
	016_List of Figures x
	017_List of Figures xi
	018_List of Figures xii
	019_List of Figures xiii
	020_List of Tables
	021_Nomenclature
	022_Nomenclature xvi
	023_Nomenclature xvii
	024_Nomenclature xviii
	025_Chapter 1 - Page 1
	026_Page 2
	027_Page 3
	028_Page 4
	029_Page 5
	030_Page 6
	031_Page 7
	032_Page 8
	033_Page 9
	034_Page 10
	035_Page 11
	036_Page 12
	037_Page 13
	038_Chapter 2 - Page 14
	039_Page 15
	040_Page 16
	041_Page 17
	042_Page 18
	043_Page 19
	044_Page 20
	045_Page 21
	046_Page 22
	047_Page 23
	048_Page 24
	049_Page 25
	050_Page 26
	051_Page 27
	052_Page 28
	053_Page 29
	054_Page 30
	055_Page 31
	056_Page 32
	057_Page 33
	058_Page 34
	059_Page 35
	060_Page 36
	061_Page 37
	062_Page 38
	063_Page 39
	064_Page 40
	065_Page 41
	066_Page 42
	067_Page 43
	068_Page 44
	069_Page 45
	070_Page 46
	071_Page 47
	072_Page 48
	073_Page 49
	074_Page 50
	075_Page 51
	076_Page 52
	077_Page 53
	078_Page 54
	079_Page 55
	080_Page 56
	081_Page 57
	082_Page 58
	083_Page 59
	084_Page 60
	085_Page 61
	086_Page 62
	087_Page 63
	088_Page 64
	089_Page 65
	090_Page 66
	091_Page 67
	092_Page 68
	093_Page 69
	094_Page 70
	095_Page 71
	096_Chapter 3 - Page 72
	097_Page 73
	098_Page 74
	099_Page 75
	100_Page 76
	101_Page 77
	102_Page 78
	103_Page 79
	104_Page 80
	105_Page 81
	106_Page 82
	107_Page 83
	108_Page 84
	109_Page 85
	110_Page 86
	111_Page 87
	112_Page 88
	113_Page 89
	114_Page 90
	115_Page 91
	116_Page 92
	117_Page 93
	118_Page 94
	119_Page 95
	120_Page 96
	121_Page 97
	122_Page 98
	123_Page 99
	124_Page 100
	125_Page 101
	126_Page 102
	127_Page 103
	128_Page 104
	129_Chapter 4 - Page 105
	130_Page 106
	131_Page 107
	132_Page 108
	133_Page 109
	134_Page 110
	135_Page 111
	136_Page 112
	137_Page 113
	138_Page 114
	139_Page 115
	140_Page 116
	141_Page 117
	142_Page 118
	143_Page 119
	144_Page 120
	145_Page 121
	146_Page 122
	147_Page 123
	148_Page 124
	149_Page 125
	150_Page 126
	151_Page 127
	152_Page 128
	153_Page 129
	154_Page 130
	155_Page 131
	156_Page 132
	157_Page 133
	158_Page 134
	159_Page 135
	160_Page 136
	161_Page 137
	162_Page 138
	163_Page 139
	164_Page 140
	165_Chapter 5 - Page 141
	166_Page 142
	167_Page 143
	168_Page 144
	169_Page 145
	170_References
	171_Page 147
	172_Page 148
	173_Page 149
	174_Appendix A
	175_Page 151
	176_Appendix B
	177_Page 153
	178_Page 154
	179_Page 155
	180_Appendix C
	181_Page 157
	182_Appendix D
	183_Page 159
	184_Page 160
	185_Page 161
	186_Page 162
	187_Page 163
	188_Page 164
	189_Page 165
	190_Page 166
	191_Page 167
	192_Page 168
	193_Page 169
	194_Page 170
	195_Page 171
	196_Page 172
	197_Page 173
	198_Page 174
	199_Page 175
	200_Page 176
	201_Page 177
	202_Page 178
	203_Page 179
	204_Page 180
	205_Page 181
	206_Page 182
	207_Page 183
	208_Page 184
	209_Page 185
	210_Page 186
	211_Page 187
	212_Page 188
	213_Page 189
	214_Page 190
	215_Page 191
	216_Page 192
	217_Page 193
	218_Blank Page
	219_Blank Page
	220_Inside Back Cover
	221_Back Cover

