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New Finite.Dynamic Model to Simulate 
an· Infinite 'Space · 

i In static problems,· e bound.aries of .a �c�~�n�t�i�n�u�B�:� '\:e se;rected based 
I 

on 'the �c�o�n�~�i�d�e�r�a�t�i�o�n� �t�h�a�~� �~� 

little effect.•t points 

'For dynamic .analysis no 

�~ �. �'�l�r�'� 
at. a 'point on that boundary will ' have 

far removed (Saint-Venant's·principle). 

exists 'since the disturbing �w�a�v�~� 
. �~� .' -

will reflect . �b�o�u�n �.�d�~�F�Y� ·and return to the point of .interest ·in 

perhap.s less time than required f9r 'study of the �s�t�r�e�~�$�.�.�;�.�t�i�m�e �·� history of 

the point. This is why: �~�i�t�h� the ri_gid boundaries. of Ref. 8,,' earthquake 

�. �e�~�t�i�o�n� �~�f� an approximate �d�u�r�~�t�i�o�n �, �o�f� '30. seconds �c�a�n�~�o�t� 'be. analysed.· 

Ref. 33 developed an approximate energy. absorbing) riscous boundary 

shown i ·n. ·Fig. · 37 in which -t'he · �i�n�f �. �i�~�i�t�~ �· �. �h�a�l�f� �s�p�~�c�e� is modelled to. f. · �f�i�n�i�t �.�~ �.� 
r 

regioi).. bounded by a free surface,· acted on by the following no.rmal and 

�t�a�n�l�?�.�~�n�t�i�a�l� viscous Jbrce,s: 
I \ • · 

cl �~� 
-;" 

bra' a u x . n (4. 8) 
n , 

c
2 

g· b 
• -; 

bT = .u X ·t (4.9) 
n .. 

.... 
· where U is the velocity vector of the particles at the �b�o�u�n�~�a�r�y� surface·; 

ii and t �a�r�~� the unit normal ;md tangential vector.s; a and h are the 
. . 

�c�o�~�p�r �e �s�s�i�o�n�a�]�,�.� and �s�h�e�a�~� ·wave �v�e�l�o�~�i�t�i�e�f�?� ;· Gi ··and c; are coefficients 
, . I 

controlling the �m�a�g�n�i�t�u�d�~� ef tqe reflected wave �a�m�p�l�i�t�u�d�e�s�,�·�i �~ �e�. �' �t�h�e �.� 
. . .. . \ i . 

.· 

. percentage bf energy. absorptiQn. For body �w�a�~�7� c1 = c2 = ·1. leads to · t .he 

best �0�e�n �~ �r�g�y� absorpti'bn • .. �A�l�~�o�s�t� perfect �a�b�s �.�o�r�f�t�:�f�,�~�~� is: �o�b�t�a�f�n �~ �d� �~ �n� �~�h�e �:� �r �.�~�n�.�g�e� 
where- the incident angle of the '·body �w�~�v�e�s� · is �. �g�~�e�a�t �e �r� than 30°. �' �H�o�~�e�v�e�r�,� . 

since �t�~�e�- �d�i�r�e�~�t�i�o�n� :of all elastic wave_s �1�~� �n�~�~� known in .• �t�h�~� �g�e�n�e �·�r�~ �_� �c�:�a�~�e�,� 
, , r ., 

. :f,t 'will not be possible to s}-mlLl:ate' an exact bounqary for the'_ �~�b�s�(�1�c�y �.�t�i�o�n� 
. . ., •\ 

· ·of the energy associat ed �~�i� th the incident waves. 
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Base·d on a displaced energy absorbing boundary rather than a · 

' 
- viscous one, the ihfi~ite b~undary problem' is solved herein using - ~he model . 

· ·presented in Fig. JB in wh~ch the .boundary . ~bso.rb~ strain energy .instead 

· of the kine. tic ·· energy absorbed by the viscous l;'loi.mdary defi ned in Eqns. 
' ' ' I ' • • o 

' > 

··-.:4.8 and 4.9. In. considering the loss of energy during the motions, . {.eJ" • • • 
. damping in' the system_, Ref. 33 con~idered the damping by a diagonaf ma~rix 

•, 

composed of the ·bo':mdarr dashpot constants mu~tiplied by ' th~ _appropriat~ 

~re~ over. w'hich they _ar~ applied; · ~1 terms in · i:~e 'damp,:ing. mat:dx i re ~ero · 
. . 

except . ~or those terms corre'spondins.: -~~ the bo~ndary nodal' points • . in the 

proposed·. ~odel presented in Fig. 38, t .he energy_ is· dis!Jipat~d in the st:-ruc-
.. . ... . . : . . . . . . ' . 

. ' "'trrf' • • • • 

tur·e (not presented · i~ the figure) ~s :structurai. damping 'anc:L in- the ·_soil -

as material d~ping. · Also, the extenF of ·the fini'te · element me:sh arid. th_e 

energy absorbing displaced boundary takes. into ac~ount the radfat:i.on ·or 
. .· . \ . . . ' .~ 

spatial .. d~ping. ~diation · -'damping · is extremely impo_rtant in p_roblems o~ 
. . .. - - ' .. . , \ ' . . . : ~ 

vibrating foundatio~s but _of minor . importanc~ in stud~e.s of earthquak-e 
. ' . . .. 

' . 
. }:'espo_nse .(Seed, Ly~~er ·and Hwang (52~). . Tli~ ~~d~t.~res'ented :J,n· F-i..g •. 38 iS .' 

' . .. . . ·• . . ~ 

. •• · • . '0 
· based on a simple ~d~a, tha~ is placing' an.elastic energy absorbing boun-

• 0 

· ·dary·: COJ;,lSist:i.ng of ·a system _of . X and Y·. ~iastic : springs ·at each supp~_rtin.g -·· . .· . . . 
I ' " 

node bn the ·boundary. · These_ sprin&.!:! will- allow a time w!lrying · displac~ment 
• •, .,., ..s 

:· ~ . . \ 

at the bom1dar y E;q~al ·''to that · of ~he f -r ee-fi'eld solution. The evaluation 
' \ I t) 

. . o.f the appro.priat;e value~ of spring constat:tt's·· to represent the 'deformation 
. ; 

. ~ -. . ' . . . 
characteristics of tner.so~~ or the rock· media is v~ry- im~ortant· in ' obtaining 

~ true · pict;ur~ o( . the:· r.espo~se of the system to any dyriamic _.exci tat"ion .• · 

For linea~ ' (ela_stic)' _syst~ll!s, approxima~e values of the. spri ng - constant~ 
. . : 

.can be evaluated -based· on the soil resistance to la~eral and. ver~icai l o kds 

· which is a function of _tlie deflection of the artif;tcia~ . boundary define~ 

oy _the r_el~tionsh:ip: 
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p (4 •. 10) 

where p = (soil reaction, lb/i!J. of the bo~ndary . l~·ngth 

. . 
" U de,flection of tlie boUl).da:ry, in. 

., st 
·E soil modulus, psi 

s 

' 
The· modulus is not a unique proper·ty of the soil; .it is ·a function of the' . . 

' . . 
· str:ength and, t}:le stiffness of the 'Bo~l, 'hut it is.also inquenced signifi-~ 

·cantly ·by such variables cts depth below. the ·soil surfa.ce, load -magnitude . 

. and. ~hner -~£ load application • In most cAses the 'soil modulus· tends to 
'• . . 

iucrease wfth depth (Ros-s t:BO)). H~wever, th~ Young~smodulus,'E . , of'the . . \ . . . s 

soi1 ~ ... a\'' be det~:rmine~ ~ynami~ally 1 ··accordin'g, to 'Ref. ~ •. by determining · 

the f'~~qu~ncy gf induc~d ' long~tudinal ·.vibration's in a· _S~/'!Cimen and substi-

tuting these· values and the -density of th~ roc~ iri.to· th~ expre~~ions .~o~ 

the lo~gitud.inal ~elocity and the modulus of elastiC:ity~ ;These .express;f.ons 

are .. 

a= 2fL 

· a 1ongitudinal ~ave velocity .· 

' L ~ length of specimen 

E8 . ~ - Xoung's modulus 

~·.and . · ' ~·· · = density of . rock 
\ 

' ; 

·. 

. " . •, 

.· . 

• 0 

According to Ref. 8, . the ·ratip of the dyn~DliC 
0 tO . at~ tic values of. Ydupg' B 

modulus, vari~s between O. SS : and ·2.9 and more comp~C:t t~e rock, th~ more 
. ' ·~ 

closely will ·th~ stat:f:c: and dynamic values agree. It se~s z::e~~osoriable • . . .. . ~ . 

from the .literature on' the dynainic analysi~ of:_laterally '"load~d ·piles a~d 
. . . . 

from the i~vestigations of Ref. 50 on det~rmining the appropriate. values · 
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of the spring constants, to assume that E varies linearly. in shallow. 
B 

depths. according to the relatiQnsh'fp: 

E . = ku s . J ' 
(4. ~3) ' 

where · k = the modulus o.f sub~rade reaction' of the soil,. lb/in3 

. . 
y the depth below the ground surface; in •. 

46 

. and . in deep locations, a constant value· ~f .E can be us,ed. For ·nonlinear 
• • • • • ? s 

.analysis the · s~e princ~ple of .gener.3:ting a displaced boundary to ove·Z:come 
• • • • • ·1.0 t ~. • • 

th~ px:oblem of wave refl~ctfon f~om the rig{d. boundaries is applicable • . 
• • • 0 • 'o 0 • • , ,. 

By usin~ elementary wave theory~ the t~e-h~s~or~ of 41spla~eme~ts o~ the 

• • • • • 0 • •• ' • ' • 

.,' the ·medium. A1: each time ·step, the displacements . at, the b'qundaries · are . ; . . . - . . ' . . . 
. . 

u~~d ·as bounda~y conditions to solve' the resu~ting .equations of motion of · . . 

the system. 

instead oi mo#fyi~~ the ' rigid .boundary used 'in the · comp'uter 

.Pr~gramme of Ref·. 8, the standard structural programme STRUDL-II was uJ~d 
• • • '\ ' • • ' ·? 

in 'analysing 
: . . the example illust~ated in Fig_ •. 38 to test·. the, proposed arti-:- · 

ficial ?ound~;y f.or an overail sy~tem damping rati~· of 5% •. · The exciting 
' . ' 
lo~d; J;Dedium prop~rti~s, and · th.e · ti~e inc~ement of :i.ntegrati?n are the 

same as those of Ref. 9 presented in ', F;,lg. · 2 . . Fig. · 39 p~esent:s the results 
• • .. 0 •• 

of the anaiys:l,~ · compared with those of. 'Refs,' 33 and 9 • 
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CHAPTER V .' 

DISCUSSION. AND CONCLUSIOl'fS 

5.1 · Presentation ·ot". Results 
. . .. 

.The J;es~lts will be p_resented in separat7 s _ets,· .~:ach_-.set ·'repre-:- ·. : 
. . ' 

senting one o~ ·the. pr_obl~ms investigated. . Th~·· cas~s ·· c0n~idered are: . 1) · · 
~ . / 

cavity -r~inforceme~t· , 2) .cavit;. shape, 3.) · isol1tion of the struc~ur~ fr~ . . . . . ·. . . . . . , . . 

th~ surroun.ding . _~~dium by a soft'~ energy· absprbin:g · ~ate.,ri~l, 4) the' f i i :ung· · . .. 
. . .. . . . . ' . . . . . . . . ~· 

.. material in the cut:...and-ccN'e'r structure, and 5) ··l>oundary ·_c.on.di.tior:is .·t:p 
. . . . . . 

• r , . • : , 

simulate . irifiJ.lite spa~e for' dynamic 'analys'is • . · The ·figure~ ·crf the reaul'ts.: . . . :. . . .. 

are pre~ented at ~he end .of - t~is chapter. · ' .. 

5 •. 2 · Cavity .Reinforcement 

71le resul~s pres~nte{ in ~igs; ·rz a~d-. 13_ o~· the r~c~ ~~lt·e~ ·.- ca~~t: .. ·,:. 

' described .in: the previo~s chap_ter . indicate ·a:· co~siderable 'r~ductipn ~f. 

a~~~t 25:{ in· the str.ess field ·aro~nd the .cavity. due to .the · Fock~ bo1~ing_· . . 

~ein£orceme'ut _pattern d~sc·rib~d : ~n section 4.3~ 1 and a gen~r~ reductiort 
I • 

in th~ diSplacemen.ts of :the cavity boundary. The ' time-histories for 

StJ;esses ~n the rock bolted_ cavity'. shown- 'in · Figs. 10 and 1L indicate mcist . 
• ' .-"' ' ' _, • ' ~ • •' \\ I: 

· of · the ~einfo·;rcin~ bolts of th~ vertical .walls . to be ·in · compression while 

.thoose tein~orcing the roof· are. in' ·t 'ensicin. . This indicates the need: for a 
. ; .·. . 

study of the amount of -prestressing ~equired for rock an~hors (pres~ressed . . . - . . 
·' 

. , . 

. . . 'm.~dium _e.twecially the tangentia~· ~tress~s around the openi~g • . 
' ! . . ' 

Howev~t, 

If . . 47 
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48 
, . .. 

'since the liner provi~·':ls a support in the radial dir-ection~ it increases 

the stres'ses in . the 'radial din~c tion which ar_e s~pposed· to vanish in ' the 

_case .of n.~ lining. ··1,Re·f. 61 ·indicated ·that under favourabl.e conditions, 

· tunnel linings generally reduce stresses in t~e medi·um by about 30% or 

more. Fig. 15 presents the resul,ts ·of the . . study~ 

From the results obtained· with the two ·'kinds of reinforcement, th·e 
. . ' 

rock bolt_ing with about. 80% of the amouqt of steel·used"' in the ela'Stic 

liner sho~s ~ higher reduction·. (three 'ti~es or I)lore)' in the stresse~ ar~und . 
' ,1' , ' I ' • • ' o < • • ' 

the) ~~vity and in . the. rest o'f . the medium· than · in the· case of. the, elastic 
• 0 

. liner. · However:, qisplacem~'nt.s w~re reduced in the lined case more t!Ian 
·', 

the· rock b~lt'ed one. 
' \ 

I 
\ 

Cavity Shape . 

· · F~ur.different shapes ~ere. investigat~d: i) circular, ii) 'semi­
\ .· 

o • • I . " 
iii) flat ciJ;cular roof ·~lth lcmg . . cf.'rcular "r:oof with vertic'al ·wal.lS:, 

; vertical walls, . and 1"{) horseshoe \ (Figs·. 16 to . ~9) • ·To' CO,JDpare . the shape 
. . \ . 

eff.ects o.n d'is~iac~meu'ts and stresa,es in the .structu;re and the surrounding 
I . ' . . . \ 

medium, the . a~ea of the 9pen~~g was\k~pt almost ·consta~t in 'the four cases. · 

This is' the r~ason for considering t e. same model as that studi,ed in Ref: 8 

. ' . 
'for the circular shap'et and, 'with aligh modifications . 'in the .. othe'r three 

. . . \ 

. shapes .• The modelling was based ··on a . 00 node and 120 element finite . . . . . . . . . . . . 

·domain.· · +be. reaul ts · indicated the hors s'!;loe shape ·to. be the bes~ from the 

, viewpoi~t of stress· in the medium •. fore, more attention was devoted 
~ . . 
to the horseshoe: shape in the parametric study described in the previous .. 

. . 
chapter. The results are illustrated .in Figs. 20, 21 and .22 for· the four . . .· . ' . ' . . 

sha~~s.· and .i n F~gs. 24·, 25 and 26 ."for the diff erent configurations of' the 

ho~seshoe shap~~ The results show a decrease in the bending moment at the 

. • . 

: I · 

·' 

··. 

. \ ' 

' . ' .. 

'""'*.· 
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crown of . the hors.esho.e liner · with .. increa~e of. tlfe ·rise to ·a~~~ ratio of . · · 

the ro~f., H/L, and t·~·e corresponding· de.crease -of the rise. to the span ratio 

pf the ·walls~· H·'/L' (s~ape no .• 3; .FiS:· 23). ·.Also, the examination of the 
. ... - . . 

time-history of the norma·l forces .. at the crown sec:tion of the three con-

'figurations-.-t>f 'the hot:seshoe shap·~ outlined in· ~ig. 23 indicates ·that the 

maximum no'rmal fofc~ decreases wit}:t .the inc!easing H/L ratios . and .corre.s:­

?O!lding decre'asing o~ H' /L_' ·rat~os. 'Thi.s auggests that ~he' ' h~gh-ho.rseshoe 
.. 

·shape is ·.~he best from the viewp~i~t of the intet:riaf forces in the lining· . 

. (the max,imu~ bending. moment: in shape 'l10· 3 was reduced to almost one~half ., . . . . . . 
that in shape n'o. ·1 ~nd the lllaXimum normal 'forces were re!iuced ·to · almost · 

one:..fourth of: thos~· for ot·her shap.es). Ho~e,;e;r~ stresses in. th~· adJacent 

'med'iUm were higher for· t~e high-horses~o.e shape than those for flatter · 
. . .\., . 

. s.h~pes. as· shoWn in Fig, 26. 
. , . .. 

: .. 
'. 

'5 .• 4 The' Medium 

The medlUm . a4jace~t ~o the structure was investi gated for two 

different cases to study itf:! effect on.· the 'internal· .forces in · the litfer 
. ' . ~ . ., ' .~ . . ' . 

·and t}:te stresses in the rest·· of the extended medium. The' two· cases 

described · in sections 4.5 •. 1 and 4.5.2 and outlined 'in Figs. 28 anq 32 were 

inve~Ugated for · a s t ep pulse excitation defined · in section -4.3~ · -In the 
. !' . 

first case, i.e. the ·· entirely isolated struc~ure, a reduction as high as 

80% in the shell (structure) membran'e forces . and benaing . moments was . 

. p - 6· . 2 '4 
obtained using ~l:osed . ce~l polyurethane foam · ( .) .. 6xl_O lb. sec . I in , 

. JJ =. · 0. 3 ·and : E :o 1400 psi). o'f thickness about one-fourth of the. shel:l 

diainete:~; (F:i.gs • . 29. and 30) ~ The annular material absorbs·: the ene rgy . • 
. pr~duced by .'the exc.itation c.aus_ing this signi~icant reduction ·of straining . . . 

actions in : the stru~ture~ 
,. . 

Also, . siti'ce. it allows for. mor e displacement s in 
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'the· __ adjacent medium·, 'the stresse.s in th~ medium "'ere reduced by 10-15~ 
: . , . 

(Fig. 31). In· ~he . second· case, i.e. the cut-and-cover . structure, the 
' . ~. . . . : . , . ' ' 

so 

1;esult~ _presented in Figs.· 33 and 34 indicate that neither th~ dens·i~Y- ( ~) 

. 'of the fiili-n,g material nor its ~lastic:i.ty (E) as separate values can 
' . . 

greatly aff~ct the internal 'forces . in the $tiucture b~t a certain c6mb~-
. 

· nation between _the values .of the twq, pro~ertie.s can ·prod~ce the maximum 

· : . · .. reduction 'it) the st~a:(ning actions in the· stz:uctu.re, i.e. p.rotect the 

· . ·. - s.tructur.e from the dynamic disturbances. This i~ . cleStt'. from F::i.as·; 33· .and 

. :_. 34. in which a con~rete · f~liing :mat~tial:, - w~~~~ - density·,: ~ ~ t; -2~l0-4 lb.sec2/ .in4 
-; . ' . ' ' • I 

. . . . . - . - . . 6 . . - ' ·. . ' 
and a modu.J,.us of ~l~~ticit;y, .E, "' 6xl0 psi, lea.ds. to almost · tf1e s~e . . . . -

. result~ . ~s t~o-se . ~~ :- a hea~~ co~ crete .whose f =·· 5xl0~4 .. and. E. = iO~lf}~. 
I I ·· . . . . . . . ' ' . . ' . . : . 

. . ~ 

Figs •. 33_ and 34 show .that. ror the same· m-ate'dal 'density, :.the ·internal .-

Also, 

forces 'in' the,.struc'ture 'can be· reduced significantly with .the increase of . 
, . ' . . · .· ·· . ;.. · .. ·· .... ~~;~-

the elasti'city of the· £11:1:-ing "mat; eriaL . On ·the other hand, the increaae . . . .. ~-

of th~ elastic~ty 'se·nerally irtc.rea.se~ the str'~~·s~s in· the . adJ~cent m~diu'ln • . 
, ' 

, : . . ' . 
However,' dense materials having a big~ _modulus of e~asticity in_crease ~he·. 

stress values of th~ ·medium ·in front of .. the fill· (between the . approaching 
. . . . ~ . . . ,. . . . . . 

waye front .and _ the stru-cture). and· de~rease those b~hind (Figs • . 35 and 36) ., 
I • ' ' ~ ' • , • • ' ' 

In this . case the f:Hl acts as a · fendei._-pr~tecting the inediuni behind • 

5.5. · Boundary Conditions to Simulate - l~finite 
... . ··space 

. , 
' · ·.· .. . '\ 

.. 
The postulat~d · b~~ndaifes of the physical model · descdb'ed ~n the· 

1, • . • 

pr,evious - ~hapter. (section 4;6) \were used in ai!alysing the ~aine example as 

that considered b.y Ref. ·g (Fig; 2) .' Because of the l~initations o~. computer_ 

time which · excee4ed more than ~~e hour CPU time to analyse . the problem .-
. . . 

with the s.am~ finite element mesh used "by Ref. . 9·, a _coarse mesh outlined ·• . , . . 

, .. ; · . in ·_Fig.· ~8 was us~d. . 11ie constants ·of the ~las tic springs ·at each, 

· .. .· 
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..(' . 

. support'ing node were app:t;oximately_ evaluated· as 'thE!: product 'of the modulus - ' . 

~ of elasticity and the :distance ~alfway t~'arci b·o-~~ adja~ent.nodes.' .. The 
• • • . y •• 

. . 
solution--is based on pi·an'e 'strain analysis in which· the· rectangular 
. ' . . . . ... ' . 
. elements (PSR) an~ tr-iangul~r elemen.ts (CSTG) have tw9 degrees of freedom 

'·at _each node. : The results a:r.e ·.presented ·in' Fig. 39~ Al tho~gl( the . peak-
. . 

' . 

value of the respo.nse using the ·proposed moder i,s the_ same as t;hat obtained 

by using the boundary. conditio~s of Ref. 33 1 the tJ,me for niaxi~Um response" 

is .not the same·. From ~he . r .eview of lit·eratur~ :and particular~y the 

results presented in R!7f. 52 consid~ring the effect; of :soil modulus· 'and 
. . . 

sprins stiffness on. results . of interaction 'spri~g analyses, ·it; 'appe'ars· that 
' ' . . . . 

.'the time shift in ' the max~mum r~spon~e i1lust'rate·d in F.:t,g. 39' coUid b~. 

r~lated to the ~valuation: Qf ~ the spring .const~ts. This :i.ndicS:tes the n~ed '. 
4 • ·. ) • • 

for further work to ~iiDulate dy~amically exc~~ed infinite space. From the . 
I ' 

gene.ral equation of dyriamic : equilibrium (Eqn. 2:5); it . appears that in . ' \ :: . .. · 
futm::e. wo~k the bou~daf co~ditions sh~uld repr.esen; . the 'mass, 

stif.fness matrices ~elude the effect · of the accelerations, 

and displacements of the artificial boundaries. .This could be 

damping and - ' . . 
velocities, 

achieved · by 

consider:l,ng yariable damping in the different ~lements ,of :the syst;em. ·One 

of the approaches· for · considering_. thi_s ~ type ·of damping ._ is the use of · 

Rayleigh dam'j>ing matrix ,of the form presented in ~J'tapter. two and Eqn . ." 1 in 

Ap.penaix- B fo:r , :~ach element. ·_The. damping form~lation in the m~cH,fi·ed 
t' ' , I 

computer programme is based on the same equatio·n. a~d ·needs ~ modification . 
••• • • • ' • • -. • • • ' . • • • 0 

to permit the·· inclusiOR of .var;!.able damping :f.n each element. Since this 

damping is a ftequenc_y-d~pendent (s~e e"qns. ·5 and i in Appendix ·B), very 

high · damp.;!.ng-. can· occur · at high frequencle~. causing· (ac~o~ding to Ref~ ~2) 

a seri~us li~itad~on in the :analysis of. st'ructuies containi~g high .. f.requency 
. . . . • . . . . r 

equipment sue~ as nuclear power piants • . . H~w~ver, for other :types of 

.· 
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structures this phenomenon C:an be of li~tle · imp-ortance. In . ~enera_l, th~ , . 

response 

system. · ·· 

use ~f the 'fini·t~ ' el-ement. method in analysing hlgh~frequency 

p~oblems .. is -l~m-~· to. t~,e c·u ·t-off ~~eq1,1ency o(_~h~ ~i_s~re.te 
.. . . . .\ . 

5.6· Vet;ification· of the Results 

After . decfd:i,ng the inodificad.on of the_ comput,er P.rogramme of Ref~ 8 ' 

' to suit the general _dynamic s 'olution of undergrou~'d reinforced cavities of . . ' 

any shape, the solutiQu' c;>f ~ef .. 8 ·:was examinedt' ·. Ref. S stud'ied .the 

stability of the method of the numerical integr~tion· (Newmark Beta, .Method) . · r . 

· · - .. · · · r , 1 • • • · • • 

· ' used ·in· the progrannne ·aird ·ve-rified the results· obtained l>y comparing thein 
v • • • • • • • • • ' 

· with those of. the t:heoretic~l- solution of Ref. 37. · The ·two· proJ)lems 
. "' - . 

~ - pr~sen te~ . by ~ef .. 8 . as an _application ~0 underground li_ned cylindrical 
. . . . 

cavities. were · solved· as a check on ·the , corr·ectness of the a,vailable · 
. . "' . . . \ \ ' . . . . . . : 

- . . 
After modi_rying the programme to include .a new reinf~rcing . . . 

0 

element; the ·problems considered ·:Lri · R~f. 8 were solved· again and the same 
' . ' ' . ... . . 

results ·were obtained proving -the correctness of th'e'"modifications .in some '. · 
- . . . . - ' :. ' . . . . . \ 

.,. _of .the subroutines ~nd the main pr·ogramme. The problem ciutl}-ned in Fig. 14 ~­

in_cluding 6 · s'he~l ~-leinents. arid· 8 n_ew .plate eie!Jients in modelling the 
~ ' . .,. . . 

ela.stic line-r of the cavity was . then analysed. ·· .. The results were. co~patible . . . . . . . 

with t.hose of. the sim:l,lar pro-blem 'solved by R~f. 8 and illustrated·= in· ·. . . . •' . -- . 
· ' I ' 

Fig. 16. 
,• . ' 

~ . . . . .. ·. ' . . . 
. · . A 'st_udy of var;i.o~s par'ameters ~ffecting th.e st;resaes and·· displace:... 

men"ts · in the structure and the surrounding ~~diun\ showed good agreeuie~t · · 

w:i.~h certain .. v.alues: obt~ined by ·p;rev.ious investigators, .particularl·y with 

those o:£ Ref. 15 .in studying a structure surrounded' by an .isolated' soft' 

e~ergy absorbi~g ~·t~ri~ The · r Osulto ~£ tho · anaJ.ysed problei. prese.ted , . 

'in Fig· • . 38 tieing the new arti.ficia(, .elastic, energy· absorbirtg .boundary 
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wer~ co!llpared wi_th . those obtained by Ref. 9 .using the v~sco~s ·boundary of 
" • I 

. ~ .. · .. · 
R;;f.- 33. Th.e peak value of the respon~e ·of· the to'p node on t~e postulated 

bou'ndar~ w~s · almo~t ·~he sam~ · ,with · a shift ~f ··abo~t ~0."05 ·, se.c~~ds : ,· The 

results have been discusse~ previously in section 5. 5. 

·. · . 
. .. 

"5.7 Conclusions 

: J The fol~owing c;onclusions are · draW'n from this stu<!-y: 

1. Rock bolting reinforce~ent ," whenever feasible, provides the , .... . . .. c·· . 
. most. effic~ent and ecrono~ic .solution red.ucing . the St~esa2S around th~ 

unreinforced ca:.,ity .by. 25% · andf"more. 
• ' I 

. • •' . 

2: Generally .speaking, ·• the ·~a~ity ' liner reduces the stresses in .. 
. I . 

.. ' . I . . 
the ~edium. ·rn this study · a r 'eduction of thll order of . 10% ;t~as obtained.· 

. . . : . ) .. .. .. . . ·. . 
: 3·. . ThE! shap~ of· the · cavi.ty . affects the· respo~se of the medium· and .. . . . ' 

the structur.e . (linf7r) .•. · "I:h.e horses~oe shape prove~ to be the l:iest~ with· a .. . . · 
reduction· of the order of 10% in the stress sta"te of the. medium compared . \ .. . . . . . . . .. 

. to a circular' eavity -or semi-circular · roof an~ · ve'rtica~ . ~all . cavity. 
• • . ' . . . • I' \ • 

4. A reduction as· high as 80% in the memb~ane · forces an? b ending . . ~ . ' . . ; 
. . 

mom~~ts was caused by isolat~ng .the entire structure from the surrounding 
. . . - " . ; . . . . - . ' ' 

'med;lum by !i · SOft~ energy .absor~:ng ·.materia~/ .The. stre.sses in the medium 
. . . . ,... . .. . . 

were ·. reduced by about· 10-i.5%. . .{ . 
' I ' • ¥ 

"5 • The properties .of the filling· D}aterial .in . the. cut-and-cover 

. .. 

. " . .. : 

· -~ . ·Stru-ctur~,.'affect the. time-h::l.story' of t\le ;inten,t~ t<H;ces in the struct~re 
' ' ·, • \' . ' ;. . I 

. and the stresses .in ' the adJacent . medium • . It ' .appea£a that a proper selection . 

·' 
of the combined prope.rties, · t~f7 ge nsity .. and . the elasticity, of the filling 

·' material can lead·· t~ a s.igni ficant· reduction ' in th~ stra ining ~ctions of 

the structure and th~ stresses in th~ . surroundin·g medi~. . .. · 
. 6. Furth~r wor~ shot4ld be done·: to .. simulate ·an adequate finite 

. •. 

: 
\ • 
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. "· 
tha't the formulation of ·this ·bound~!Y should inclu-de· the· '!lass, . dam~irig and 

stiffness matrices of the equations of, the dyn~ic equiiibr.iUJll of . t;htl! 

.discr~te system. 
. . . - . 

. ' 
5.8 · Contributions· . . 

l. Solutions for · dynamically excitE!d unc;ierground . reinf~~ced cavi- · 
• • • • • f 

I 

t;les ·of. any ·~ ~hape.: 
.,. 

2 . As~embiy o(·the plate element system stif~~e~s mat:d.x' aJ;ter 

c_ondensing it to .include ·only two . degtees qf freedom at each nodal: .point . . · 
" . .. ~~ \ . . ' 

to match the eleinen_ts,Of t;he· adjacemt ··medium into the· overall syst~··.(th~ 
·· ~ ~ .. ~ . 

cavi.ty reinfarcemerit. and the- medium) stiffness matrix.· 

3. Modification of the computer pr,ogramm~ of Ref • . 8. to include· a , .­
~ew. reinforcing - eleme~t through the.'dev.elopmen.t of ·two' new- subrou'tines and 

' : - . 
~- o , . 

· the· modifications of the other subroutines ~d _the main._progr.amme to 

ac~ount for thi new el~ent; . 
0 

4, · Devel~pment; ot' a new model .for simui?ting a dyn~fcally_ ·excited : 

.· . . 
infinite ·Space obviat·ing the compliqations of wave.refl~ction.' 

• I ~ • .. . 
5. ·Study of the · effec.ts_ of ' differ{!nt parameters-: (i.e. ca.vity . 

. . 
'• .. ,. 

.. . 

reinforc!'lment. ~avity shape, isolating material between the st.ructure' and . ' . .. 
.- : ' ' -' •• ' • • • o' • • o ·,: ' • o ' • I • 

the medium and fill~ng materiai in the cut-~d-cover stnict~re) on the . .. · , 
.· . " . . . ' . . ' . . 

. tiiQe-:-histories of· the. inter.nal forces in the re~nforcin$ liner and the 

stresses in the reinforcing rock, bolts and the medium. , ... 
~ I ~ 

9 ' 
5. 9 Summary and Recomme~d.ations · .. 

'A general formulatio.n h'as· .. been . pre~eented '£~~ a reinforced 'under-· 

. ground cavity subjected to dynamic exci:tation • . The cavity - ~a'n be of _any 
·:. 

shape re'inforC.,ed by rock. bolts:, ·a<n elB.sti.c .liner or a co!i~bl.niltion of both. · . 

... . . 
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. . ·: 

A new st·raight element with bending st:i.ffniss .has' bee~ set u·p 'for . t~e .: ,. ~ :: ·:. 

. ~einfo.rc~n~ e~asti~ ft:-~"f of . the . ·ci.p_eni~g .. ~onsistent with th.:·' Fwo-foret(:: 

. coordinate sy'st~m of the. f!nit~ .. el~en.t continuum. · ~o new subrout;ines ·· ·· 

'· were developed along ·Witt: mo'dific'ation~ . in the Oth.er subrou'tines an~ the 
... :: 

main ~rogramme of. Ref. 8, p~rticularly subrou~ine·~ S~~LS_ ~{~HELL - a~d 
~; \,. ~1 , · 

ASSEMB' to account for the new element. 
... t;. . - ·. 

Tlie ihf_luenc·es of the various 

~· 
, . . 'parameters· li'st.ed in section 5.1 ,on the respons~ ' of the unde.rgrotind -rein-. 

. . forced ~·avity . ~er~ ; investigated·: ~e mod~fied computer . prog~~e.t-has· 
·- -':i .! \ . 

"applications outside . the imniediate problem · .of · th.e underground. cavity such. 
• • ~ ... ..,~, (" • 0 • • • • • '\ .c:' 

'as ·the d~~ic analy;is. of beams,., plane ~rames .and · a:tche~ :- . A·new m~del 
~ ~ 

. for the dynamic an~l~~,i~ of tindergrotfud structures. s~rrounded -bY an -infinite 
' ~ 'I ' • 

medium is presented. · ~ ·, 

. .. .. . The work ca: be e~ten~~he ·foilo~~g -~ea~ : 
. 0 

,. 

. .' . -
. .., 1. Nonlinear or inelastic. analys:l,s irt terms of s tiffn~ss prope~":- '. 

· ... . ( 

ties. A computer c~de for calculation of the ti~e-~i~tory 'of ~ulti-m~ss 
. . . . . . • ·.'t 

systems. with considerat-ion qf nonlin_~~.ri't:i.es _ has , be~n ,,co~f:!~ru .. c~~d 'by . . . . . . ' 

. ) ·osterle (42). , · 

. : . . . ' 2. -~e analysi~ . of the crusb.'able. material used . as annular filling .. 
-~ . 

. · betw~en the structure. and the medium . by c()nsidering th~ failure of elements 
·• • . , i ' . 

' 0 . . 
· in which. ~tresses reach the ultimat_e strength of the ma.~e~ial -(Ref_. 63 has 

consi:dered such elements) .• .· 
~ . . . ;/ . 0 

. 3. Formulation of the tiamping matrix on an individual element 
• ' 0 • 0 ' I 0 
• . . 0 & . . <:) • . • • ' 

(variable damping). This can provide · .. a good approach· for the· simu-. . . . . . . . basis 

q . la,tion Of ·a finite artific~al ' b.oundary i n 11:10-~elling atl infinite Space· Which 1 

' . . 
is dynamic.ally exci~ed. furtbermo~e, a~cordi,ng to Ref. 52, ··t.he material 

• ' ~ • (1. 

damping of the soil, in case of str~ng :aha'king,, will :be · mucli'~larger than 
' . . ...... . ' ' ' . . ' . ' . . . . . . . . . 
that in• the structure and ~onsideration of the var~able ·damping becom~s 
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.~ .. 
important.:· · . .··. 

. . > 
4 • . . ~ppr:oxifuate modal analysis for n~nliitear: s.yst'ems ( Newmark' (39)) .. 

5 . ._. Incl~~ion of ' a .c~pability fat:· node sep~ration. in the case of 
. / - . ·. . 

"fracture of the medium o~> separat_ion . of 'the cavity J,iaer f .r.oin th'e. medi~ • . 

·:-:..::.:. . 
. -~-: 
~-~ -: ~. 

' : ~ _,; ., .·- .; . 
. . . ~· : ; , . 
~- :- . • _..: :.• ·R,e£.:. '57. d~scribed a. ·.tw~-di~J;lsioncil. i:liscl;'ete 'el~ment ~eth~d. f .or static 

.. · · · · ·_·:..,_/.;~· - · ·- · s-tress ~n~_ysis p~o-bl~s· ~n t~·e · p·'i:~s~nce~ d~~c~nt:inuide_s . 

.i . 
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• t" ·'" 

- ~, .- Ext~nsion . of: the -nUlnerical tecqnique ' used in the ?riginal 
' 

c~mputer · pro·gr-~ _·of· ReL· .. 8 _(Newmark'·Bet;: Metho-d) as one o'f the s i ngle;.. 

point ptedictor-"-cor~.e~-~~-r .' m~t:hoii~-•. · t; . ~~J,ti~pcd~t pred:f.ctor-correc tor 
' ~ . . . . . . . . 

formulae for. ·ru,J.me~:i,~~ i~~~gr_a.ti~n~ .. · .. This ·is applicable to" .~l!astic and_ · 
. . · .... 

in~l~·sUc s~s~~:~~~-t·~ -:_se':~~~~-: a,dv_~~~~~e_f, _~~ ~-~c~u-~.acy_ .~n_d . c;on\putatio~al 
time especially. in. el'ast:_ic_ -systems-.wh ere, the sti~fness .matrix remains . . . ·. . ' . . . .. 
COU$_tant,- Humar at,i.d t.fd.ght (ziJ) · .pre·~·ented ·o:ne stic·h· ~~ti'":"p'o,i~t· metho~ and 

. . .· ' : ... . ·.· · ' . . 
' . ·_ . . . :, . . . . . . .: . . . . . ' . . . ~. . . ~ . . ~ ' . . . . \ 

e.xam'\ned_ ·ns.-tz:u'tlcation: error · ?Od·. sta~ility.·. ·. However.,. . ~or cases w;Lth l_ar~e 
~ ' . . . . . . .. ' .· . . .. .. -~ . .. . . · .... .. :' . . .·. . .' ... . . . . . . ~ . 

numb~r: .'P_f . de~r~es 'of -freedo.m,~.' . the __ s~?bi.Ut)' criter:lon ~m~y be too restric-: . 
. . . ~. . . . . . . · . : . . .· ' . . . . 

tive~ · · · · ' · ·· · · · - · 

· 7. :. -A~~iica.iiori··:oi t~~ ~~~sf~r .m'at;i~.~- a~~r~ach ~9; la:yer~~l-' -media. 
(~ef. 4}:.:: · ~e ina~~: .advant~~~- ~f · th~; .. metho~ i-~ th-~t · th~ -~:i.;~ of · t~e ·-~~erall 

•• : ~. • • • • : .l • •. • . ... ' · • • • • • •• -;, f • • • • • .. • • • • • 

· ::~~::·:,::<ii~ iS ~n4e~endeni ;~f, ~~·~ n~bd of laJ rs, ~d dwOyS . rom~ins · 
• .. ·._ . . 8 ~ :· . E~t~nsi~~ -~a··. i:~~~~~-~i~e~~-i~n~1~~ ~n.4Y,s~·~· . . .._ 

9. .s true t~ie-:fn~ii~~' _ fulz;;;t'~l:fin·~-. ·P~-~b~ems. f..or- ~ar tliquitk'e · .exc1. ~~t_i:a~ .• · . . 
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' APPENDIX .. B': .,. :· · -·,, 

' ,DAMPING OF THE SYSTEM 
\ .·· 

As -stated in Chapt~ Two, the damping matrix [c] 
· .in. the form 

[ ~] = cJ.M] + cJ~J (1) 

'I 

'· 

I .· . 

could be written 

•. 

.. , . . . 

· ... ~he~e. [ M J an~ [ K] are the ·mass and .stiffness matJ;"ices of the -sy-st~m and· C i 
and-. C2.' .are _cons~an_ts chci~e~·to provide the _desired damping effe~t .• 'I:hese 

. ·. . ... I . 
. . . ~onstants can be · related to the critical damping C or to the· critical ' . . ? . . . . '• ·, c . 

' ·. dampibg-':ra~io . ~ in ·_the foilowing . manner ,. 

' -' 
j .. 

'. 
·-.f c c 

p . c . , . 
'"'::> . = c . 

. .. c 

. . ' 

· ,· 

. __ :r~troduc~~~ Eqns. 2_fnd ·_3· ~nt~ _Eqn., 

' ·· . • . 

.. . 

; . 

'p : . 

. ·c1M . . c2K· 

~.2~ .+. :2/KM 
. . . 

= cl (H.+ c2 f! 
. . · 2 i/· 'K . 2 · V M· . 

. .· .. . 

1 giv~s 

. . , 

.. . 
.(2) 

I , 

' . (3) 

' ' I • ' 

··.·.' . (4) 

L e. · the critical damping 'ratioS · fo~ the 'n..;th mode· is 
. .. . . . · n . . .-

0' · 

.(5) 
./ 

. .. 

, .. 

·' 

· where is .. the' a~gula~.-:frequ~~cy for the, n-th _ mode·.·. ' 
n. . . . ·: . - ~ (~1·~>. ·. . . , . • . . . . . 

I~· is clear ftcim Eq~. ·· s· 'that S has · ~ome minimu~ value. cor.re~t. 

.r 

·, 

..:/.... . . . . ·. . ' . n . . . . .. . .. , ... 
_·: ' · ·.-· :·-poni:i.tis to ·a . c~rt_ain value of·S · .• · .. Setting ··the . a~rivative· of ~ · ·with . · 

. · . . ::·· . n . .. · . . n . ··· 
::; " ' ' 

: .. . _:~-~spect to : ~ n · equal _ to z~ro gives , ,·· 
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t0 = ~ (6) 
n . .. . . . 

Usin_~ Eqn. 5 specifying .the percentage contribut.:tons from the two ~e.rms to 

obtain the d~sired damping ratio, Dhe constants Ci ~nd C2 can be determined 

'as. follows: ' . 

Assuming e~ual contrib#ion fro'm the· two t.erms, giV..es 

.. 
\ c6, ~ , ·. cl n· n 

S I c.;;,. c ::: 2 0 n n · 

· . · or, •. iri. te.rms .. o~. tlie period of the system 

c ·· .:. z rr~ /T 
1· · · n n 

c2. = ~ T /zn 
n n . 

,•. 

I . 
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·APPENDIX ·C 

·OYNAMfC RF;SPONSE ' oF UNDERGRO_UND CAVITY 
• \ 1 , 

., . 
The under.groun·d_ c~vity shown in Fig. 38, fs excitea 'by the , dynamic 

-l~a.ding ·shown._ .T~e · e~a.s .~ic ~ displ~ced, energy absorbing boundary is used 
.. 

. to. simula~e the i_nfi~lte- extension of the I!!edium. F;l.g.· 41 · presel\tS a 
- ' •• • J\ 

cooiparison ' of · the ·responses of node number ·21' in Fig" 38 for~ ~b~orbi~g 

boundary' and a . r~~id one~· 
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