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INTRODUCTION- : , . - 2
. ~ : - |

g (
The coficepts. of Semi-S¥mplic: Complexes first, cane frum the’ works
of §:;Eilenbergand . Maclane who used then. ?arfucl in their work op’ -

s

Homology and Cohomology theortes. A paper by Eilenberg and Zilber [2]
. ’ .

then gave a presentation of the basic definitions and some methods for

their use. An impoftant construction - the Geometric Realization - 'was

v 0. introduced by Milnor [15). The Geometric Realization associates to each

semi-simplicial complex’i‘n the ‘category of sets a topological space

which has. the same hamology as the homology: of the sem»slmphcml

& o g complex. . The purpose of this paper is to unify thé ‘1anguage and con-

/- cepts related to semi:si "éxal on'a rical basis:

Chapter T presents the -basic categorical lnnguage ve shall be | usmg

and gives a definition of semi-simplicial complexes ‘in terns of funcmrs

1 “and natural. tr ions. - This définition enables us to use a

.« construction mtrodnced by Godement [4] to present & r:lutlonshxp between

. adjoint functors and seleiupideal couplases.

G

- Chapters IT and I1I i ¢ the ies of CH-compl and K-'

-spaces . (Toj opy) where the former is a subcategory Of ‘the latter. These

cutegones are shuun by Steenrud [18] to be "convement" which is t’o say,’

P r.hey admit a large vauecy of nonstmcnons without having to mnke very

The basic concepts are m:roduced 5

many assumptions  in the hypothesi

from a Fnteggrical,s:nnapoint‘ A Ch<complex' is'defined to be a colimit-of a

convenient diagram in- Top. . Both CH-complexes and K-paces, have’ the

'+'. final topolbgy With respect to certain inclusions. ' . ° #




A f\:m\étni‘ Kiis deﬁned gmm _E\to Topys wmch 15 left adj’omt‘ :

to the- im:lu\sxcn functor‘ We iise K to dofine products in 'g 1€

their prdduct in "Top,. is defined to

Aand B i objects of Topy, -

the functor ‘applied .to the - cartesian produc: in, J

1at1ve laws. of products in Top. a %\‘

. AS mentmned Lefcre the: Geometric! Reﬂxzaxmn is an Jmportant tool
in Humology and Hmlotopy 'nwm-yf

Here we give a-description of the
B xzatmn which shows _that it is a Cw ~Complex and thus a K-space The*
tapology on the praduc\t of the muzamns of two Semi- smpucm .

compléxes defined by thg functor K wilkcoincide with that defined when
we take it'as & product of cH- Cwnplexes, In particular, if\X. and"Y
are two sent- -simplicial ccmplexas and |x| and- |Y|' ‘denote their.
gecmetru: realizations r:hex\ x(|x| YD s hnmeomoxphic to Ix}: Y|,

In the Abpendix we wxll\show that the Gemutrxc Rnlxz;non can be

used: to define v sémi- smpnc 1 complexss.




semi-Simplicial Cor (5.5 G

“lour basic category.will be the category. 4 : ¢
/ oG )

{ Bk
4 . 3 2 ')
S e @ omgests 4 =0
{ ;0. tor i dnclusive, £
K ; 41

r} [ (i1)  Morphisms:

..m} = the set of intagers from

nnoll, e

(A .A ) = the set of nu mcnoton;c ﬁmcuuns

| Coat ALy in other vords, ‘a(i) <a(j)

i ’_ < for o<1<5<'

|

b o i ’ A Let' 1P be the opposiy category to Iﬁ%/ E T o
a sell -simplictal 0_!2
© T in R isan objec: of the Ewmor category . SCR) =

Definition:,

Ty category &,

sorphism £ € SC(R)(F,K) will be called a semi

§ “from F to K. g : :

s : : i i : i

L 5 . Certain relations' um be cvident inthe category. & and
i . will be carried: over by ¥ io'the cltegory R

.
First ve define:- oL 5% s

u‘ Ay b 0<i<n+1)

with o011 )K, 01, ..., 1,

i R pn(:l)" FRaest I R TR &

We ‘also define "




: @ dyoh e, @<y,
: et Caes
: L e e o ey
: : L) a:a: - oty
T e s e g
i @ 1 .‘3 amo AL NP, 1',1
g At B °'j"‘
| : {
£ ot
Eni1’n
- . o aj ui - ot

e ‘noln§\vml

il (0Lt e 21
= (0....,1 ) ivl

A R EN

&




), e 13 aldd,
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@ s‘o‘((o

11,1415

" (1‘1.‘4) n_mgsiun. Every, -mwwnzc ﬁmcqwn “rom

6';. u;

cﬁosed of norphisms of‘ the £m




‘I'hm hy the 1nducumgn‘gulent -8 is co-posed of -m-pm

1004 =
" the type o’ 18", ) . :

Define €, “to.be the “funiction obtained h;{ncteasmg by 1 :Ie
i

" subseript of esch ol s 6L in gl and ‘composing ‘them in

ok Gl L R ./the same order, Then £ A +A -

. it i ' it 3 el e e S
N Nand e B ﬁ & s g
o ) ¥ | fe(0,1..,n,n1}) = (sn'sl"“-‘ LJE(me1)) b
a y . ®
% v L incrming the suhsr.rrpts by 1 means that *£(n+l) € A &
.l .
5 L4503
S By deﬁm!ion of the ‘o and &, f(met) = an since :
kg 0<)<n¢l and 0.2j < = =
T2 - ~ L % 12 St St 3
g ¥ 1€ snu R | then’ 1 = a)‘ D
. 7 - el 3
1 . U2 m T
. 5 “
: “This coﬁcludus the proaf of the prnrpuitinn. // B Ll
There arp ot)lsr equivalent daﬁnhim of an ss- com'plex, :
% of vhich;we shall g,w hpre.
i Py . 5
. p
: : : i
s . & an 1




(1.1:5) * Definition: An'$.S.complex F_in a‘¢ategory’ K. 'is a,sequence

"&fqb]ects FooFpFpiant ST R, togeth

maps:

with . the foilowing

Hor

the'i-th face operator df =
the j-th degenerdcy’ operator 53

sibject’ to the identitigs:

[¢3] G<d) :

2 @ US| . ) f
. ® ¢ e g5 ol B0 Y e

% : NORE! d; s, %1 b
" ¥ ) ds i, 2 :
- : s a8 ) 455 = 554, G+1<i)
: ol

JIf F ‘and K. are s.s. complexes, an s.s.map £ : is a

21" degeneracy operators.

. Sy L K
e {1E1.6) ,Dcfinijion: An s.s. complex: F " in the category

in the catego;

sequende of objects FO,FI,FZ

with maps ot ': F, - Ey associated with each

%
>0, —2

b, »%“ such,that if 8y

(0 o) =af - a3, ‘and (id)* = id

R 4 . An's.s.map F i F %K is then characterized Jf the condition .

Lt f

£+ o* for all monotonics a.

v~ d..7). Theorem [13] ] :
. - X i The ffce. détinitions 6f an s.s.. complex glvjn in (1. 1),

(1.1.5) and (1. 1.6 are equmuentj

0,1,.0v,q4L1 5 q > 0

AT oL g




o associated to each monotonic .-

Proof: (1.1. n Loansy
construct an s.s.

- F ) By = F (o) Fy = Ry,

e
: +F, 40,1,
FlaQ) 1 Py Pl 475 0,1
i 6
: +F s , i=o0,1,
Flsq) + Fg + Foly ;

These are the - fac

+ conditions making the sequence an s.s. complex.

(115)-> (1.1.6) -

Given a functor S

and degeneracy operators of (1.1

and the maps’-__

<

We axe given: an 's.s.: compléx with Face and degeneracy

to each

We must. now

Catmapa* : E *F
EPE 3
012 ... ¢t

" Then put ot

= LA
a‘1.:

Obvicusly if AP —1--—‘>A‘1 =2,

1 g
1=6}+ ol then

Since > = a‘.l‘ .

(1.1.6) = (1.1.1),

We ‘are given:a sequence’ Fy,Fy, .-
Define a functor . F. 1 a%PP o R

as follows'
| (g € 1a°PP)) F@ag) * Fy-

e A_(AP,Aq))’ F(f) = f'_a Fq * Fpe

for some t

By .(1.1.4) we can write

4,4, :F
iy T a

then (ap = ap)* =

SMan
i

. and a map a*-:

and r.

> F,
P

F,

q

complex cnnsxsting of ‘the sequprice Of nhjects

¥
S

.\—

.5) d

' bedause of the identities in (1.1.3)they satisfy the Te

o Ay B

5
~P




F(f< g

and ! F) =1,

so mc F is indeed a functor from 2P

a.18y Deinition:. Anss. 5. “complex . L’

Lans.s. complex Fiff for g = o I,

L(Aq); F(Aq) s

and ‘L(o}) = Feo) | Lo,

L(sh) = Fesh T Ly

§2 Functors and Natural

(.2.1)

Lemma: If 9 :F+G and ¢ :

of the functors  F,G,

category R', then ¢+ 6:i'F +H "is a natural transfornation,

T def)ned by (¢ % B)X

sl

(vx Y € IR(). (VEE RK; v))

F(z) * F(f')

, AOpp i

0,1,7.,,m,

to R //

is 2 sub-complex of

Pi= 0,0, e

G.» H ' ate natural transformations

and H from the category R into' the

FX + GX fm- eath X'€ (n|

H(f)

diagram ; :
; o Ty,
X Fx—X—yex—=%
e 11:(5)' EG)
¢ F Y g ]

Theé smaller.squarés are comuzagiva@y-ce "9 and ¢ ave’naturs

Therefore the larger square is also commutative

“deinivion of ¢

consider ‘the following .

Thus the. .- 3

o give a natural transformation from F: to -
et 3
He bl %




‘e have vl

Lema:. Let F,G ; R+ R'; U

fuiictors on’ the categories K, R', R', Tf 4.

(T

* . hatural ‘transformation defined by 8y ¢ FX+ 6X’ then

‘(veu')'y - BU'Y 1 FU'Y % GU'Y,

R+ R, and UL ;

.2 F>Goisa

(VX € [R])"and, " (4Y € Ig"l?~ :
(i) U8 : UF »UG. is a natural transformation defined by ,
., (UB)y = U(8,) ¢, UFX + UGK"
Cand
-

(i1) | 0U' : FU' > G0 is &’ naturdl transformation defined by

Proof: " The proofs are similarto (1.2.1)." The commutative:.

diagram for (1.2,2) is the following: *(¥X,Z € IRl, ¥fe g(i;z))

5

S A
) lf F(£)
&

(VXY € '], ‘Mo €R'(XY) we have

: ) o o

x U R X——aerX

o U'(u]‘l' L) | ),

; Tk ey .
oy FU—LY Gty

. : i

N S AR ST
—X ;
66 * lum) UG (£)
F2———)6Z e

The 'cqmbtntive.diagt‘sm for (1.2.3) is the following:

Given finctors | F,6,H': R!» R, Vi /RN + MY, V! : R" 5 M

M''> M'., U' M"+ R and natural transformations




(1.kz.l4)'

Tazs)

(1.2.6)

8y d U)oy o Bl U(ve,) ~.° 4
: Xsex | @y e uim—X5u0e)
ul le S@ | WVF@ | OVCE)] UG uveE)
i 4 B, = V)e. 5 o v
YoonId T R —L e - v —Su(veh
LBy (12.2), TS VIRl = O - VI8 = U0
bl T Uy
d =0l - g
(ii) (VXY € |k"| ) Vo égv'(x.yj) we have® the cbm}ﬁeive v
dlngrams i " s )
o 2 4 o g
‘r‘X UVX F(U'VX)\—)G(U'VX) | FU'(VX)—%GU'O/X}]
ﬂl uv@| Faven| . . ey ST
- - o ] <ol i)
Cuw L rewn—"eww) - vn—eur v
By (:2:3) UM = iy = &yi gy
v \ = BU'i/x
; o i
i BENC L ;
By ¢ - [(euk’)v]x

) U Ve = U(Ve) B2
Y @y = UV :
1) (VTB)UT = VY (eut) .
g '
Gv). V(6" U5 (19"U") - (VieU')
- where - i3 composition of functorsi
Proof: (i)

dingﬂm ‘,

(¥X,Y € |R! |, Ya s RI(X,Y)): we have the commutative.




-

By (1:2.1), (192.2) and" (1.2.3)

nntu‘nl Oansfomtions ¢ $,

T Vi : . k
oy, u-v)——-—)v'cww) ; oy
By (1.2i2) and .58, (o, - (v_"e)u,x

5o

@) (VKY€ IM'{ 2¥a.€ M (X,Y)) -

g

3 ’
U'(u) ol -
. iy

Y Uy V’FU'Y—)V'GU"{—)V'HU‘Y

i Ve’ - e')u.x

vty s au.,a e
RRACHTRIERA
= v' Ut Vel

G ) Gty g
oy (V'e'U')x g W'aU')x‘:_
=.[vre'ur) - (v'su'n a

g

Lemn " Given funciors *B,6 RV M, with'

Fagiand v USY) then

(&G) - = 0 (w) by

; gy

FX 3 UFX—%VFX
yx uey Ve
ke gl
oX UKy o




53

v '(1.3.1)'

> D=f;m: >

R ORRUDI N BO) -+ Wy
R IO
V0, by GErom dugrnm)
Lol e etemy
ORI NS
.

Cor lexes :

“In this vsec:ion we_show that if we have a cotriple (called

a cumunnd in Maclarte [12]) on 8. catopry: R then for each:

object in R ve can obtain a s.5. complex in

ment has its roots in Codement [4] and Kleisr [9]

Definitiun, A cutnple b= (c, .p) on the category R

cnnsuts of a functor C :'R > 5 ‘and .twd ‘natural trans

k.C-'l‘n and . pC ¥ 2

- “This develop--

-

e sé(_) be' the clteglrry of s.s. eomplexes of R
R SC(_) as fnllws'

\
(vx elnl) s-(x) A% R vhere S

c“‘l © )

d“ = C kc""‘




f

L)

- Henge, . T (RETCT

Proposition: ")5’ is_'a_functor. ;

e '& needs uhly to‘\:e 9)|o

camplex for each x, "since the
wul -‘J!SF“’" d« and s
“ 15y X

@ To' “show d"‘l jr;“l =

'

Ci(c - kcﬂl)cn— Zrel

at. F'(x) 15 an:sis.

S ‘are. obkus .

oth=r condn‘.

suisfy the relntiom givan in

iy




i<j, welet j=is+r for r >
) .:(csupcn-i-r') i
ég;n};cn-x-r'

)

=




]

‘(A)->kc..p- -p=l

A e Yoc - p)c"" - c (Ck s p](.'“ i =c i et

{pcnx i

e )t showthar a7t oW1 =S d Grnen”

'j‘ll B C’pC" j) 2 (c“’kc‘"“2

is2

" Eies (c‘kc"‘ s «

= cjmr'oz nl Cn-j L cj(pcr mk)cn'-,-r
- cj(c”zk)c"'"" cj(pc“")c"'-"" -’ 5
8 ; - C](pC T c’(c"‘k)c‘" :
T ‘ci'“zuc“-i-r Wit e 1'"*1@-*'

55 M]ointnass and cntrigles

a cotriple and.every cotriple is induced by & pair (rot. .
. nanessnruy unique) uf- adjoint functors. These rasuus are . '

: assentinlly a du-lultxon of the’ work ‘done ‘on t*nphs in, [s]

e ld.ll now show thlt every set of ldjoint f\m:turs deﬁncs 2t

e e AR
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