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5 . v " Based on a displaced energy absorbing boundary rather than a’

viscous one, the infinite boundary problem is solved herein uging the model .

o : ; . presented in Fig 38 in which the boundary absorbs strain energy instead

N “

of the kinetic -energy absorbed by the viscous boundary defined in Eqns.

4.8 and 4.9. 1In, considering the loss of energy during the motions,. i ep

°

. 4 .
damping in the system, Ref 33 considered the damping by a diagonal‘matrix

composed of the bohndary dashpot constants multiplied by’ the appropriate

area over. dhich they are applied all terms in- the damping matrix are zero

S

except for those terms corresponding to the boundary nodal points. In the . e

- proposed model presented in Fig. 38, the energy. is dissipated in the struc-
ture (not presented 'in the figure) as structural damping and in the soil

as material damping. Also, the extent of the finite element mesh.and the .

H

o energy absorbing displaced boundary takes into account the radiation or - - B 2?.

> . . - . .

\..3_ spatial . damping. Radiation damping is extremely important in problems of

'fy._‘ R . vibrating foundations but of minor importance in studies of earthquake
., . response (8Seed, Lysmer ‘and Bwang (52)) The modelhpresented in Fig._38 1g:
» - N - Y
© .

based .on a simple idea, that is plaeing an.elastic energy absorbing boun— .

st

Vel

dary consisting of a system of X and Y elastic springs at each supporting - -

A

. « “'I_ y li; node bn the boundary.~ These springs will. allow a time varying displacement
- at the boundary equal ‘to’ that of the free-field solution. The evaluation
_:3 of the appropriate values af spring constants to represent the deformation. :\ o

: '-:.characteristics of the~ soil or the roch media is very important in obtaining

a true picture of the response of the system to any dynamic excitation.-

For linear (elastic) systems, approximate values of the spring constants. ¥
" ., ..can be evaluated based on the goil resistance to 1ateral and. Vertical loads :'. (‘
- \.= which is a funetion of the defleetion of the artificial boundary defined '.‘1u{.

by the relationship. L .‘1.; .i ? ‘ ”::f S o L
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‘where - P

The modulus,

strength and the gtiffness of the soil but it is. also influenced signifi—

‘-cantly by such variables as depth below the 'soil surface, load magnitude

is not a unique property of the soil :Lt is ‘a function of the

p = ESU

deflection of the boundary, in.

soil modulus‘, psi

and m,ahner of load application.

increase with depth (Ros-s ﬁSO))

soil c;an be determined dynamically, according to Ref
the fr’equency of induced’ longitudinal vibrations in a’ specimen and substi—

tuting these values and the density of the rock into the expressions for

1

According to Ref. 8, the ratio of the dynamic “to . static values of Young -]

I IR n- ]

ll

a = 2fL

e g
.1ongitudinal wave velocity

fundamental longitudinsl frequency

density of rock

-Young 's modulus,

o

length of specimen

‘o

Y

s mmas g

7

N

(t, 10)

(soil reaction, lb/in of the boundary length

I

’

8 by determining

.

G

4.12)

o

. -

However, the Young 8 mcdulus, E

¢

In most cases the ‘soil modulus tends to

5° of the

the longitudinal velocity and the modulus of elasticity. rThese expressions '

Y

modulus varies between 0.85.and 2. 9 and more compact the rock the more

from the literature on the dynamic analysis of° laterally loaded piles and

from the investigations of Ref. 50 on determining the appropriate values

{

closely will the static and dynamic values agree,

<

It seems reasonable, -
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of the spring constants,.to assume that E, varies linearly. in shallow .

depths according to the relatiomship:

where - k = the mbdulus of subgrade reaction of the soil,'lb/in3
y = the depth below the ground surface, in..

.and.in deep locatidns, a constant value of E‘ can be used. For monlinear )

analysis the same principle of generating a displaced boundary to overcome '

the problem of wave reflection from the rigid boundaries is applicable.
N o._

By using elementary wave theory, the time—history of displacements o, the h

postulated boundary can be determined for a free—field with no cavity in

.pthe medium. At each time step, the dispIacements at the boundaries .are

e

used ‘as boundary conditions to solve the resulting equations of motion of

of

the system. Coe L Lot o . o

- .g Instead of modifyinh the‘rigid boundary used in the'computer

progranme of Ref. 8, the standais structural programme STRUDL—II was u&ed

_in analysing the example illustrated in Fig. 38 to test the proposed arti—-

ficial boundary for an overall system damping ratio of SZ.- The exciting

'_load. medium properties, and ‘the - time increment of integration are the
' same'as those of Ref. 9 presented in' Fig. 2. . Fig. 39 presents the results *

of the analysis. compared with those of. Refs. 33 and 9.
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CHAPTER V .. .- : =~ .. . A
- DISCUSSION. AND CONCLUSIONS .. . < "« . .. - . )'é?
5.1 Presentation of . Results S O e o ) bS
The results will be preaented in separate seta, each set repre- ) e ’ },

. senting one of ‘the’ problems investigated. . The cases” conaidered are.' 1)
cavity reinforcement 2) cavit:y shape, 3): isolation of the structure from . j
ST e e
the surrounding medium by a soft, energy absorbing material 4) the filling ) AR
A S|
) material in the cut—and—cm structure, ‘and 5) boundary conditione to :f
sinulate_infinite spaqefor dynamic analysis.__ The figuree of the results A%

el e RS

are presented at the end of this chapter.' e _' : RUEHE R

5.2 - éavig ,Rei‘nforcement

The results prea‘ente in Figs. 12 and 13 of the rock bolted cavity

described :Ln the previous chapter indicate a’ considerable reduction of
about 25/ in .the stress field around the cavity due to the rock bolting

reinforcement pattern described in section 4, 3 1 and a general reduction

\

in the dieplacements of ‘the cavity boundary. The time-histories for

stresses in the rock bolted cavity shown in- Figs. 10 and ll indicate most;' C R
Yo .,

of - the reinforcing bolts of the vertical walls to be in compreseion while '
This indicates the need for a .

those reinforcing the roof are. in tension.

study of the amount of preatreseing required for ro::k anchors (prestreased o R
h _bolts) reinforce\ment.‘i‘ - T o | S --".‘.1, e - "
o fas ‘- The uge of ‘an elastic 1iner generally reduces the stresses in the \ .
.-medium egpecially the tangential streaaee around the opening.‘ However,. :
. ‘“. . | "”q‘” 47 . . - S T '
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: shapes and in Figs. 24, 25 and 26 for the different configurations of the

\5 3 Cavity Shape

. © 48

'since the liner provides a support in the radial direction, it increases

:‘the stresses in'the'radial direction which are supposed'to vanish in the

* case of no lining. Ref 61 indicated ‘that under favourable conditions,

‘tunnel linings generally" reduce stresses in the medium by about 30/ or
Zmore. Fig. 15 presents the results of the study. )

' From the results obtained with the two "kinds of reinfdrcement the
'rock bolting with about 80/ of the amount of steel used in the elastic
.liner shows a higher reduction (three times or more) in the stresses,around

'the)cavity and in the rest of. the medium- than in the case of: the elastic

‘liner.' However displacements were reduced in the lined case more than

the rock bolted one. - - h

L Four different shapes were investigated 1) circular, 11) semi- i

ty u

circular roof with vertical walls, iii) flat circular roof with long

vertical walls, and iv) horseshoe (Figs. 16 to. 19) To cqmpare .the shape

AN

effects on displacements snd stresses in the structure snd the surrounding

- medium, the area of the opening was\rept almost constant in the four cases, °

This is the reason for considering t'e same model as that studied in Ref. 8

‘for the circular shapeland with sligh modifications in the other three

\ shapesQ The modelling was based 'on a., 00 node and 120 element finite,

'domain._ The. ‘results’ indicated the hors shoe shape to be the. best from the
: .

viewpoint of stress in the medium Ther fore, more attention was devoted

to the horseshoe’ shape in the parametric study deacribed in the previous,_

chapter. The results’ are illustrated in Figs. 20,,21 and 22 for the four o

horaeshoe shaper The results show a decrease in the bending moment at the

. 2

.
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crown of .the horseshqe liner'with"increase of .tHe rise 'to span ratio‘ofg"

-

'éga;-;‘i. R

RN

i T

the roof, H/L, and the corresponding decrease-of the rise. to the span ratio

o Py

of the 'walls',' H'/L' (shape no. 3; Fig. 23) "Also, the examination of the

* ’

%f s . time—history of the normal forces at the croWn section of the three con-

SR e

figurations»-of the horseshoe shape outlined in Fig. 23 indicates that the

’

e

~

g’ . R maximum normal force decreases with the increasing H/L ratios. and corres-

ponding decreasing of H’/L’ ratios. This suggests that the’ high—horseshoe

t

‘shape is the best from the viewpoint of the internal forces in the lining

e g% E. L.
e N

' (the maximum bending moment in shape no. 3 was reduced to almost one—half

-
etlmer s 1

that in shape no. 1 and the~maximum normal forces were reduced to almost
one—fourth of: those for other shap,es) However, stresses in the adjacent .“‘ ‘
. C 'lumedium were higher for the high-horseshoe shape than those for flatter~

PEETL N [ .
. » B . )
. - A . e e . . N .
} + - . <
M .
. .
. .

,shapes_as-shown in.Fig. 26. . . ) - . T
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5.4 The' Medium

priE gty
&

[y

g o R . The medium adjacent to the structure was investigated Eor two

PRI different cases to study its effect on’ the internal forces in the liner -

v“, . LI . . I

: ) Aand the stresses in the rest'of the extended medium. The two cases

described in sections 4 5.1 and 4.5.2 and outlined in Figs. 28 and 32 were o
o

o c.m"ﬂ_\*#-_,f! %

o

as

investigated for a step pulse excitation defined in section 4, 3 In the o
v .

: first case, i.e. the'entirely isolated structure, a reduction as high as
80% in the shell (strudture) membrane forces.and bending'moments was . o

obtained using ckosed,cell‘golyurethane foam ( § = 6xl0-61b:sec%/in4,

1JJ ='0.3 and:E = 1400 psij df thickness about one-fourth of the sheIl :.

‘diameter (Figs..29 and 30) The annular material absorbs the energy

Kl

-produced. by the excitation causing this significant reduction of straining

r

b4

l _actions in’the structure. Also, since it allows for more displacements in

i




'the adjacent medium, the stresses in the medium were reduced by 10-152 A

(Fig. 31). In the second case, i e. the cut—and—cover structure the

e

results presented in Figs.- 33 and 34 indicate that neither the density. (g)

it et
R b

S

.of the filling material nor its eiasticity (E) as separate values can

.
PRSI
BTk

3 T ' : greatly affect the internal forces in the structure but a certain combi- .

R
e ig

'~nation between thé values .of the two. properties can produce the maximum

e

-.,reduction ‘in the straining actions in the structure i. e. protect the

S -
s T

structure from the dynamic disturbances. This is’ clear from Figs. 3 and

Lo S '::34 in which a concrete filling material whose density, g, = 2510 lb.sec[/in4

BTN

ks’ g

" and a modulus of elasticity, E, ad 6x106psi leads to almost the same :\
Also,

CHITL: gt SREER SN

h results as those of a heavy concrete whose‘f = 5x10 4-and E 10x10

=
-

.
Figs..33 and 34 show that for the same: material density, the internal
- TR S
. . forces in the,structure can be reduced‘:}gnificantly with the increase ‘of L
- ' ‘\f:}".:"
' the elasticity of the: filling material . On- the other hand the increase .

- of the elasticity generally increases the stresses in the adjacent medium.~

However, dense materials having a high modulus of elasticity increase the:

stresg values of the;medium in front of the fill’(between the‘approaching

wave front and.the structute), and decrease those behind (Figs. 35 and 36)..

In this case the fill actsias_a'fenderfprotecting the medium behind.'“-
5.5, BOundary Conditions to Simulate . Infinite
- ‘Space ‘ “. ) o ' . o
The postulated boundaries of the physical model - described in the S

- i\,
previous chapter (section 4, 6) were used in analysing the same example as o

that considered by Ref. 9 (Fig. 2) Because oﬁ the limitations on computer -

-

time which exceeded more than one hour CPU time to analyse the problem :

\

with the same finite element mesh used by Ref 9, a coarse mesh outlined -
oY ‘W .. . . ‘

.in Fig. 38 was used. The constants-of the elastic springs at eachln‘. . §

1A ‘ a y L .
) : N i . , . -

o
LA
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BT

'supporting node were approximately evaluated as the prbduct of the modulus

' spring stiffness on results of interaction spring analyses, it appears that h

. ‘the time shift in the maximum responae illustrated in Fig. 39 could be.

future work the bounda conditions should represent the Mass , damping and

) of the approaches for: considering this type of damping is the use of -

T to permit the inclusion of -variable damping in each element. Since this '

. damping is a frequency-dependent (see E'qns. 5 and 7 in Appendix B), very

N
PR

'.of elasticity and the - distance halfway to&ard both adjacent nodes The ' o \
,solution 1is based on plane strain analysis in which the rectangular . . ‘:'!I‘E
:elements~(PSR) and triangular elemen,ts (CSTG) have tw_o degrees»of'fre‘edom : - ;if
“at ehach node. The results are presented in’ Fig. 39. Although‘ the, peak. -~ Lo g
value of the response using the - proposed model is the_same as that obtained 3 . i:
by using the boundary conditions of Ref 33 the time for maximum response B ‘,. | . f

\

is.not the same. FrOm the review of literature and particularly the Lol

results presented in Ref 52 considering the effect of 'soil modulus and -

B Y. T S

F

-
-

[

)

related to the evaluation of the spring constants. Thisg indicates the )need L

3 e

s

Sc]

for further work to simulate dynamically excited infinite space. " From the'.

oo

!

general equation of dynamic equilibrium (Eqn. 2:55), 1t appears that in

Co .
R
) 3

~
Q)

sti.ffhess matrices .to clude the effect of the accelerations, velocities,‘
and displacements of the artificial boundaries. This could ~be achieved by

considering variable damping in the different elements of the system. _'bOne .

Rayleigh damping matrix of the form presented in Chapter. two and Eqn.. 1 in " 5
Appendix B for each element. '].'he damping formulation in the modified A f"
v - gk

computer programme is based on the 8ame equation and needs a modification C .}
SR

4 N . T B

high damping can occur at high frequencies causing' (according to Ref, 52)

e ewrs e e
- B G

a serioua limitation in the ;analysis ofv structures containing high-f.requency
. . R -, ' D AR Co .

o’

equipment such as nuclear power plants._,, Hovever, for other types of

.> . ’ : . !
;e ‘ . T Coe e . . L
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5. 6 Verification of the Results o ST y . : _’|'

L

52'

S -]
‘ - B .
i . . !

structures' this phenomenon can be bf littlle» importance. In’ general, the '
use of the finite element method in analysing high-frequency response

problems ls 1imit d to the cut-off frequency of\ the discret:e system.’
- :\- - ' . . .

‘t'o suit the general dynamic solution of underground reinforced cavities of

- resul-tls 'were obtained proving ‘-the correctness o?f th’e"nodifications ;in'some B
..of the subroutines emd the main programme. ‘The problem o'utlined‘in Fig. 14;’
. including 6 shell elements and -8 new plate elements in modelling the
. elastic 1iner of the cavity waa then analysed.- The resulta were. compatible
' _v'with those of the similar problem solved by Ref. 8 and 11lustrated:in A

" Fig. 6. T
" ments in the structure and the surrounding medium showed good agreement o .

'those of Ref, 15 in atudying a structure surrounded by an :Lsolated, goft, ¢ | = - !

After deciding the modification of the computer progrsmme of Ref. 8 ~ .

any shape, the solution of Ref 8 was examinedn Ref 8 studied .the

'stabil:!.ty of the method of the numerical integration (Newmark Beta Method) A \_
used 1in  the programn}e.' and verified the’ resultsv obtained by cimparing_the.ml‘ B Ny d
with:those of. the_theoreticel‘ so];ution of' Ref. .37'. . The "two problems ‘ ' ;:
: . pfgsented~hy lgef.-l 8_133- an 'ap-pl‘ication 'to undergro.und lined Fcylindrical ‘ § .‘
‘eavitiea-were' solved as a check \‘on "the,, corr'ectne.ss of the evaila-ble‘ ,‘ ‘ ‘3

£

programme. A’f_ter modifying the programme to include a new reinforcing

element:;"the ‘problems considéred ..in.'.R‘ef. 8 were eolved" again and the same

SIS A

e

‘v

»
+

" A study of var.ious parametera affecting the stresses and" displace—

[y

with certain. values obtained by previous investigators » particularly with

energy absorbing materi The results of the analysed problem presented

’

“in Fig. 38 using the new artificial, elastic, energy a'bsorbing bonndary .

A . . .
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"5.7 Conclusions

‘the medium, In this study a reduction of the order of - 10% was obtained

' reduction of the order of 10% in the stresa state of the medium compared

."--atru’cture;-‘affect the time-history of_ the ,'internel forces in the structure
. and the-stresses in the adjacent medium. '.It',appear*a that a proper 's’election, ;
of the combined properties, the denaity and the elasticity, of the £11ling

’ material can lead-to a eignificant reduction in the straining actions of

were compared with those obtained by Ref. 9 using the viscous boxmdary of

A -

Ref ’33 The peak value of the response ‘of the top node on the postulated

boundary Was almost the same with a shift of about 0. 05, seconds.' The

.

results have been discussed previously in eection 5.5

T . . X

y ~ The following conclusions‘ are-dravin from this .study:' . L R

1. Rock bolting reinf'orc'ement,' whenevEr feasible, providee'the

most efficient and economic solution reducing the atressea around the .

unreinforced cavity by, 25£ andemore. . -, . .

.
» R . -
«t ’

2 Generally speaking, \the cavity liner reducee the stresses in’

.

T3 The shape of the- cavity affects the response of the medium and

e

the structure (liner) ' 'l‘he horseshoe ehape proves to be the best, with a

L3

to a circular Cavity or aemi—circular roof and vertical wall cavity.

4o A reduction as high as - 802 in the membrane forces and bending B

moments was caused by isolating the entire structure from the surrounding

‘medium by a-soft energy absorb,ing material. The stresses in the medium

kT
.o

were reduced by ebout 10-15%.

—~_:5. The properties of the filling material in the cut—a.nd-cover

’ AR ' .
s

N K

the structure and the atresaes in the aurrounding medimn. . ‘ '

6.4 Further worl; should be done to simulate.an edequete finite

LA
. . - . ) .

T M« T
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.l.grou'nd cavity subjected to dyna.mic excitation, .

PRSP A

. - . ’ B ol - 54

boundary for the dynamic analysis of ‘infinite é;ace problems (4 oIt seems . o \ ;
that the formulation of this boundary shou‘ld include the mass, damping and 2{};
.‘stiff,ness matrices of the equations_ of, the‘dynamic equilibriup of the . ::
disciéte system. . ' o B ‘ xf

P

P
Py

5.8 - Contributions'« S s W e - .

«

ey

AR T

1.

e
»

Solutions for dynamically excited underground reinforced cavi-—

4

ties ‘of any shape. ST : 1, : - g

- S
-

N 2. Assembly of the plate element system stiffness matrix after .

condensing it to include only two degrees of freedom at’ each nodal point . “h

- o

- to match the elements of the adjacent ‘medium into the overall system (the ST

s

|
TR T NN N

~y

_cavity reinforcement and the medium) stiffness matrix.’

-3 Modification of the computer progra.mme of Ref, 8 to include a

F

new. reinforcing element through the development of two new- subroutines and

the modifications of the other subroutines‘ and the mai‘n.'pro'gramme to
account for thé new élement: °

4 . AP ° - . ’ . ‘ . . O - ’ o ’
4. 'Development of a new model .for aimulating a dynami‘cally. excited:

infinite space obviating the complications of wave. reflection.

5. -Study of the. effects of different parameters (i e. ca_vity.

o

reinforcement, cavity shape, isolating material between t.he structure‘ and

the medium and filliné' material in' the cut-and—cover stiucture) on the e

LRFERN

-

,time—hietories of’ the internal forces in the reinforcing liner and the

stresses in _the reinforcing rock Bolts and the medium., . )
o - o .
5.9 Summary and Recommendations - . - . , .

\

[

A general formulatio.n h'as-,_been .pré‘sented for a re'infrorced'under-.

The cavity can be of any

shape reinforqed by rock. bolts, an elastic liner or a combination of both; ’

a




] ‘ ; .
g ; ' ) < . . ; b
‘3 . i b ~ - b
‘;v . . //‘k 5"\ . ,.. - . . - . o . - " : ’ 3 N ' :!:

. ‘ . A new straight elemen}: with bending stiffness has been set up for the . .~/ .
Lo . reinforcing elastic féner of the opening consistent with the two-foree =
: . . _coordinate system of the finite element continumn. 'lwo new subroutines K

. . - . ‘_ T

- © were developed along with modifications in the other subroutines and the

) '. T - main programme of Ref 8, particularly subroutines SHELLS,; SHELL and
) ) ASSEMB, to account for the new element. Thé inf1:ences of the various .°* °
E o parameters listed in section. 5.1.0n the response ofhthe underground rein— o
. .’ . o forced cavity_wer,e-investigated‘. The modified ‘computer. ‘programme has' ' ;
: : oo applkiacations outside the immediate problem of the underground cavity Such . ’
o . - »- .- as ‘the dynamic analysis of beahms,, plane frames and arches. .A'new model ' “. %
; v ' . for the dynamic analysis of undergron.ind structures surrounded by an inf:l.nite
“‘(\ § medium is-p'resented ' o i N o o e 1 .‘ l;
L T C N . The work can be extend:l;%?he 'follo,w'ihg -'a):;:'eas,:,~ : - ’ j
‘ o R 1. No'nlin‘ear.c:r i'nelas‘tic. analysis in terms of sltiffness’ proper= - , %
) @ ' ties. _'A.compu.te'r code for calcul-ati:on of th_e time-history 'of multi:mfass L K . ‘*::,
C e . L systems.with consideration of no'nlineaarities’_-’has _ubeen ‘:cods.tru'cte‘d 'by{ : . ‘& ‘
. Dsterle (42) o e » ~.: , ., - ,S '
; ) _L'2. The analysis ‘of the crushable material used as annular filling o _.'w ;j."_"';

between the structure and the medium by considering the failure of elements .

[\

F) IS et

.in which stresses reach the ultimate strength of the material -(Ref. 63 has R

: ' - _ considered such elements)' . A o A | '_;& ‘
: : - T 3 Formulation of the damping matrix on an in_divi dualo eIeme!nt S %
. &3‘ . s ‘basis (variable damping) This can provide a good approach for the- simu— _i;!
d * lation of 'a findite artificial boundary in modelling an infinite space which ;o :
| ’  1s dynamically excited: Furthermore, azcording to Ref. 52,°the material - N
' ' damping of the\‘soil, in caaé of st'rong -siha‘king,,. wi_ll ‘be m‘}ch~larg.e1: than_ o : ﬁ
t .that in” the ‘struoture and consideration lo‘flth.e yari_abl-'-‘e -d'amping hee_omgs . .o .'
1 ’ ' Toe : S " .
' o s - R .
: o . v . ! . '
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, numb%r of degrees “of freedom, the stability criterion!mhy be too restric-"--~ o

"tive._. f'i" - ‘,: ‘3:Q'f\iflff,w; _’”::ﬁ.~" S “,f" :“ P

o . o - o .~’~';(,//v’ ‘;: ) " CT s L 56 . T é
important-'d: ‘ " - o :‘ . _,_.'.' -f o .'. - . : 1%
4. Approximate modal analysis for nonlinear systems (Newmark (39)) ’ ﬁ
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: . As stated in Chapték Two, the damping matr:lx [C] could be written .
in the form - . A - : . u' S “?. - N ;
,, Cdeepdeed @
." ~“§ e . ' - . N 4'_ . . . o }
M : where [M] and [K] are the ‘mass and -stiffness matrices of the.system and- Ci s
'-? Lo Ry o . © e . s : : !
and C2- are constants chosen to provide the desired damping effect. . These
. / ‘
L constants can be related to the critical damping C oT to the critical
R M . . , -
v damping ratio (-CD in the following manner - S ’ L
.,‘i-{ . . ' ) . . . I o \
Lo, =2 A | : " o -
i 3 C, = 2,\f'1<.M ' 2) ,
_c ' T
& . & = C _ o (3)
\:" - C ) ! - ) 9 -‘:' N ‘{ - . T . , . R
Introducing Eqns. 2 nd 3 into Eqn. 1 gives ‘ ‘ )
¢ . ] . ) T ! -
a i o o C 'C M , C K N . e . . o
". I;;" . . ~' 5 ) ’é . . . .' ) . o <' . . ) -~ . . .-“,. '~

"i;e.‘thé critieal damping ratio<§§n'for theé n-th mode is

AT

‘where_' n is the angular ‘frequency for the n—t:h mode. ‘
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. “‘_\' It is clear from Eqn. 5 that E_> has some minimum value corres;;..

. ponding to a. certain value of- E_; Setting ‘the derivative of é with
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obtain the desired damping ratio, the constants C:
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