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Abstract

K. Shimizu has proved that, in a braided finite tensor category over an algebraically closed
field, the triviality of the Miiger centre implies that a certain Hopf pairing is non-degenerate.
It is an open question whether the hypothesis that the base field is algebraically closed is
necessary. In this thesis, we show, following some unpublished notes of Y. Sommerhéauser
and his coauthors, that this hypothesis is indeed not necessary in the case of the category of
finite-dimensional modules over a finite-dimensional quasitriangular ribbon Hopf algebra H.

In this category, the coend can be constructed as the dual space of H.

We first review some basics of category theory, the construction of a coend as a categorical
Hopf algebra, and duals and homomorphic images of categorical Hopf algebras. We then
prove the result mentioned above. We conclude by constructing an example of a similar

category where the dual space fails to be a coend.
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Statement of contribution

The material in Chapter 1 is standard and can be found in many textbooks, for example
in [5], [9], and [13]. The material in Chapter 2 is more recent, but can now also be found in
textbooks, for example in [6]. In Chapter 3, we provide a detailed proof of a frequently needed
fact for which we are not aware of a reference in the literature, namely Theorem 3.2.3. This
result was obtained during joint sessions with my supervisor. The main result of Chapter 4
is Theorem 4.6.1, which is taken from unpublished notes of the authors of [7]. In Chapter 5,
I supplied the proof of Proposition 5.2.2. This result plays a role in the construction of the

non-example in 5.3, which was again obtained during joint sessions with my supervisor.
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Chapter 1
Category theory

This chapter provides a review of the basics of category theory, along with some related

preliminary concepts.

1.1 Categories, functors, and natural transformations

We begin with the formal definition of a category.

Definition 1.1.1. A category C consists of a class Ob(C), whose elements are called the

objects of C; a class Hom(C), whose elements are called the morphisms of C; and maps

id: Ob(C) — Hom(C)
dom: Hom(C) — Ob(C)
cod: Hom(C) — Ob(C)
o: Hom(C) xop(cy Hom(C) — Hom(C),

where
Hom(C) X by Hom(C) = {(f, g9) € Hom(C) x Hom(C) : dom f = cod g},
satisfying the following axioms:
1. For all objects X € Ob(C),

dom(idx) = cod(idyx) = X.



2. For all morphisms f € Hom(C) with dom f = X and cod f =Y,
idy o f = foidy = f.

3. For all morphisms f, g, h € Hom(C) with dom f = cod g and dom g = cod h,
(feg)oh=fo(goh).

Note that id(X) is denoted by idx. For any objects X, Y € Ob(C), we denote by
Hom(X,Y), or Hom¢(X,Y) if the category is to be emphasized, the class of all morphisms
f € Hom(C) with dom f = X and cod f =Y. We also write f: X — Y to indicate that
f € Hom(X,Y'). We call these classes hom-sets, despite the existence of categories for which
the hom-sets are proper classes. See, for instance, functor categories in [9, Ch. I1.4, p. 41].
We will refer to the objects in Ob(C) simply as objects in C, and the morphisms in Hom(C)

as morphisms in C.

One immediate example of a category is the category Set of sets together with functions
between sets. Categories are particularly useful for describing sets with a mathematical
structure, together with morphisms that preserve the structure. Some examples include the
category of groups together with group homomorphisms; the category of vector spaces over a
field K together with K-linear maps; the category of left A-modules, where A is an algebra,
together with A-linear maps; the category of topological spaces together with continuous
functions; and so on. The composition in each of the above categories is simply composition

of functions.

Every category C gives rise to a second category, known as the opposite category C°P. Its
objects are the objects of C, and its morphisms are obtained by “reversing the arrows.” In
other words, it is defined by taking Ob(C°?) = Ob(C) and, for all objects X and Y in C,

Homeor (X, Y) = Home (Y, X).
The composition ocop in this category is defined by
gocr f=foy,

for all pairs (f, g) € Hom(C) X op(c) Hom(C).

Another construction of a category from a given category C is the product category C x C,

whose objects are pairs (X,Y) of objects in C and whose morphisms are pairs (f,g) of



morphisms in C. Its composition is defined by

(h,k)o (f,9) = (ho fkog)

and id(X7y) = (idx, ldy)

We call a morphism f: X — Y in a category C an isomorphism if there exists a morphism
g: Y — X in C such that
gof=idx and fog=idy.

Observe that this notion generalizes, and unifies, the usual notions of isomorphism for various

mathematical structures.
We now define the notion of a functor, which can be viewed as a morphism of categories.

Definition 1.1.2. A functor F': C — D from a category C to a category D consists of a
map F': Ob(C) — Ob(D) and a map F': Hom(C) — Hom(D), both denoted by F, satisfying

the following axioms:

1. For any object X € Ob(C),

2. For any morphism f € Hom(C),

dom(F'(f)) = F(dom(f))
cod(F(f)) = F(cod(f)).

3. For any pair (f,g) € Hom(C) xon(cy Hom(C),
F(fog)=F(f)oF(g).

The second axiom in the above definition can be restated by saying that for any morphism
f: X =Y in C, the morphism F(f) is a morphism F(X) — F(Y) in D.
A related concept is that of a contravariant functor F: C — D, which assigns to each

morphism f: X — Y in C a morphism F(f): F(Y) — F(X) in D and satisfies

F(fog)=F(g)o F(f)

for all pairs (f,g) € Hom(C) xonc) Hom(C). Note the reversal of order. A functor as in

Definition 1.1.2 is then called a covariant functor.



An important example of covariant and contravariant functors comes from hom-sets.
Example 1.1.1. For each object X in a category C, we have the covariant hom-functor
Hom(X,—): C — Set

Y s Hom(X,Y)
f — Hom(X, f),

where Hom(X, f) € Hom(Set) is the map

Hom(X, f): Hom(X,dom f) — Hom(X, cod f)
g foy.
We call this map post-composition with f.

We also have, for each object Y in C, the contravariant hom-functor

Hom(—,Y): C — Set
X — Hom(X,Y)
f = Hom(f,Y),

where Hom(f,Y") € Hom(Set) is the map

Hom(f,Y): Hom(cod f,Y) — Hom(dom f,Y)
grrgof.
We call this map pre-composition with f. Observe that for composable morphisms f and g

in C, the map
Hom(f og,Y): Hom(cod f,Y) — Hom(dom g, Y)

is defined by
h— ho(fog),

and the map
Hom(g,Y) o Hom(f,Y"): Hom(cod f,Y) — Hom(dom g,Y)

is defined by
h+ hofrs(hof)og=ho(fog).



Hence

Hom(f og,Y) = Hom(g,Y) o Hom(f,Y)

so that Hom(—,Y") is indeed contravariant.

The following concept can be viewed as a morphism of functors.

Definition 1.1.3. Let F,G: C — D be functors. A natural transformation n from F to G
is a function that assigns to each object X in C a morphism nx: F(X) — G(X) in D such
that for any morphism f: X — Y in C, the following diagram commutes:

F(X) —X - G(X)
F(f) G(f)
FlY) —2 5 G(Y)

If nx is an isomorphism in D for every object X in C, then 7 is called a natural isomorphism;

two functors are said to be isomorphic if there exists a natural isomorphism between them.

The concept of a natural isomorphism allows us to define the notions of equivalent and

isomorphic categories.

Definition 1.1.4. Let C and D be categories. Then C and D are said to be equivalent
(respectively, isomorphic) if there exists functors F': C — D and G: D — C such that the
functor G o F': C — C is isomorphic (respectively, equal) to the identity functor id¢: C — C
and the functor F' o G: D — D is isomorphic (respectively, equal) to the identity functor
idp: D — D.

1.2 Tensor categories and braidings

A tensor category is a category equipped with a tensor product:

Definition 1.2.1. A tensor category is a category C together with a functor ®: C x C — C
(for which we denote ®(X,Y) =X ®Y and ®(f,g9) = f ® g), a unit object I, and

i) a natural isomorphism A, called the left unit constraint, from the functor defined by

X—=I1I®X
f|—>1d1®f,



for all objects X in C and morphisms f in C, to the identity functor id¢: C — C;

ii) a natural isomorphism p, called the right unit constraint, from the functor defined by

X—=X®I
f = f 0y id[7
for all objects X in C and morphisms f in C, to the identity functor id¢: C — C; and

iii) a natural isomorphism «, called the associativity constraint, from ® o (® x id¢) to
® o (ldc X ®),

satisfying the following axioms:

1. Pentagon Aziom: For all objects X, Y, Z W in C, the following diagram commutes:

(X®Y)®(ZoW)

AXQY,Z,W XY, ZQW

(XeY)eo2)oW XY (ZoWw)) (1.1)

ax,y,z®idw idx®ay,zw

X YQRZ,W

~

XeoYe2)oW Xe((YeZ)eoW)

2. Triangle Aziom: For all objects X,Y in C, the following diagram commutes:

ax.1y

(XoD)eY » X2 (I®Y)
\ / (1.2)
px ®idy idx @Ay
X®Y

The naturality of the left unit constraint A means that for all morphisms f: X — Y in C,
the diagram
[oX —2 5 X
id;®f f

Iy — 2 vy

commutes; the naturality of the right unit constraint p is analogous. The naturality of the



associativity constraint o means that the diagram
(XY)9Z —="2 X (Y ® Z)

(fog)®h f®(g®h)

,,Y

XY Z —7 , X'g (V' ® Z')

commutes for all morphisms f: X = X', g: Y - Y’ and h: Z — 7' in C.

As a consequence of the axioms in Definition 1.2.1, the diagrams

I®X)®Y Ay y I (X ®Y)
Axm AY
X®Y
and
axy,I

(XeY)®I » X @ (Y @)

Pm A@PY
X®Y

commute, and we have

Ar=pr.
For a proof, see [5, Lem. XI.2.2, p. 283] and [5, Lem. XI.2.3, p. 284].

Note also that, since ® is a functor, we have

(fof)®(god)=(f®g)o(f ®d)

whenever this composition is defined. We will use this interchange property extensively.

Tensor categories are also known as monoidal categories (cf. [9, Ch. XI, p. 252]). Our
terminology follows [5, Def. XI1.2.1, p. 282]. In [2], these terms have different meanings
(cf. [2, Def. 2.1.1, p. 21] and [2, Def. 4.1.1, p. 65)).

The category of vector spaces over a field is the prototypical example:

Example 1.2.1. For any two vector spaces V and W over a field K, there exists a vector
space V@W  called the tensor product of V and W, with a bilinear map ®: VxW — VW
that is universal in the sense that, for any vector space U and bilinear map ¢: V x W — U,

there is a unique linear map f: V ® W — U such that f o ® = ¢. The category of vector



spaces over K, equipped with this tensor product, is a tensor category. The unit object is
the base field K. The left unit constraint A is defined on V' as the isomorphism

AvK®V—>V
AR v A,

and the right unit constraint p is the defined on V' as the isomorphism

pv: VK —=V
VRN .

The associativity constraint « is defined on spaces U, V', and W as the isomorphism

apvw: (UV)oW U (Ve W)
(LRV)@Wwru® (vew).

We also have the following basic example.

Example 1.2.2. Let C = Set and let ® = x be the Cartesian product. This means that
X®Y =XxYand f®g = f x g for all sets X and Y and functions f and g. Then C
is a tensor category with the unit object being any set with exactly one element, which we

denote by
I = {x}.

The left and right unit constraints are defined on each set X as

)\X:{*}XX—>X

(*,2) = x
and

px: X x {x} =X

(x,%) — x,
respectively, and the associativity constraint is defined on sets X, Y, and Z by

axyz: (X xY)xZ =X x (Y xZ)
((z,y),2) = (2, (y, 2)).



We say that a tensor category is strict if each Ay, px, and axy 7z is an identity morphism.
Every tensor category is tensor equivalent to a strict tensor category by [2, Thm. 2.8.5, p. 36]
and [5, Prop. XI.5.1, p. 289]. Therefore, we will usually assume that the category is strict.
Strictness requires in particular that X ® [ = X = I ® X and f®id; = f =id; ® f for
all objects X and morphisms f, and that parentheses can be ignored in tensor products of

several objects.

Example 1.2.3. Let G be a group (or a monoid). Let C be the category whose objects are
the elements of G and whose morphisms are defined by Hom(g, h) = {x} for all g,h € G.

Then composition is the unique map

Hom(g, h) x Hom(h, k) — Hom(g, k)

(%, %) > *.
Now define the functor

QR:CxC—=C_C
(g,h) — gh

(%, %) > *.
Observe that for all g, h, k € G,
(9@ h)®k = (gh)k = g(hk) =g® (h®@k)
and hence we can define an associativity constraint
Qg p g = idgpr = *.

The corresponding unit object must be I = e, the identity element of G, and if we define
the left and right unit constraints as A\;: e ® ¢ — g and py: g ® e — g, respectively, then

this makes C a tensor category. Notice also that
Ag = pg = idy = *
and hence C is an example of a strict tensor category.

A tensor category can also carry the structure of a braiding. We define a braided tensor

category as follows.
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Definition 1.2.2. Let C be a tensor category with tensor product ® and associativity

constraint a. A braiding on C is a natural isomorphism ¢ from the functor ® to the functor
Rrev: C X C — C, defined by (X,Y) — Y ® X, such that the diagrams

(XRY)® Z
OX®Y,Z

~

ZR(XQY)

-1
Az XY

-

(ZoX)QY

and

XY ®Z2)

X, Y®Z

2

YoZ)oX

oy, z,X

-

Y ®(Z®X)

commute.

ax\y,z

ox,z®idy

1
Ax v,z

idy®ox,z

XY ®Z)

idx®oy,z

~

X@@@Y) (1.3)

-1
Ax 72y

~

(X®2)QY

(X®Y)®Z

ox,y®idz

2

YeX)®Z (1.4)

Yy, X,7Z

~

Y ©(X®2)

. 1. . . . 1. ~ ~ -1
Every braiding o on C gives rise to a second braiding ¢ on C, defined as oxy = oy x.

The braiding axioms (1.3) and (1.4) are simply interchanged with respect to . From these

axioms, one can also deduce the so-called Yang-Bazter equation:

(le & UX’y) ¢] (O’XZ & 1dy> (@] (ldX & O'yz)
= (O'yjz®idx) o (idy@UX’2)0(0X7y®idz) (15)

The following example is known as the trivial braiding; for a non-trivial braiding, see (4.24).

Example 1.2.4. For vector spaces V and W over a field K, consider the map

CVXxWsWeV

(v, w) = w v,



11
which can be expressed as ® o 7, where

T:VxW—=WxV

(v,w) = (w,v).

This map is bilinear, so by the universal property of the tensor product there is a linear map
ovw: VW — WV with

oyw(v®@w) = p(w,v) =w .

We call oy the flip map. The collection of these linear maps oy, indexed by vector spaces

V and W, defines a braiding on the category of vector spaces over K.

We will frequently make use of the result proved in [5, Prop. XIII.1.2, p. 316], which,
when interpreted in a strict category, states that every braiding ¢ on a tensor category C

satisfies

O'LXZidX:O'X’] (16)

for all objects X in C.

1.3 Dual objects

Let V be a finite-dimensional vector space over a field K and denote by V* = Homg (V, K)
its dual space. The map

P:VixV 5 K
(0, 0) = (v)

is bilinear, so by the universal property there exists a linear map evy: V* @ V — K, called

the evaluation map, such that the diagram

V*XV#K
® evy
VeV

commutes, i.e., evv(cp ® U) = w(% U) = @(U)~
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Since V' is finite-dimensional, it also has the coevaluation map

coevy: K -V V*

)\r—>)\zn:vi®vf,

i=1

where {v1,...,v,} is a basis for V and {v},...,v}} is the corresponding dual basis. This
is often denoted by dby and called the dual basis map. In Appendix A, we prove that

coevy = dby does not depend on the choice of basis.

Proposition 1.3.1. The diagram

v v y V
/\‘;1 2%
K ® Vv coevy ®idy (V ® V*) ® % ay v v vV ® (V* ® V) idy Qevy Vv ® K

commutes.

Proof. Let v € V. Under the composition, we have

Vi lg ®@u e (Zvi(@vf)@vzzwi@ﬁ)@v
=1

i=1

> z”:w ® (v ®v) — Zn:vi ® vf(v) — Zn:vj(v)vi
i=1 i=1

=1

=

and hence the composition is equal to idy . ]
Proposition 1.3.2. The diagram

idy«

V* >V

-1
Py = )‘V*
-1

V*®K idy * ®coevy V*®(V®V*) M} (V*®V)®V* evy Qidy = K@V*

commautes.
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Proof. Let p € V*. Under the composition, we have
P PRIk p® (Zvié@v;“) = Zg@@(viébv;k)
i=1 i=1

=Y (p@u) @l = Y p(v) @0 = Y vy
i=1 i=1 i=1
=¥
and hence the composition is equal to idy«. O]

The above properties for the evaluation and coevaluation maps for a finite-dimensional
vector space and its dual space are taken to be the defining properties of the notion of a left

dual object in a tensor category. We also have an analogous notion of a right dual object.

Definition 1.3.1. Let C be a tensor category and let X be an object in C. A left dual of X
is an object X* in C together with morphisms evyx: X*® X — I and coevyx: I — X ® X*
in C such that the diagrams

id
X X > X
A% pPx

I®X coev x ®id x (X@X*) ®X ax X* X X ® (X* ®X) id x ®ev x X@I

and
P id y # . Xt
Pxx Axx
X+ @] “EONX N o (X @ X) e (X*@ X)X X8, 1o x>

commute. A right dual of X is an object *X in C together with morphisms ev’y: X® *X — [
and coev’y: I — *X ® X in C such that the diagrams

X dx , X
Px Ax
id x ®coev’, agt * ev/, ®id
X0l — 5 Xo("'XoX) — 23 (X' X)X —— 25 T®X
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and
- id«x yoxY
YL prx
[@ X NN ey o X et X XX Ly (X @ X*) X8 vy o
commute.

Unlike dual vector spaces, dual objects need not be unique. We will see, however, that left
and right duals are unique up to isomorphism. It follows immediately from the definitions
that if X* is a left dual of X, then X is a right dual of X*; and if *X is a right dual of X,
then X is a left dual of *X. Thus, we have

If C is a tensor category in which every object has a left (respectively, right) dual, we say

that C has left duality (respectively, right duality).

In a braided category C with braiding o and left duality, we have the following relations:

(idx ® oy x.) o (coevy ®idy) = (oy,x ®idx) o (idy ® coevy) (1.7)
(ldy & er) 9} (O'}_/’lX* X ldx) = (eVX X ldy) e} (ldx* & O'y)() (18)

To verify (1.7), for example, we apply (1.6), the naturality of o, and the axiom (1.4) of a
braiding to obtain

(coevy ®idy) = (coevx ®idy) ooy
= O-Y,X(X)X* @) (ldY ® COGVX)

= (idy @ oy x+) o (0yx ®idx+) o (idy ® coevy),

which is equivalent to (1.7). These relations are true for any braiding o, so in particular they

are true for the braiding defined by oxy = (71_/3(. Thus we have the equivalent relations:

(idx ® ox+y) o (coevy ®idy) = (oxy ®idx) o (idy ® coevy) (1.9)
(ldy & eVX) e} (O'st7y X ldx) = (eVX X ldy) 9} (idx* X O')_(’IY) (]_]_0)
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1.4 Dual morphisms

Let C be a tensor category with left duality, and let f: X — Y be a morphism in C. For
respective left dual objects X* and Y* of X and Y, we define a morphism f*: Y* — X* by

the following diagram:

f*

Y+ > X*
Py * Ax+
Y*® I I ® X"
idy * ®coev x evy ®id x =

M ai}‘ * 1 * 1 *
Y* @ (X ®X*) TN (Yr X) @ Xt @l iy gy @ X
(1.11)

Note that, since
((idy- ® f) ®idx-) 0 ay: x y. = Ayt y x- 0 (idy @ (f @ idx-))

by the naturality of a;, we can also define f* by the diagram

y* a , X
Py * )\ka
idy * ®coev x evy ®id x*

- —1

idy«®(f®idx+) y Y* ® (Y ® X*) Sy v xe > (Y* ® Y) & X*

Y*® (X ® X*)
The morphism f* is called the left dual morphism of f.

The following theorem gives equivalent characterizations of the dual morphism f*.
Theorem 1.4.1. The following are equivalent for morphisms f: X =Y and g: Y* — X*

in a tensor category C with left duality.

1. g= f*.
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2. evx o (g®idy) = evy o (idy« ® f), i.e., the diagram

idy*®f

Y o X Y*QY
gRid x evy (112)
X*® X X s ]

commutes.
3. (f ®idx~) o coevy = (idy ® g) o coevy, i.e., the diagram

coevy

I s Y @Y™
coevy idy ®g (113)
X @Xx* ¥ Ly o x>

commautes.

Proof. We use the defining properties in Definition 1.3.1 of the left duals X* and Y*. First,
we prove that g = f* is equivalent to (1.12). If g = f*, then

evy o (g ®idy)

=evyx o (f* ®idx)

=evy o (evy ®idy: ®idy) o (idy: ® f ® idx+ ® idy) o (idy+ ® coevy ® idx)

o (idy+ ®idy ® evx) o (idy~ ® f ® idx+ ® idx) o (idy+ ® coevx ® idy)
(idy« ® f) o (idy~ ® idx ® evx) o (idy+ ® coevy ®idx)

o (idy+ ® f).

e}

EVy
eVy
CeVy

Conversely, if
evy O (g X idX) = evy O (idY* ® f)>

then

f* = (eVy X ldx*) o) (ldy* X f X 1dX*) o (ldy* &® COGV_)()
(evy ®idx+) o (¢ ®idy ®idx+) o (idy+ ® coevy)
(evy ®idx+) o (idx+ ® coevy) o g

g.
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Next, we prove that g = f* is equivalent to (1.13). If g = f*, then

(idy ® g) o coevy

= (idy ® evy ® idx«) o (idy ® idy+ ® f ® idy+) o (idy ® idy« ® coevy) o coevy
= (idy ® evy ® idy+) o (idy ® idy« ® f ® idx«) o (coevy ® idy ® idx«) o coevy
= (idy ® evy ® idx«) o (coevy ®idy ® idyx+) o (f ® idx«) o coevy
= (

f ®idx+) o coevy.

Conversely, if

(f ®idx+) o coevy = (idy ® g) o coevy,

then
[ = (evy ®idy+) o (idy« @ f ® idx+) o (idy+ ® coevy)
= (eVy X idx*) o (idy* ® idy ® g) o (idy* ® COGVy)
= g o (evy ®idy~) o (idy~ ® coevy)
This proves the theorem. O

Although dual objects are not unique in general, any two left duals or right duals of an

object X are isomorphic. We prove this in the case of left duals.

Lemma 1.4.1. If f: X =Y and g: Y — Z are morphisms in a tensor category C with left
duality, then

(gof) =[og"
Proof. By applying Theorem 1.4.1 first to f and then to g, we have

evx o ((ffog")®idy) =evx o (f*®idx)o (¢* ®idx)

I
@D
<
N
O
o,
5
® .
s
~—
O
_
o,
5
&
=

Thus, applying Theorem 1.4.1 to g o f, we have (go f)* = f* o g*. [
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Proposition 1.4.1. If X is an object in a tensor category C with left duality, then any two
left duals of X are isomorphic.

Proof. Let X* be a left dual of X, and let Y* be another left dual of ¥ = X. Then
f=1idx: X - Y hasadual f*: Y* - X" and g =idx: Y — X has a dual ¢*: X* — Y™
By Lemma 1.4.1,

g o fr=(fog)" = (idy)" =idy-
and

frogt=(go f)" = (idx)" =idx-.

This means that f* and g* are inverse morphisms, and hence X* and Y* are isomorphic. [J

Note that, by Theorem 1.4.1, the isomorphism ¢* in the above proof is characterized by
the property

evy O (g* & ldx) =evy.

For each X and Y in C, the object X ® Y has a left dual object (X ® Y')* with evaluation

evxgy and coevaluation coevygy, but it also has the left dual Y* ® X* with evaluation
EVxgy = evy o (idy+ ® evy ®@idy) (1.14)

and coevaluation

coevxgy = (idy ® coevy ® idx+) o coevy. (1.15)

Proposition 1.4.1 then implies the existence of an isomorphism yxy: Y*®@ X* = (X ® Y)*,
which is dual to idxgy. By Theorem 1.4.1, the morphism 7xy is characterized by the
properties

EVxgy © ('YXVY ® idX®y) = €Vy O (idy* XKevy K ldy) (116)

and

coevygy = (ldxgy ® vx,y) o (idy ® coevy @ idx+) o coevy. (1.17)

Furthermore, the collection of morphisms 7x y defines a natural isomorphism, as shown in

the following proposition.

Proposition 1.4.2. In a tensor category C with left duality, the isomorphisms vxy dual to

idxgy, and characterized by (1.16) and (1.17), define a natural isomorphism from the functor
(X,Y) = Y*®@X*, (f,9) = g*® f* to the functor (X,Y) — (X ®Y)*, (f,9) — (f ® g)*.
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Proof. Let f: X — X" and ¢g: Y — Y’ be morphisms in C. Naturality of v means that
Txyol(g ®f)=(®g) orxy. (1.18)

With respect to evxgy, the morphism (f ® ¢g)* is the dual morphism of f ® g, and with
respect to the evaluation &V xgy defined in (1.14), the morphism ¢*® f* is the dual morphism
of f ® g. By Theorem 1.4.1, this means that

EVxgy © ((f X g)* & idX@)/) = €eVx/gy’ O (id(X/®y/)* X f X g) (]_]_9)

and
W)(@y @) (g* ® f* ® idX@Y) - WX’(X)Y’ (] (idy/*@)xm ® f ® g) (120)

By (1.16), we can rewrite (1.20) as

evyay © (Yxy ®idxgy) o (6" ® f* ® idxgy)
g evX’@Y’ (@] (’VXI7Y/ ® idxl®yl) (@] (idY’*(X)X’* ® f ® g)
= eVxrgy’ © (id(X/®Y/)* X f (09 g) o (’YX’,Y’ X idX@Y)

and, by (1.19), this further equals
evxey © ((f ® 9)" ®idxey) o (vxy @ idxey).
In other words, we have
evxay © ((Vxy o (9" ® f7)) @ idxey) = evxey o (((f ® 9)" 0 vx/y7) ®idxey).
Composing both sides with 7;(,173,/ ®idxgy yields
evxey © ((vxy 0 (9" ® ") 07y ys) @ idxey) = eVxey o (f ® 9)° @ idxey).

Applying Theorem 1.4.1 again, this shows that both vxy o (¢* ® f*) o%}}’y, and (f®g)* are
the dual morphism of f ® g with respect to evxgy and, in particular, they are equal. This
proves (1.18). O

In a tensor category with right duality, there is also the notion of a right dual morphism
“f: Y — *X, defined as

*f=pxo(idixy ®evy)o (id-x ® f @id+y) o (coev’y ®id«y) o X«y.
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A similar treatment to that given for left dual morphisms shows that * f is characterized by
the properties
eviy o (idx ® “f) =evy o (f ®@idy) (1.21)

and
(id«x ® f) o coevly = (*f ® idy) o coevy, (1.22)

analogously to Theorem 1.4.1, and that any two right duals of an object X are isomorphic.
Furthermore, we have a natural isomorphism 7 1 Y ® *X — *(X ®Y) that is right dual
to idxgy. It is characterized by the property

eVygy © (idxey ® Vxy) = evy o (idx ® evy ® id-x). (1.23)

1.5 Abelian and linear categories

We now discuss abelian and linear categories. First, we need several definitions, which can
also be found in [9, Ch. VIII] and [3, Ch. 2].

We define a monomorphism as a morphism f that is left-cancellable, which means that
feog=foh = g=nh,
and we define an epimorphism as a morphism f that is right-cancellable, which means that

gof=hof = g=h.

A product of a set {X;}ie; of objects in a category C, indexed by a set I, is defined as
an object X in C together with morphisms {p;: X — X}y, called projections, with the
following universal property: For any object Y in C and morphisms {f;: Y — X }icr in C,
there exists a unique morphism f: Y — X such that f; = p; o f for all i € I. A coproduct
of a set {X;}ies of objects in C, indexed by a set I, is defined as an object X in C together
with morphisms {¢;: X; — X }ies, called injections, with the following universal property:
For any object Y in C and morphisms { f;: X; — Y };¢; in C, there exists a unique morphism
f: X — Y such that f; = fogq; foralliel.

A zero object in a category C is defined as an object, denoted by 0, such that for all objects
X in C, the sets Hom(0, X)) and Hom(X,0) each contain exactly one morphism. It can be

shown that any two zero objects in a category are isomorphic, and therefore each Hom(X,Y)
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contains a distinguished morphism X — 0 — Y, which we call the zero morphism and denote

by Ox y, or simply 0.

If C is a category with a zero object, then we define a kernel of a morphism f: X — Y
in C as an object ker(f) in C together with a morphism ¢: ker(f) — X such that foi =0,
and ¢ is universal in the sense that for any other morphism j: W — X such that foj =0,
there is a unique morphism jo: W — ker(f) such that j =i o j,. We also have the notion of
a cokernel of f. This is an object coker(f) together with a morphism 7: Y — coker(f) such

that 7 o f =0, and 7 has the analogous universal property.

If C is a category for which every morphism has a kernel and a cokernel, we define an
image of f, denoted by im(f), as a kernel of a cokernel of f. That is, if 7: Y — coker(f) is
a cokernel of f, then an image of f is defined as a kernel i: im(f) = ker(7) — Y. Note that,
since o f = 0, there exists a unique morphism g: A — im(f) such that f = i o g, by the

universal property of the kernel of 7. Thus we can view ¢ as a generalized inclusion map.

The notions of kernel and cokernel can be generalized to the notions of equalizer and
coequalizer, respectively. An equalizer of two morphisms f, f/: X — Y in C is a morphism
g: Z — X in C such that fog = f'og, and ¢ is universal in the sense that for any morphism
g: 7' — X with fog = [ og, there exists a unique morphism h: Z — Z’ such that
g = ¢ oh. A coequalizer of f and f’is a morphism g such that go f = go f’ that is universal
in the analogous way. Notice that the kernel and cokernel of a morphism f are, respectively,

the equalizer and coequalizer of f and the zero morphism 0.

If C is a category with a zero object and a product defined for any two objects, then we
say that C is an additive category if each of its hom-sets Hom(X,Y) has an abelian group
structure and the composition map o: Hom(X,Y) x Hom(Y, Z) — Hom(X, Z) is additive
in each component, i.e., it is Z-bilinear. If K is a field, then we say that C is a K-linear
category if each of its hom-sets is a K-vector space and the composition map is K-bilinear
(cf. [21, Ch. 4, p. 65]).

We are now ready to define an abelian category.

Definition 1.5.1. An abelian category C is an additive category such that

1. Every morphism has a kernel and a cokernel.

2. Every monomorphism is the kernel of its cokernel and every epimorphism is the cokernel

of its kernel.

3. Every morphism is the composition of an epimorphism and a monomorphism.



22

We have the following lemma about the unique morphism ¢ induced by an image.

Lemma 1.5.1. If f: X — Y is a morphism with imagei: im(f) — Y in an abelian category,

then the unique morphism g such that f =10 g is an epimorphism.
Proof. We first establish the existence of a morphism h: coker(ker(f)) — ker(coker(f)) that

makes the following diagram commutative:

-/

ker(f) ——

= coker(ker(f))

s X
lf ! h
Y «

d ker(coker(f))

coker(f) «——

We have f o7 = 0, since ¢’ is the kernel of f, and therefore i o g 04" = 0. This implies that
goi = 0, because i is a monomorphism by [13, Lem. 1, 1.9]. Therefore, by the universal
property of 7, there exists a unique morphism h: coker(ker(f)) — ker(coker(f)) such that
g = h om, as required. Abelian categories can be characterized by the property that this
uniquely determined h is an isomorphism, as in [13, Ch. 4, p. 164]. It is also a fact that 7 is an
epimorphism, and since isomorphisms are in particular epimorphisms and the composition

of epimorphisms is an epimorphism, this implies that ¢ is an epimorphism. O

We also have the notions of additive and K-linear functors. If C and D are additive
(respectively, K-linear) categories, then a functor F': C — D is called an additive functor

(respectively, a K -linear functor) if for all objects X and Y in C, the map
F: Hom¢(X,Y) — Homp(F(X), F(Y))

is a homomorphism of groups (respectively, of K-vector spaces). See [3, Ch. II, Prop. 9.5]
and [21, Ch. 4, p. 65]. Two K-linear categories are said to be equivalent (respectively,
isomorphic) if there exists a K-linear equivalence (respectively, a K-linear isomorphism)
between them. We then say that a category is finite if it is K-linearly equivalent to a

category of modules over a finite-dimensional K-algebra.

When we speak of an abelian tensor category, we mean an abelian category with a tensor
product that is Z-bilinear; when we speak of a K -linear tensor category, we mean a K-linear

category with a tensor product that is K-bilinear.
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1.6 Dinatural transformations and coends

The notion of a dinatural transformation is defined as follows.

Definition 1.6.1. Let S,T: C°® x C — D be functors. A dinatural transformation ¢ from S
to T' is a function that assigns to each object X in C a morphism tx: S(X, X) — T(X, X)

in D such that for any morphism f: X — Y in C, the following diagram commutes:

S(X,X) 25 T(X,X)

S(ﬁW \T(idXJc)

S(Y, X) T(X,Y) (1.24)

S(idm /(f’idY)

S(Y,)Y) —=— T(Y,Y)

We are interested in the case where T': C°® x C — D is a constant functor, defined by
T(X,Y)=Aand T(f,g) = id4 for some object A in D. In this case, (1.24) reduces to

S(y, x) 2V gix x)
S(idy,f) Lx
S(Y,Y) s > A

We will often denote the dinatural transformation ¢ from S: C°® x C — D to a constant
functor 7: C°* x C — D, defined by T(X,Y) — L, as tx: S(X,X) — L, where it is
understood that X varies over all objects in C.

If g: A — B is a morphism in D, then jx = gotx: S(X,X) — B is again a dinatural

transformation. This follows from the commutativity of the following diagram:

S(X,X) X y A
S(f,V %’
S(Y, X) WD L Sy Y) g
idS(X,X)l .
] ds(v,y)
s | S(X, X)) —X l > B
S(idy,f)

S(Y, X) » S(Y.Y)
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This leads us to the following definition.

Definition 1.6.2. A coend for a functor S: C°? x C — D is an object L in D together with
a dinatural transformation tx: S(X,X) — L that is universal in the sense that for every
dinatural transformation jx: S(X, X) — M, there is a unique morphism ¢g: L — M in C
such that jx = g o vx for all objects X in C.

As with other universal properties, the above definition implies that any two coends are

isomorphic, and that the isomorphism is unique.

If we have another functor S’: C°® x C — D with a universal dinatural transformation
Uy S'(X,X) — L', and we have a natural transformation nxy: S(X,Y) — S(X,Y), then

Jjx =ty onxx: S(X,X)— L' is also a dinatural transformation because the diagram

S(X, X) X S'(X, X)
S(fidx)
/ /1dx \
S(Y, X) X y S/(Y, L
idy, f)
S(idm \ /
S(Y,Y) Lk S'(Y,Y)

commutes as a consequence of [7, Lem. 2.2, p. 39], which is a version of [9, Prop. 1, p. 228§]

for coends.

Now let C be a K-linear category with left duality and consider the functor S: C®xC — C
defined by

(X,Y) = X* QY
(fi9) =g (1.25)

If C is finite, then it follows from [6, Cor. 5.1.8, p. 267] that there exists a coend L for this
functor with universal dinatural transformation tx: X* ® X — L. Henceforth, when we

speak of a coend without further qualification, we will mean the coend for this functor.

We now show that ¢y ® ¢ty is a dinatural transformation. Let £ = C x C and consider the

functor S": £P x £ — C defined by

(X/,Y,7X,Y) '—>X,* ®X®Y!*®Y
(f. g 9= frefed @y (1.26)
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Note that if we have a morphism
(f'.g fo9): (XY X)Y) = (XY, X,Y)
in &% x &, then f is a morphism X’ — X’ and ¢ is a morphism Y’ — Y, and therefore

S'(fd, fg)=f"ofed ®g

is a morphism

X*"2XY*Y 5o X" XY"*®Y,
as required. Then tx ® 1y : S'(X,Y, X,Y) — L ® L is dinatural, i.e., the diagram

XYty [8Weredy v o xoVrQY

idg*®f®idy*®gk Lx Ly

L}?®Lf’

X*oXYV*®Y sy LR L

commutes, because for all objects (X,Y) in £ and morphisms (f,¢): (X,Y) — (X,Y) in &,

(LX @ Ly) o (f* ®idxy ® ¢* ® ldy) = (LX o (f* @ 1dX)) (%9 ([,y o (g* & ldy))
(13 0 (idg ® f)) ® (1p o (idy @ g))
(tg @tp)o(idgy @ f®idy ® g)

by the dinaturality of tx and ¢y.

It is explained in [7, p. 39] that ty ® ¢y is in fact universally dinatural:

Theorem 1.6.1. Let 1x: X* ® X — L be the uniwersal dinatural transformation for the
functor defined by (1.25). Then the dinatural transformation

xRy : X' XRQY" QY - L®L

is universal, and hence L ® L is a coend for the functor (1.26).
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1.7 Hopf algebras in categories

The notions of an algebra, a coalgebra, a bialgebra, and a Hopf algebra can be generalized

to the categorical setting. We begin with the definition of an algebra in a tensor category C.

Definition 1.7.1. Let C be a tensor category. An algebra in C is an object A in C; a
morphism my: A® A — A, called the product of A; and a morphism u4: [ — A, called the
unit of A, such that the diagrams

(ARA) @A —221 5 Ag (AR A) —22M4 4 A A

mA®ida " (1.27)
A A ma s A
and . .
T@A 4% Ao A Al % Ao A
ma ma (128)
AA PA
A A

commute. The property expressed in (1.27) is called the associativity of m 4, and the property

expressed in (1.28) is called the unitality of m4.

A homomorphism of algebras in C is defined as follows.

Definition 1.7.2. Let A and B be algebras in a tensor category C. A morphism f: A — B

is called an algebra homomorphism if

foma=mpo(f®f[)

and

fous=ug.

The definition of a coalgebra in a tensor category C is obtained by reversing the arrows
in the definition of an algebra in C. In other words, a coalgebra in C is an algebra in the

opposite category C°P:

Definition 1.7.3. Let C be a tensor category. A coalgebra in C is an object C' in C; a
morphism Ag: C' — C ® C, called the coproduct of C'; and a morphism eo: C — I, called
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the counit of C', such that the diagrams

C 2 s C®C

A id, A

¢ cete (1.29)

CoC —2% , (ceC)eC —22%C 4 0w (C®C0)

and _ .
I®C «€%  ogC C®l 9% ogC
Ao Ao (1.30)
Ao et

C C

commute. The property expressed in (1.29) is called the coassociativity of Ac, and the

property expressed in (1.30) is called the counitality of ec.

The definition of a coalgebra homomorphism in a tensor category C is then obtained by
reversing the arrows in the definition of an algebra homomorphism in C; that is, a coalgebra

homomorphism in C is an algebra homomorphism in C°P:

Definition 1.7.4. Let C' and D be coalgebras in a tensor category C. A morphism f: C' — D

is called a coalgebra homomorphism if
Apof=(f®f)oAc

and

epo f=cec.

If A and B are algebras in a braided category C with braiding o, then we can define an
algebra structure on the tensor product A ® B. Suppressing «, we define the product magp

by the diagram

ida®op, A®idp

ARB®A®B » AR AR B® B

ma®mp (1.31)

MAQB

A®B
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and we define the unit uagp by the diagram

—-1_ -1
I ML T
(132
A® B

With an algebra structure on the tensor product of algebras, we can consider whether a
coproduct is an algebra homomorphism. The notions of an algebra and a coalgebra can then

be combined.

Definition 1.7.5. Let C be a braided tensor category. A bialgebra in C is an object B in C
that is both an algebra and a coalgebra in C, such that the coproduct Ap and and counit eg
are algebra homomorphisms. If B and B’ are bialgebras in C, then a morphism f: B — B’

is called a bialgebra homomorphism if it is both an algebra and coalgebra homomorphism.

By Definition 1.7.2, the coproduct Ag being an algebra homomorphism means that
Agpomp =mpgpo (Ap®Ap) = (mp®@mp)o (idpg ®opp ®idg) o (Ap @ Ap)

and

-1
Apoup =upgp = (up @ ug) o p; .

Note that, for eg: B — I to be an algebra homomorphism, we need to have an algebra
structure on /. Assuming strictness (so that I @ I = I), we take A\; = p; = id; to be both
the multiplication m;: I ® I — I and the unit u;: I — 1.

Exactly as in the vector space case, Ap and g are algebra homomorphisms if and only
if mp and up are coalgebra homomorphisms [5, Thm. I11.2.1, p. 45], so a bialgebra can be

equivalently defined in terms of the latter requirement.

We can now define the notion of a Hopf algebra in a braided category C.

Definition 1.7.6. Let C be a braided tensor category. A Hopf algebra in C is a bialgebra H
in C with a morphism Sy : H — H, called the antipode, such that the diagrams

H °H s [ uH s H
Ay my (1.33)

Sa®idy

H® H >y H® H
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and
H i s 1 u s H
HoH An©Sn s Ho H

commute. If H and H" are Hopf algebras in C, then a bialgebra homomorphism f: H — H’

is called a Hopf algebra homomorphism if
Sprof=foSu.

The properties expressed in (1.33) and (1.34) are called the antipode equations for H.
Note that the ordinary notion of a Hopf algebra over a field K is a Hopf algebra in the
category of vector spaces over K, braided with the flip map. It can be shown, exactly as in
the vector space case (cf. [20, Lem. 4.0.4, p. 81f], [5, Exerc. II1.8.9, p. 69]), that every bialgebra

homomorphism between Hopf algebras is automatically a Hopf algebra homomorphism.



Chapter 2
The coend as a Hopf algebra

In this chapter, we show that the coend for the functor (1.25) in a braided finite tensor

category C is a Hopf algebra in C. This was first shown in [8], and also summarized in [6].

2.1 Product

Let C be a braided finite tensor category with braiding o, and let L be the coend of the
functor (1.25), with universal dinatural transformation ¢. We mentioned in Theorem 1.6.1
that

xRy : X' XQY" QY - LQL

is a universal dinatural transformation. We can define another dinatural transformation

Exy: X' X®Y*"®Y — L by

Exy = txoy © (Yxy @ldxgy) o (0x+gxy+ ®idy) (2.1)

where vxy: Y*® X* = (X ®Y)* is the natural isomorphism characterized by the property
(1.16). The dinaturality of £ means that the diagram

f* ®ldx ®g* ®ldy

X' XY*®Y s X*XY*RY

id y/« @ f®idy 1« Qg Ex,y

5X’,Y’

XX Y* oY s L
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commutes for all morphisms f: X — X’ and ¢g: Y — Y’ in C. By the naturality of o, we

have

Exyo(ff®idy ® ¢" ®idy)
= ixgy © (Vxy ®ldxgy) o (0x+gxy- ®idy) o (f* ®idx ® g" ®idy)
= ixgy © (Yxy ®ldxgy) o (¢ @ f* ®idx ®idy) o (0x+exy» ®idy),

and, by the naturality of v proved in Proposition 1.4.2, this equals
txey © ((f®9)" ®idx ®idy) o (yxy' ® idx ®idy) o (oxr+gxy~ @ idy).
By the dinaturality of ¢, we have
ixey © ((f ® 9)" ®idxey) = txey o (Idxey) @ f ® g),

and therefore the above expression is equal to

txrgyr © (ld(xrgyy ® f ® g) o (yxy ®idx ®idy) o (0xmex,y~ ®idy)

= ixgy © (Yxy ®@1dx ®idy’) o (idy~ @ idx~ ®@ f ® g) 0 (oxrgxy~ ®idy)
= 1xgy © (Vxry ®idxy ®idyr) o (oxrgxry» ®idy) o (idx~ ® f ®idy~ ® g)
=&xryr o (idy» ® f @idy~ ® g).

This proves that £ is dinatural. By the universality of tx ® ¢y stated in Theorem 1.6.1, there
exists a unique morphism my: L ® L — L such that my o (1x ® ty) = xy for all objects X
and Y in C.

We now prove that this my, is associative, i.e., that
myp o (mp®idy) =myg o (idy ® my).
We will use a more general version of Theorem 1.6.1, which states that
xRy Qiz: X'XQY" QYR Z*®Z - LRLQL
is a universal dinatural transformation. Since 1ty ® ty ® 1z is dinatural, each of

mpo(mp®idy) o (Ly @ty ®tz)
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and

my, © (1dL &® mL) o (LX Rty & LZ)

also define a dinatural transformation. Therefore, by the uniqueness in the universal property

of Lx ® 1y ® Lz, it is sufficient to prove that
mpo(mp®idp)o (tx ®iy ®tz) =mpo (idy @ mp) o (1x @ty ® ty). (2.2)
On the one hand,

mpo(mp®idp) o (txy @ty ®ty)

=mpo (Exy ®iz)

=mz o (txey @ tz) o (Vxy ®@ldxey ®idz:gz) o (0xgxy+ ®@idy ®idz:gz)

= Exev,z © (Yxy ®ldxgy ®idzgz) o (Ox-gxy- ®idy ®idzgz)

= txevez © (Vxev,z ®idxeyez) © (0(xev)-exey,z- ®idz) o (Yxy @ idxey ®idzez)
o (0xrgxy ®idy ®idzegz)

= ixevez © (Vxev.z ®dxeyez) o (idz- ® 1xy ® idxey ®@idyz)

o (oy+ex axey,z- ®idz) o (0xgxy ®idy ®idz-gz),
where we have used the naturality of ¢ in the last step, and, on the other hand,

myp o (idy ®mp)o (txy @ty ®tz)
=mpo(tx ®&yz)
=mpo (tx ®lygz) o (ldxex ®@ Vyvz ®idygz) 0 (ldx+gx ® Oy+gy z« ®idy)
={xyez o ([dxygx ® 1yz ®idygz) o (ldx<gx ® oy+gy,z+ ®idyz)
= ixevez © (Vxyez ®idxeyez) © (Ox-ex,(voz) ®idygz)
o (ldx+gx ® Vyz ®idygz) o (ldxgx @ Oy gy.z- @ idz)
= ixevez © (Yxyvez @ldxgyez) o (Vyz ® idx+gx ® idygyz)

o (0x+gx,zev* ®idygz) o (ldx+gx ® Oy+gy,z» ®idyz).

Now, by the axioms (1.3) and (1.4) of a braiding, we have

(0x+ex,z:av: ®idygz) o (ldx-gx ® Oy+gy z+ ®idyz)
= (idz+ ® ox+gx,y* ®idygz) 0 (Ox+gx,z» ®idy- ®idygyz)

(@) <1dX*®X ® UY*,Z* ® ldy ® ldz) O <1dX*®X ® ldy* ® UY,Z* ® idz),
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and, by the Yang-Baxter equation (1.5), this equals

(oy+ 7+ @idxrgx @ idygyz) o (idy+ ® oxrgx.z+ Q@ idygz)
o (oxrgxy+ ®idz ®idygyz) o (ldxrex ® idy+ ® oy z+ @ idz)
= (0Oy+ z+ ®ildx+gx ®idygz) o (Idy+ ® oxrgx 2z ® idygz)
o (ldy*gx+gx ® oy z+ ®idy) o (0x+gx,y+* ®idygzraz)
= (oy+ 2z ®ldxgx ®@idygz) o (ldy* ® ox+gxay.z ®idyz)
o (ox*axy* ®ldygzgz)

= (oyrgxraxey,z- ®idz) o (0x-gxy+ @ idygz-gz),

where we have applied axiom (1.3) twice at the end. Thus, if we can show that

(Yxev,z ®idxeyez) o (idz: @yxy Qidxevez) = (Vxyez @idxeyez) o (Yy,z @idx-exeyez),

then (2.2) will follow. It is sufficient to prove that

Yxev,z 0 (idz ® xv) = Yx,vez © (Vyv,z ® idx-),

and, letting f = yxgy,z 0 (Idz- ® yxv) and g = vx ygz o (Yv,z ® idx~), it is further sufficient
to prove that

eVxevez © (f ®ldxgyez) = evxevez © (9 ® idxeyez)-

This holds because, on the one hand,

evxeyez © (f @ldxgyez) = eVxevez © (Vxevz ® idxgyez) © (ldz- ® 7xy @ ldxgyez)
=evzo (idz ®evygy ®idy) o (idz+ ® 7xy ®idxeyez)

=evyo (idz* XK evy ® idZ> o (idz* ®idys Q evy ®idy ® idz),
and, on the other hand,

eVxeyez © (¢ ®ldxgyez) = eVxavez © (Yxyez @ ldxeyez) © (Yyz ®ildx ® idxeyvez)
— eVY®Z @) (id(X®y)* ® eV ® idY®Z> (0] (')/Y,Z ® idX* ® idX®Y®Z)
= eVygz © (Yy,z ®idygyz) o (idz-gy ® evx ®idygz)

=evyo (le* X evy & ldz) o (idz* R idy« Q evy ®idy ® ldz>

This establishes the associativity of my,.
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We remark here that there is an alternative way to express this multiplication. We arrived

at the multiplication by means of the dinatural transformation

Exy = txey © (Yxy ®idxgy) 0 (0x+y+ ® idxgy) o (Idx- ® oxy+ @ idy).

We could instead begin by defining

77X7y = lygx © (/YY7X & idY®X) o (idx*®y* & CTX,y) o} (idx* X Ox,y* X idy). (23)

We show that this is in fact equal to {xy. This will follow if

lyex © (Yyv,x ®@idygx) o (Idx+gy: ® oxy) = txey © (Yxy ®idxgy) o (0x+y+ @ idxgy).

Observe that

tyax © (Yyx ®@idygx) o (ldx gy ® 0xy) = tygx © (idyex) ® oxy) o (Vy,x ® idxgy)

= Lxgy © (0 y ®idxey) o (Yv,x ®idxey)

by the dinaturality of ¢, so it is sufficient to prove that

U;(,Y OV, x = VXY OOX*Yy*. (2.4)

Using the dual objects X* @Y™ and Y*®@ X* of Y ® X and X ®Y, respectively, one can show
that ox«y« = 0%y by Theorem 1.4.1. Then, via yxy: Y* ® X* = (X ® Y)*, this can be
transported to other versions of the dual object so that we arrive at (2.4). Thus nxy = &xy
and, in particular, 7 is a dinatural transformation, so by the universality of tx ® ¢y there is
a unique morphism my, such that my o (tx ® ty) = nxy. The uniqueness implies that this

is the same morphism mj, obtained from {x y.

2.2 Unit

We now discuss the unit of L. In this section, we will not assume that the unit constraints
are identities. First, we show that the unit object I is both a left and right dual of itself.
Recall that A\; = p;, and observe that

id; @ A\ = Argr = A\ ®idy
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by naturality. Therefore

Aro(id; @ A7) o (A ®@idy) o A7t = Aro (id; ® Ar) o (Ao (\; ®@id;)) "
= Ao Awro (Ao

- id[v
and

/\[ e} ()\] & ld[) o <1d] X )\;1) o )\I_l = )\] o (/\[ & ld]> (©] (/\[ o <1d] X /\[))_1
— )\[ o /\I®I (] (/\] O )\[@[)_1

= id;.
These relations show that the object I, together with the morphisms
evy = Ar = pr
and
oyl 1
coevy = A\, =p;,

satisfies the conditions of both a left dual and a right dual in Definition 1.3.1.

Now, using the left dual I* = I, we can define the unit of L as
up =170\ 1 [ — L, (2.5)

where ¢ is the universal dinatural transformation associated to L. We prove the left unitality
of ur, i.e.,
mLo(uL®idL) = )\L. (26)

By the universality of ¢, it is sufficient to prove that

mry, © (UL X ldL) @) )\Zl Olx = lx.

1

By the naturality of A, we have A\;' oty = (id; ® tx) 0 Ayigx, and hence

mp o (ur ®idyg) o )\Zl otx =mpo(ty®idg) o ()\I_l ®idy) o (id; ® tx) o )\)_(1*®X

=mpo(ir®ix)o (AN ®@idx-gx) o )‘X}‘®X

=& xo (A ®@idx-ex) 0 Afigys
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where ¢ is the dinatural transformation defined as in (2.1). Inserting the definition of & x,

and applying the naturality of o, this equals

Liox © (V1,x ®idrgx) 0 (Orerx- ®idx) o (A7 ®idx+ex) 0 Afgx

= t1px © (Vr,x ®idigx) o (idx- ® AJ' ®idx) o (o7,x+ ®idx) 0 Ayig -
Now by [5, Lem. XI.2.2, p. 283], we have
Avrex = (At ®idy),
and by [5, Prop. XIII.1.2, p. 316], we have
Orx+ = px+ © Ax+,

so the above expression reduces to

ligx © ('7[,X X id[®X) e} (ldX* X )\;1 (%9 ldx) o (p}i ® ldx)
= 11ex © (V1.x ®idjex) o (idy- ® p;' ®idx) o (px- ®idx).

By another application of [5, Lem. X1.2.2, p. 283] and the naturality of p, this equals

trax © (V1.x @idrgx) 0 (pxier ® idx) © (py: @ idx)
=ligx © (’YI,X X id[@X) e} (p;ﬁ & ld] X 1dx) o (p)—(}F ® ldx)

To complete the proof, we need the following relation:
Yix 0 pxs = N (2.7)
By Theorem 1.4.1, this is equivalent to
evy o (idx- ® Ax) = evigx o (Y1.x ®idgx) © (pxs @ idsgx).

When the unit constraints are not assumed to be identities, the characterization (1.16) of v

says that

evigx © (Yr,x ®idigx) = evy o (idx+ ® Ax) o (idx+ ® ev; ® idx)

= €evVyx O <1dx* & Ax> ] (idx* (024 )\[ (029 idx),
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and, as a consequence of the Triangle Axiom (1.2), we have
Py ®id; = idx- @ A\,
Therefore

evigx © (vr.x ®idrgx) © (,0; ®idrgx)

= evx o (idx- ® Ax) o (idx- ® A\; ® idx) o (p5: @ idsgx)
=evy o (idy- ® Ax) o (idx- ® \; ® idx) o (idx- ® \;! ®idx)
=evy o (idx- ® Ax),

and this establishes (2.7).

Thus, continuing the calculation,

trax © (11,x ®idiex) o (px: ®idr ®idx) o (px- ® idx)
= t1ex 0 (A ®idsex) o (py» ®idx)

= 1x o (idx+ ® Ax) o (px+ ®idx)

= 1x o (px+ ®idy) o (pxt ®idy)

=lx,

where we have used the dinaturality of ¢ and another application of (1.2). This establishes

the left unitality of uy; the right unitality is proved similarly.

2.3 Coproduct

To define the coproduct of L, we begin with a dinatural transformation (x: X*® X — L®Q L
defined by

(x = (tx ®tx) o (idx+ ® coevy ® idx). (2.8)
The dinaturality of ( means that the diagram

V*®0 X f*Ridx

X*® X
idy+«®f Cx

V'Y — s Lol
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commutes for all morphisms f: X — Y in C. By the dinaturality of + and Theorem 1.4.1,

we have

idx~ ® coevy ®idx) o (f* ®idy)

ff®idy ®idyx: ®idy) o (idy+ ® coevy ® idx)
idy~ ® f ®idx+ ® idx) o (idy+ ® coevy ®idx)
idy: ® idy ® f* ®idx) o (idy« ® coevy ® idx)
idy+ ® idy ® idy+ ® f) o (idy- ® coevy ® idy)

CXC)(f*@idx):(LX(X)Lx)O

Il
=
X
3

o

I

—~

~

~

&

~

>
S~— N S

o
N~

and this proves that ( is dinatural. By the universality of ¢, there is a unique morphism
Ar: L — L ® L such that Ay otx = (x for all objects X in C.

We now prove the coassociativity of Ay, which means that
(AL & ldL) O AL = (ldL X AL) o} AL-

Since ¢ is dinatural, each of (A;, ® idy) o Ap oty and (idy, ® Ap) o Ap o 1x also define a

dinatural transformation. Therefore, by the universality of ¢, it is sufficient to prove that
(AL (%9 ldL) e} AL Olxy = (ldL & AL) o AL Olx.
We have

(AL ®idg) o Apoux
= (A ®idg) o (x

Ap®idp) o (Lx ®tx) o (idys ® coevy @ idy)

(x ®ix)o (idy+ ® coevy ®idy)

Ix @ty ®tx)o (idx- ® coevy ®idy ® idy«gyx) o (idx« ® coevy ® idy)

(
(
(
= (1x ®1x @x)o (idx+ @ coevy ® coevy ® idy),
and a similar calculation shows that

(idp ® Ap)oApory = (bx Ly ®ty) o (idy+ ® coevy ® coevy ® idx).

This establishes the coassociativity of Ap.
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We now prove that Ay is an algebra homomorphism, which means that
Apomp =mrgr o (AL ®Ap)

and

AL oCur =ULgL-

For the multiplicativity of Ay, it is sufficient by the universality of tx ® ¢ty to prove that
Apompo(ix ®iy) =mrer o (AL ®Ar)o (1x ®ty),

ie.,
Apoéxy = (mp®@mp)o (id, ®op, ®idg) o ((x ® Cy),

where £ is the dinatural transformation defined as in (2.1). For the left-hand side of this

equation, we have

Apoéxy

= Apoixgy o (Yxy ®idxgy) o (0x+gx,y+ ®idy)

= (xov © (Yxy ®idxey) o (0x+gx,y+ ®idy)

= (txay ® txey) © (ldxey) ® coevxgy ® idxgy) o (Yxy ®idxey) o (0x+gx,y+ ® idy)

= (txey @ txgy) o (Yxy ® coevygy ® idxgy) 0 (0x+gxy+ @ idy).

For the right-hand side, we have

(mr®mp)o (id, ®op L ®idg) o ((x ® Cy)
=(mr@myg)o (id, ®or®idy) o (1x @ tx ® ty @ ty)
o (idy+ ® coevy ® idy ® idy« ® coevy ® idy),

which, by the naturality of o, equals

(mp@mp)o(tx @ty ®tx ®ty)o (idxrgx ® oxexyoy ® idygy)
o (idx+ ® coevy ® idxy ® idy+ ® coevy ® idy)
= ({xy ®&xy) o ([dxrax ® ox-gx,y ey ® idy-gy)
o (idx+ ® coevy ® idy ® idy~ ® coevy ® idy)
= (txay ® txey) © (Vxy ®idxgy ® 7xy ® idxgy) 0 (0x+gx,y* ®idy ® ox+gx,y- ®idy)

(0] (ldX*@X ® UX*@X,Y*@Y ® ldy*®y) O (1dX* ® COGVX ® ldX ® ldy* ® CoeVY ® ldY)
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By the braiding axioms (1.3) and (1.4), we have

oxraxyroy = (ldy ® ox+y ®idx) o (ox+y+ ®@idy ®idx)

o (idy+ ®idy- ® ox,y) o (idx+ ® ox,y+ ®idy),
and hence the above expression becomes

(txey @ txey) o (Yxy ®idxgy ® 7xy Qidxgy) 0 (Oxgxy+ ®idy @ oxgx,y* ®idy)
o (ldx+gxgy: ® ox+y @ idxey+gy) 0 (ldxgx @ ox+ v+ ®idygxegy+oy)
o (ldx*exex ey ® oxy ® idy+gy) o (ldx gxex ® oxy+ ® idygy+ay)
o (idx+ ® coevy ® idxgy+ ® coevy & idy)
= (txey @ txgy) o (Yxy ®ldxgy @ Yxy @ idxgy) o (0xaxy ®idy @ ox+gx vy~ @ idy)
o (idx-gxey+ ® ox+y ®ldxgy+gy) o (ldx+gx ® ox-y+ ® ldyexey-ay)

o (idx* ® coevy & idy* &® oxy X idy*®y) 9 <1dx* (24 OxXy* X coevy & 1dy>

Applying (1.9) to the morphism (idy ® ox+« y«) o (coevy ®idy+) and the braiding axiom (1.3)

to ox+gx v+, this equals

(txey @ txey)© (Vxy ®idxgy ® 7xy @ idxgy) 0 (0x+y+ ® idxgy ® ox+y+ @ idxgy)
o (ldx ® oxy* ®@idygx: ® oxy+ ®idy) o (ldx+gxgy ® ox+y ® idxgy+ey)
o (idx+ ® 0§}y* ®idxgyexsy+ey) © (ldxgyr ® coevy @ oxy @ idy+gy)
o (idx« ® oxy~ ® coevy ® idy)
= (txay @ txgy) ° (Yxy ®ldxgy @ 7xy Qidxgy) 0 (0x+y+ @ ldxgy ® oxy+ @ idxgy)
o (ldx+gy+gx ® ox+y ® oxy+ ®idy) o (ldx+gy+gxex @ oxy ® idy+gy)

o (idx+gy+ ® coevy ®idx ® coevy ®idy) o (idx+ ® oxy+ @ idy).
Then, applying (1.7) to the morphism (oxy ® idy+) o (idx ® coevy), we obtain

(txoy @ txey) o (Yxy ®idxgy ® 7xy ® idxgy) 0 (0x+y+ @ idxgy ® ox+y- ®idxgy)
o (ldx*gy+ax ® ox+y @ oxy- ®idy) o (ldx+gy e xex ey @ ‘7)_(,11/* ® idy )
o (Idx+gy+ ® coevy ® coevy @ idxgy) o (idx+ ® oxy+ ® idy)
= (txay @ txgy) © (Vxy ®idxgy @ 7xy ®idxgy) 0 (0x+y+ ®ldxgy ® ox=y+ @ idxgy)
o (idx gy opx ® ox+y @ idy-gxey) © (idx oy-axex: @ coevy @ idxey)

o} (idX*®Y* & coevyx ® 1dX®Y) e} (ldX* X O-ny* ® ldy)
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Applying (1.7) again, to the morphism (ox+y ® idy+) o (idx+ ® coevy ), we obtain

(txey @ txgy) o (Yxy ®idxgy @ vxy @idxegy) © (0x+ v+ ®idxgy ® ox-y+ ® idxgy)
o (ldx gy axsy ® Uii,y* ®idxgy) © (idx gy ex ® coevy ® idx-gxay)

o (idx*@)y* X coevy K idX®y) o (ldX* KXoxy & idy),
which simplifies, using the braiding axiom (1.3), to

(txey ® txgy) © (Vxy ®idxey ® 7xy ®idxgy) o ([dy gx+ex ® coevy ® idxgxey)

e} (idy*@,x* ® coevy ® idX®y) e} (Ux*(g)x’y* & ldy)
Finally, by the characterization (1.17) of 7, this equals
(txoy @ txey) © (Yx,y ® coevyxgy ® idxgy) o (0x+gx,y- ®idy).

This establishes the multiplicativity of A;. That Ay preserves the unit follows from the

definitions of Ay, and wuy, and the definition of urgy, as in (1.32):

ALOUL:ALOL[:Q}:L[@LIZUL@L.

2.4 Counit

We now obtain the counit of L. Observe that evx: X*® X — I from Definition 1.3.1 defines
a dinatural transformation, since the dual morphism f* of any morphism f: X — Y in C is

characterized by the commutativity of the diagram

[r®idx

Y*® X X*®X
idy~®f evx (2.9)
YV*®Y oY > I

by Theorem 1.4.1. Therefore, by the universality of ¢, there is a unique morphism e,,: L — [

such that e, o 1x = evx for all objects X in C.

The counitality of €;, means that

(5L ®ldL) OAL = ldL = <1dL ®€L) OAL.
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For the left equation, it is sufficient by the universality of « to prove that
(ep ®idp) o Ap oy = ix,
ie.,

(6L ®idy) o (x = tx,

where ( is the dinatural transformation defined as in (2.8). By Definition 1.3.1, we have

(e ®idp) o(x = (6L ®idy) o (1x ® tx) o (idx+ ® coevy ®idx)
= (evy ®tx) o (idy+ ® coevy ® idy)
=1lx © (evX (029 ldX* X ldX> o (idx* X coevy & ldx)

= lx,

as required. The right equation is proved similarly.

Next, we prove that ¢, is an algebra homomorphism. Recalling that m; = A; = id;, the

multiplicativity of e, means that
epomp=myo (e Rep) =er Rer.
It is sufficient by the universality of 1x ® ty to prove that
erompo(tx ®ty) = (L ®er) o (1x D ty),

ie.,
€L © fX,Y =evy ® eVy,

where ¢ is the dinatural transformation defined as in (2.1). By the characterization (1.16)

of ~, the naturality of o, and the fact that o7y« = idy+ by (1.6), we have

eroéxy =€rotxgy © (Vxy ®idxgy) o (Ox+gx,y+ @ idy)
= evxey © (Yxy ®idxey) o (0x+gx,y+ ®idy)
= evy o (idy- ® evy ®idy) o (0x+gx,y+ ® idy)
=evy o (o7y- ®idy) o (evy ® idy~ ® idy)

=evy ® evy,

as required.
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That e, preserves the unit follows from the definitions of €, and uy, and the definitions
Uur = )\] = ld[ and evy = /\[ = id]i

ErLoUr =€, 0Ly =€evVy =1Uy.

2.5 Antipode

So far we have shown that L is a bialgebra in C. We now describe its antipode. We begin

once again by defining a dinatural transformation. Let

Xx = (evX & Lx*) o (idx* &® UX**@X*,X) e} (COGVX* &® idx*®x). (210)

The dinaturality of x means that the diagram

Vi X 18 xvrgo x
ldy*®f XX
Y*QY X s 1

commutes for all morphisms f: X — Y in C. By the naturality of o, the characterizations

of dual morphisms given in Theorem 1.4.1, and the dinaturality of ¢, we have

Xy © (idy~ ® f)

idy+ ® oyssgy=y) o (coevys ® idy» ® idy ) o (idy+ ® f)

idy+ ® oywgyy) o (idys ® idy« @ idy- ® f) o (coevy- ® idy+ ® idx)
idy+ ® f @idy« ® idy«) o (idy+ ® Oy=+gy+ x) 0 (coevys ® idy~ ® idx)
ff®idy @idys« ®idy«) o (idy+ ® oy«sgy+ x) 0 (coevys ® idy~ ® idx

@)
- S/

)

) )
idx: ® oyegys x) o (idx- ® f** ®idy: ®idy) o (coevys ® idy« ® idy)
idy- ®idy ® f* ®@idy+) o (idx- ® oxgy- x) )
idys ®1idx ® idx« ® f*) o (idx+ ® oxwgy+ x) 0 (coevxs ® idy« ® idx)
idx- ® oxwgx+ x) o0 (idx ®idx« ® f* ®@idx) o ( )
(/" ®idx)

idys ® oysgy+ x) o (f* ®idy+ ®@idy+ ® idy) o (coevys ® idy~ @ idx

o (coevys ® idy+ ®idy

coevys ®idy« ®idy

[©)
AAAAA/—\A

ldx* X UX**@X*,X) o (COGVX* (%9 ldx* X ldx)
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as required. Thus, by the universality of ¢, there exists a unique morphism Sy such that

Sp outx = xx for all objects X in C.

We now show that Sy, satisfies the antipode equations. Recall that this means that
mp o (Sp®idy) o AL =upoe, =mypo(id, ® Sp)oAp.
For the left antipode equation, it is sufficient by the universality of ¢ to prove that
mpo (S ®idy) o Apoix =upoep oy,

ie.,
mp o (Sp ®idy) o (x = ug oevy,

where ( is the dinatural transformation (2.8). By the braiding axiom (1.4), the naturality

of o, the relation oxs+gx+; = idx=gx+ by (1.6), and Definition 1.3.1 of a left dual, we have

mp o (Sp ®idy) o (x

=mypo (S, ®idg) o (tx ®tx) o (idx ® coevy ® idx)

=mpo (xx ®tx)o (idx- ® coevy ®idx)

=mpo(evy @ty ®tx)o (Idxs ® oxogx+ x ®idx+gx)
o (coevys ®idyrgx ® idy+gx) o (idy+ ® coevy ® idy)

=&x+x 0 (evx ®idymgxs ®idy+gx) o (idys ® oxmgx+ x ®idx+gx)
o (coevyxr ®idys ® coevy ® idy)

= tx+gx O (Yx+x ®idx+gx) 0 (Ox=gx x* ®idx) o (evx ® idxmgx+ ® idy+gx)
o (ldx+ ® oxsgx+ x @idx«gx) o (coevys ®idy- ® coevy ®idy)

= tx+gx © (Yx+x ®idx+gx) o (evx @ idx+gx=gx+ ®idx) o (ldx+gx ® oxmgx+ x+ ®idx)
o (idy+ ® oxmgx x ®idx+gx) o (coevxs ®idx+ ® coevy ® idy)

= tx+ex O (Yx*x Qidx+gx) o (evy ® ldx+gx~ox ®idx) o (Idx+ ® ox=gx+ xox+ ® idx)
o (coevxr ®idys ® coevy ® idy)

= tx*gx O (Yx+x ®idx+gx) 0 (evxy ® ldx+gxgx+ ®idx) o (ldx+ ® ox=+gx+ xgx+ ® idx)
o (idy+ ®idx+ ®idx+ ® coevy ®idy) o (coevys ® idx+gx)

= tx+gx ° (Tx+x Qidy+gx) o (evy ® idx gx=gx+ ® idx)
o (idx+ ® coevy ® idxmgx+ ®idx) o (idxs ® oxmgx+1 ® idx) o (coevyxs ® idx+gx)

= lx*®Xx © (’YX*,X X idX*@X) o (COGVX* X idX*@X)'
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Now by the dinaturality of ¢,
Lx+gox 0 (evy ®idysgx) =t 0 (id;» @ evy) = up oevy,

so if evy = vx+ x o coevx+, then the result will follow. By Theorem 1.4.1, it is sufficient to
prove that

evyo (id ®evy) = evxsgx © ((yx+x © coevy«) ® idy-gx),

and this follows from the characterization (1.16) of . If we express the multiplication my in
the alternative form obtained from (2.3), then the proof that Sy, satisfies the right antipode
equation is analogous. This establishes that the coend L is a Hopf algebra in C.

2.6 The Hopf pairing

In this section, we consider the morphism w: L ® L — I that is induced by the dinatural

transformation defined by
wxy = (evX (%9 eVy) 9] (idx* ® (O’y*yX o O)Qy*) @ idy).

By the universality of tx ® ¢y, there exists a unique morphism w: L ® L. — I such that
wxy = wo (tx ®ty). We will prove that w is a Hopf pairing, which means that it satisfies

the following identities:

w O (mL & ldL) = wo (ldL Xw® ldL) o (ldL (24 ldL & AL) (211)
w O (ldL & mL) = wo (ldL Rw® ldL) e} (AL (24 ldL & ldL) (212)
WO(UL®idL) ZEL:wo(idL@)uL) (213)

See also [17, p. 10].
The dinaturality of wxy means that for all morphisms f: X — Xandg: Y - Y inC,
the following diagram commutes:

[ ®idx®g* ®idy

X*XYV*QY y X QXY QY

id g« ® fQidy« ®g wx,y

X*XeV*eY Y s Lo L
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By the naturality of ¢ and Theorem 1.4.1, we have

wxy o (f"®idy ® ¢" ®idy)
= (evx ®evy) o (idx+ ® (oy+ x 0 oxy+) ®idy) o (f* ®idx ® ¢" ®idy)
= (evy ®evy) o (idx- ®idy ® g" ®@idy) o (f* @ (0g. x 0 0x y.) ®idy)
= (evx ®evy) o (f"®idx ® " ®idy) o (idg. ® (05+ y 0 0x 3+) ® idy)
= (evg ®@evy)o (ldg. @ f®idp. ® g) o (idg. ® (07 x 00y pu) ®idy)
o (idg. ® (0y. g 0 0% 3+) ®g) o (idg. @ f ®idy. ®idy)
(idg. ® (0y- g 005 y-) ®idy) o (idg. ® f ®idy. ® g)

= wgyo(dg. ® f®idg. ®g)

v)
Vi ®@evyg)o

as required.

To prove (2.11), it is sufficient by the universality of ty ® ty ® 1z to prove that
wo (mp®idp)o(tx @ty ®iz) =wo (idy ®w®idy) o (id, ®idy, @ Ap) o (Lx ® 1y R tz),

ie.,
o (EX,Y & Lz) =wo (idL Rw® idL) o (LX Xy K Cz),

where ¢ is defined as in (2.1) and ( is defined as in (2.8). For the right-hand side of this

equation, we have

wo (id ®w®idy) o (ty Rty @ z)
=wo(id, ®@w®idy) o (tx Rty @tz ®tz)o (ldxgx ® idy+gy ®idz: @ coevy ®idy)
=wo (tx ®iz)o (ldygx ®wyz ®idzgz) o (ldygyx ® idy+gy ® idz- @ coevy ®idy)
= wx,z © (idx-gx ®evy ®evy ®idzgz) o (ldx-gxgy+ ® (0z+y 0 0y z+) ® idzgz-0z)
o (idx+gx ® idy+gy ® idz« ® coevy ® idy)
= (evx ®evy)o (idy ® (07« x 0 0x z+) ®idz) 0 (ldxgx ® evy ® evy ®idg-gz)
o (ldx+gxgy ® idygz @ coevy ®@idz) o (idx+gxgy+ @ (0z+y 0 Oy z+) ® idy)
= (evx ®evy)o (idy: ® (0z+ x 0 0x 2+) ®idz) o (Idxgx ®evy ® idz+gz)

(@) (ldX*®X®Y* ® (O-Z*,Y @) O-Y7z*) ® idZ)7

where we have used Definition 1.3.1 of a left dual Z*. For the left-hand side, we have by the
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characterization (1.16) of  and the braiding axioms (1.3) and (1.4) that

wo (€xy ®tz)

=wo (txgy ®iz) o (Yxy ®idxgy ®idzgz) o (0x gxy ®idy ®idzgz)

= wxey,z © (Yxy ®idxey ®idzez) o (0x-gxy- ®idy ®idz-gz)

= (evxgy ®evz) o (id(xey) @ (02¢ xey © Oxay.z<) ®idz) o (vxy ®idxey @ idz-gz)
o (0x+pxy ®idy ®idzegz)

= (evxay ®evy) o (Yxy @ idxeyez ®idy) o (Idy«gx- ® (02+ xey © Oxey.z-) ® idy)
o (0x-gx.y+ ®idy ®idz-gz)

= (evy ®evyz) o (idy- ® evy ®idy ® idz-gz) o (idy+gx+ ® (0z+ xey © Oxgy,z+) ®idz)
o (oxaxy- ®idy ®idz-gz)

= (evy ®evyz) o (idy- ® evy ® idy ®idzgz) o (idy-ex+ ® 07- xov ®idz)
(o & msar s & )0 (xrary. iy i)

= (evy ®evy) o (idy ® evy ®idy ®@1idz+gz) o (Idy«gx+ ®idx ® 02+ y ® idy)
o (idy+gx- ® 07+ x ®idy ®idz) o (idy+gx- ® oxz+ ®@idy ®1idz)
o (ldy+gx+ ®idy ® oy z- ®idz) 0 (ox+y- ®idx ®idy ®idzz)
o (idy- ® oxy+ ®idy ®idzegz)

= (evy ®evz) o (idy- ® evy ®idy ®idzgz) 0 (0x+y+ @idy ® 07+ y ®idz)

o} (ldX*®Y* & (O-Z*,X O O-X7Z*) X ldY X le) (¢] (ldX* [ OXx y* X Oy, z* (029 le)
An application of (1.10) to ox« y«, followed by an application of (1.8) to oz-y, yields

(evy ®evy) o (evy ®idy« ® idy ® idz«gz) o (idy+ ® ‘7)_<,1Y* ® 0z y ®idy)
o (ldx+gy+ ® (0z+ x 0 0x,2z+) ®idy ®idy) o (idx+ @ oxy+ ® Oy z+ ®idy)
= (evy ®evz) o (evx ®idy ®idy ®idz-gz) o (idx- ® 0xy. ® 02+ y ®idy)
o (ldx+gy+ ® (0z+ x 0 0x,2z+) ®idy ®idy) o (idx+ @ oxy+ ® Oy z+ ®idy)
= (evx ®evyz) o (ldygx ® evy ®idzgz) o (idx- @ idyey: ® 07y ® idy)
o (idx+ ® oy ®idzegy ®idz) o (idx+gy+ @ (02+ x 0 0x z+) ® idy ®idg)
o (idy+ ® ox,y+ ® oy,z- ®idyz)
= (evx ®evz) o (dxrex ®idz @ evy ®idy) o (dy- ®idx ® 0! . ®idy ®idy)
o (idx- ® oxly. ®idgegy @ idy) o (idx gy ® (07-x 0 0x,2+) @ idy ®idy)
o(ldx+ ® oxy+ ® oy z« ®idy).
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Applying (1.3) to aggz*y*, the naturality of 0!, and then (1.3) again, this equals

(evx ®evyz) o (idyrgx ®idz: ®evy @idy) o (idx+ ® Oxfze y- @ idy ®idy)
o (idx+gy+ ® (0z+ x 0 0x z+) ®idy ®idz) o (idx- ® ox y+ ® oy z+ ®idz)

= (evx ®evz) o (ldxgx ®idz- ® evy ®idy) o (idx- ® (0z-x 0 0x,z-) ® idy- @ idy ® idz)
o (idx ® Oxgzey- ®idy ®idz) o (idx- ® ox,y+ ® 0y,z- ® idz)

= (evxy ®evy) o (ldx-gx ®idz- ® evy ®idy) o (idx+ ® (02 x 0 0x,z+) ® idy~ ® idy ®idz)
o (idy- @ idx @ 05!y ®idy @idy) o (idy- @ 0%y ®idye @idy @idy)
o (ldx+ ® oxy+ ® oy z« ®idy)

= (evx ®evz) o (idxrgx ®idz- ®evy ®idz) o (dx+ ® (02 x 0 0x,z+) ®idy+ ®idy ®idg)
o (idx- ®idx ® 07! y. ®idy ®idz) o (idx- @ idxay- @ oz ®idy)

= (evx @ evy) o (idx- ® (0z- x 0 0x.2-) ®idz) o (idx- @ idxgz ® evy @ idy)

o (idx+ ®idx ® 05! . ®idy ®idg) o (idy+ ® idxgy+ ® oy,z- ®idy).
Finally, we apply (1.8) to 02373/* to obtain

(GVX & eVZ) ¢) (idX* (29 (UZ*,X e} UX,Z*) & ldz) (e} (idx* & ldX XK evy K idz* ® ldz)
o (idX* X ldX X idy* X Oz*Yy X le) @) (ldX* X idx®y* X Oy, zx* X idz),

which is equal to the right-hand side.

To prove (2.12), it is sufficient by the universality of tx ® ty ® 1z to prove that
w o (LX ®§Y,Z) =Wwo (ldL X w ®1dL) o (CX Ry K Lz).
For the right-hand side, we have

wo (id, @w®idy) o ((x Rty ®tz)
=wo (id,®w®idy) o (tx ®ix @ty ®tz) o (idx- ® coevy ® idx ® idy«gy ® idz«gz)
=wo (1x ®iz)o (ldxgx @wxy ®idz+gz) o (idx+ ® coevy ®idy @ idy«gy ® idz+gz)
=wx,z 0 (ldxgx ®evx ®evy ®idz+gz) o (ldx gxex ® (Oy+ x 0 0xy+) @ idygzraz)
o (idx+ ® coevy ® idx ® idy+gy ®idz+gyz)
= wx,z 0 (ldx+gx ®evy ®evy Qidggyz) o (Idx+ ® coevy ® idxgy+ @ idy ® idzgz)
o (idx+ ® (oy« x 0 oxy+) ®idy ®idzgz)

== WX,Z o (idX* ® CeVy ® idZ*@Z) o (ldX* ® (JY*,X @) O-X,Y*> ® ldy ® idZ*@Z)y
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where we have applied Definition 1.3.1. For the left-hand side, we have

wo (tx ®&yz)

=wo (lx ®tlygz) o (ldxgx ® Vvz ®idygz) o (ldxgx @ oy gy.z+ @ idz)

=wxyez° (ldxgx ®1vz ®idygz) o (ldxrgx @ Oy gy.z- ®@idz)

= (evx ®evygyz) o (idx+ ® o(yez) x Q@ idygz) o (idx: ® ox,(vez) ®idygz)
o (ldx+gx ® 1v,z @idygz) o (idx-gx ® oy-gy,z- ®idyz)

= (evx ® evygyz) o (idx ® oygz)x ®@idygz) o (Idx- ® v,z ® idx ® idygz)
o (idy+ ® 0x zrgy+ Q@ idygz) 0 (ldx+gx ® Oy+gy.z+ ®idy)

= (evy ®evygyz) o (ldx+ ®idx ®@ Vy.z ®idygz) o (Idx+ ® 0z+gy+ x @ idygz)
o (idx+ ® ox 7@y @idygz) 0 (ldx+gx @ Oy+gy,z+ ®idyz)

= (evx ®evy)o (ldx+gx ®idz ®evy ®idy) o (idx ® 02+ x ®idy ® idygz)
o (ldx+ ®idz ® oy» x ®@idygz) o (Idx* ® idz ® oxy+ ®idygyz)
o (idy+ ® 0x 7+ ®idy+ @ idygz) o (ldx+gx @ Oy+gy.z+ ®idz)

= (evx ®evy) o (ldx+gx ®idz ®evy ®idy) o (Idx ® 02+ x @idy- ® idygz)
o (ldx+ ®idg« ® (oy« x 0 oxy+) ®idygyz) o (ldx ® oxgy+gy .z« ®idy)

= (evx ®evy)o (ldx ® 02+ x ®idy) o (idy+ ® idzgx ® evy ®@idy)
o (idy+ ® oxgy-eyz ®idz) o (idx« ® (oy« x 0 oxy+) ®idy ®idz: ® idz)

= (evx ®evy) o (idys ® oz« x ®idy) o (idy+ ® ox 7+ ®idy)
o (ldx+ ®idy ® evy ®idz« ®1idz) o (idx+ ® (oy+ x 0 oxy+) ®idy ®idz- ®idy)

= (evx ®evy)o (idx ® (0z+ x 0 0x,z+) ®idy) o (Idx+ ®idx ® evy @ idy @1idy)
o (idy+ ® (oy~ x 0 oxy+) ®idy ® idz @ idy)

= wx,z 0 (ldx+gx ® evy ®idz«gz) o (Idx- ® (oy+ x 0 ox,y+) ® idy ® idz+gz),

as required, where we have used the characterization (1.16) of 7 and several applications of
the naturality of o and the braiding axioms (1.3) and (1.4).

Finally, we prove the left equality in (2.13); the right equality is proved similarly. For
this calculation, we do not assume that the unit constraint X is the identity transformation.

It is sufficient by the universality of ¢ to prove that

wO(uL®idL)O)\ZloLX:€LOLX:eVX.
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We have

wo (up ®idy) o A\t oy

=wo((tyoAH)®idy) oA oy

—wo ((ro A @idy) o (id; ® 1x) 0 Axlex

=wo (1 ®ix)o (A ®idxrex) o A\iex

=wrx o (A @idx-ex) 0 Ayigx

= Ao (evy®evy)o (idp @ (ox- 0 orx-) ®idx) o (A ®idxrex) 0 Aigx
=Xo(A®evy)o (A ®idxrgx) o Axiay

= Aro (id; ® evy) o Ao x

=)0 )\;1 oevy

= €Vyx,

where we have used the naturality of A, and the fact that ox«; o0 o7 x» = idigx- as a
consequence of [5, Prop. XII1.1.2, p. 316].



Chapter 3

Duals and homomorphic images of

categorical Hopf algebras

In this chapter, we show that a dual object of a Hopf algebra in a braided category C with
duality is again a Hopf algebra in C, and that, if C is an abelian tensor category, an image
of a Hopf algebra homomorphism in C is a Hopf algebra in C. We then consider morphisms
Wi H— H* and W": H — *H induced by the Hopf pairing. We see that these morphisms

are in fact Hopf algebra homomorphisms, so that their images are Hopf subalgebras.

3.1 Duals of categorical Hopf algebras

Let H be a Hopf algebra in a braided category C with left duality. We now discuss how
the left dual object H* is again a Hopf algebra in C. The structure morphisms on the dual
object are defined slightly differently than in the case of the dual vector space of an ordinary
Hopf algebra.

Recall that if H is a finite-dimensional Hopf algebra in the ordinary sense, then the dual

space H* is also a Hopf algebra, whose product can be expressed in Sweedler notation as

() (h) = @(h))(h) (3.1)

and whose coproduct can be expressed as

) (h)pe)(h) = p(hh'), (3.2)
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for p,¢» € H* and h,h' € H. Equation (3.1) means that
mu(p @ Y) = Ap(p ® 1),
where p ® » € H* @ H* is viewed as the element in (H ® H)* defined by
(p@Y)(h&N) = p(h)p(I)
for h,h' € H; and (3.2) means that
An=(p) = my(p),

where mj; () is viewed as an element of H* ® H*. These identifications are valid because,

in the finite-dimensional case, the vector space H* ® H* is isomorphic to (H @ H)*.

In the categorical context, however, the objects X*®Y™* and (X ®Y)* are not isomorphic
in general. Instead, Y* ® X* is isomorphic to (X ® Y)*, by the natural isomorphism ~
characterized by (1.16). Thus, for a left dual object H* of a Hopf algebra H in C, we define
the product as

mp = Ay o YuH (3.3)

and the coproduct as

Ape =Yy © M- (3.4)

The unit of the dual H* is defined as the dual of the counit of H:
upg = I =1"— H".
The counit of the dual H* is defined as the dual of the unit of H:
g =uy: H* = I"=1.
The antipode of H* is the dual of the antipode of H:
Sy» =Sy H — H".
We prove only that Ag-« is multiplicative, i.e., that

AH* ompyx = (mH* X mH*) (¢] (ldH* X OH* H* (024 ldH*) O (AH* X AH*)
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Using the definition (1.11) of a dual morphism and Definition 1.3.1 of a left dual object,

A g 0 Mg
= 713}1{ omy o Ay ovum
= vg}H o (evy ®idpgm)) o (idg- ® my ® idmgm)-) o (idg- ® coevygn)
o (evhgy @ idy+) o (Id(rem ® Ay ®idg-) o (id(reH)» ® coevy) o Yu i
= VE}H o(evagr ® evy ®id(gem)) o (dHemn)eren ®idg ® my @ id(gem:-)
o (Id(em: ® Ay ®@idy+ ® idpenemen)) © ([dHem: ® coevy @ coevygn) © Yuu
= Yiw © (eVaen ® idmem-) o (i[daem © Ay @ evy ® idmemn-)
o (id(gemy» ® coevy @ my ® idmgm)) o (idmem): ® coeVhgn) © Yu,u
= Vi © (eVuen ® idmem) o ([dmem: ® Ay @ idmem-)
o (id(xgm ® my @ idgem-) © (id(nem) ® cOeVhen) © Viun
= (evyen ®idggn+) o (Yan ® ldpen @ Wdprgn+) © ([dpgr @ (Ag ompy) @ idgrgu-)

o} <1dH*®H* X 1dH®H & ’71:(71}[) o) (idH*(g)H* (%9 COGVH®H).
Since Ay is an algebra homomorphism, we have
AH omyg = (mH X mH) ©] (ldH X UH,H X ldH) O (AH X AH),
and, by the characterizations (1.16) and (1.17) of 7, we have
eVH®HO(’yH7H®idH®H) = €evy o (ldH* ®evH®idH) (35)
and
(idpenr ® ”Yﬁ,lH) ocoevygy = (idy ® coevy @ idy+) o coevy. (3.6)
Thus, the above expression is equal to
(eVH & idH*(X)H*) (0] (ldH* & evy X ldH & idH*@H*) o) (idH*@H* &® mmg ® mpy ® 1dH*®H*)
o (idH*®H* X idH ® OH,H & idH (%9 idH*®H*) o (idH*®H* ® AH ® AH ® idH*®H*)
o (idH*®H* ®idy ® coevy ® ldH*) o (idH*@)H* ® COGVH>
= (evy ®idy+gy+) o (g @ my ® idggr+) o (idy @ evy ® idyey ® idggm-)
e} (idH*®H* & meg X ldH®H X idH*@H*) o} (idH*(X)H* X ldH & OH H & ldH &® idH*@H*)

e} (idH*®H* & AH X ldH*) (¢] (idH*(X)H* & COGVH).
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Applying Theorem 1.4.1 to my and Apg, this equals

(eVhen ® idy=gu-) o (My @ idyen @ idg-gu-) o (idy- ® eVhgn ® idyen @ idy-gn-)
o (idg- ® mly @ idgen @ idyey @ idgegy+) o ([dg-ep- ®idy ® ogy @ idy @ idgegy-)
o (ldpgn- ®idpen @ idgery ® Ay ®idp-) o (idgrgu+ ® idgen @ coevygy @ idy-)
o (idgrgu+ ®idyer @ A}y) o (dggu+ @ coevygn)
= (evygn ® idg-gg~) © (id(H®H)* ® evaegn @ idpgr @ g gm-)
o (id(rem)y ®id(Hen)y ®idy ® opp @ idy ® idp-gm+)
o (my ®my idpey ®idyen ® Ay @ Af)

o) <1dH*®H* &® 1dH®H (024 CoOeVhyoH (024 1d(H®H)*) @) (idH*®H* &® coevH®H).

From (3.5) and (3.6), we have

eVHgH — €V O (ldH* Xevyg ® ldH> o) (’y;l}H (024 1dH®H)

and
coevuon = (idpey @ Yum) o (idy ® coevy ® idy+) o coevy,

and hence the above expression equals
(evy @ idgrgu+) o (idy- ® evy @ idpgu-gm+) © (7;1}H ®idpenen on*)
o ([d(uem: ® evy @ idpgner-on+) © (d@Een) o ® evy @ ldyeneren-oH*)
o (id(rem)y ® VHH ®idpgrensHen en+) © (Id(Hen) e(HoH) 0H @ OnH @ idHgH 0 H*)
o (my ® my ®idugrenen @ Ay @ Ay) o ([dp-er enononen @ YrE @ idHem)-)
o (
(

1dH*®H*®H®H®H X coevyg X 1dH*®(H®H) ) (idH*®H*®H®H ®coevyg X 1d(H®H)*)

o 1dH*®H*®H®H & '.)/HH) (1dH*®H*®H X coevg ® ldH*) o (idH*®H* ® COeVH),

which further equals
(evy @idgrgu+) o (idy» ® evy @ idpgu-gm+) © (’Y;I,lH ®idpeneH on)
o (id(gem ®evy Q idpegrerren) © (IdHem er ® oo n ®idrercn)

. . . -1 .
o ([d(nemyen ®evy ®idpgrensn-en) © (i[dmen)y @ 7y y @ duenersHeH 0H*)

(0]

(
(my @ my ®idperenen @ Ay ® AY) o ([dpgrerererer @ Ya,a @ id(HeH)*)
(

e} idH*@H*@H@H X ’YH,H> o) (idH*(X)H*(X)H ® coevyg ® ldH*) @) (idH*®H* & COGVH).
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Applying (1.8) to the morphism (evy ® idy) o (idy« ® op i), we have

(evH X 1dH*®H*) o (ldH* Xevg X idH®H*®H*) o (”)/;I}H X idH®H®H*®H*)
(¢] (1d(H®H)*®H ® evy ® idH@H*@H*) O (ld(H(X)H)* ® U;I}H* ® idH®H®H*®H*)

o

my @ my @ idpgnonen ® Ay @ Ay) o ([dyeuonersnen @ Yuu @ idHem)-)

. . . _1 .
1d(H®H)*®H* Xevyg X 1dH®H®H®H*®H*> e} (1d(H®H)* (] /YH,H [ 1dH®H®H®H®H*®H*)
O

(
o
(idagreHeren @ coevy @ idp-gHam):) © ([drereren ® coevy @ id(ggm)+)
o (idp+gmenen @ vum) o (dygmen ® coevy @ idg+) o (Idpggu+ ® coevy)
= (evy ®idysgy+) o (idy ® evy @ idyguon+) © ([dponmeon @ evy Q idygm an:)
o (ldpren @ o e ® idpersn-on+) © (dp-eron ®evy ® dperensn-omn)
o (Vgu @V ®dusneHsHO H0H+) © (M) @ My ® [dugHoHoH @ A © Af)

O

(
(
o (ldpgmonsnenen @ Yag @ Yuu) ° ([dmenorsren ® coevy @ idy-gr on+)
(idpororer ® coevy @ idggn+) o (Idggror ® coevy @ idg-)

(

o (idg+gu+ ® coevy)
= (evyg ®idg+gp+) o (ildg- ® evy @ idgem-en+) © (idg+ ® evy @ idggreHeH 0 H*)

o (ldprgu- ® U;I}H* ® idugrenen+) © (dugmen ® evy @ idygnenen o)
o (A ®@ Ap+ ®idpgnonen @ mu- @ my+) o ([dpguoHenen @ coevy @ Iy gueon+)
o (Idy+oronen @ coevy & idgsgy+) o (Idggron ® coevy & idy«)
(

o (Idg g+ ® coevy),
and, applying (1.10) to the morphism (evy ® idg-) o (idg ® 05y ), we obtain

(evyg ® idgsgy+) o (idg ® evy Q idyeuren) © (dgon @ evy Q idgerer -on+)
o (idy+ ® op+ g @ idpgreaeH o) © ([ emen ® evy ® ldygHoHoH @ H)
o (Ap+ ® Ap- ®dugreren @ mu- ® mg+) o (dggrersrer ® coevy @ idg+gr gm+)
o (idH*®H*®H®H 0% coevyg & idH*®H*) ©) (idH*®H*®H & coevy & ldH*) @) (ldH*®H* X COGVH)
= (mp- @ mp+) o (evy @ idyrgu+en-gn+) © (Idu- ® evy ® coevy ® idygugH+)

o (idy+gn ®evy ® coevy ® idyrgp+) o (idygu o @ evy @ coevy & idy+)

e} (idH*®H*®H*®H* & COGVH) e} (ldH* (24 OH* H* & ldH*) e} (AH* (%Y AH*)

Finally, several applications of Definition 1.3.1 yields



o6

By similar calculations, one can show that the right dual *H of a Hopf algebra H in a
braided category C with right duality is again a Hopf algebra in C. Its product and coproduct
are defined similarly, by taking

* /
m-pg = "Apg oy

and

Ay = (Vgu) ' o “my,

where 7/ is the natural isomorphism characterized by (1.23). The unit and counit of *H are

the right dual morphisms of the counit and unit of H, respectively.

3.2 Images of Hopf algebra homomorphisms

In this section, we prove that the image of a Hopf algebra homomorphism f: A — B in an
abelian tensor category C with left duality is a Hopf subalgebra of B. First, we need the

following lemma.

Lemma 3.2.1. If f: X — Y is an epimorphism in a tensor category C with left duality,
then both f ®idz and idy ® f are also epimorphisms, where Z is any object in C.

Proof. We prove that f ® idz is an epimorphism, the other assertion is proved similarly.
Suppose that
go(f®idz) =ho (f®idz)

for some morphisms ¢: Y ® Z — W and h: Y ® Z — W. Then
(9 ®idz+) o (f ®idzgz+) o (idx ® coevy) = (h ®@1idz+) o (f ® idzgz+) o (idx ® coevy),

that is,
(g & le*) @) (ldy & COGVZ> ¢) f = (h (24 le*> ¢) (ldy X COBVZ) e} f

Since f is an epimorphism, this implies that
(g ®idz+) o (idy ® coevy) = (h ®idyz«) o (idy ® coevy).
Then

(idyw ® evyz) o (g ® idzgz) o (idy ® coevy ® idy)
= (ldW & eVZ) e} (h X idZ*@Z) @) <1dy X coevy &® idz),
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that is,

go (idY®Z X evz) ] (idy ® coevy K idz)
=ho (idY®Z X evZ) @) (ldy ® coevy & ldz>

This implies that ¢ = h, by applying Definition 1.3.1 of a left dual Z*. Thus f ® idz is an

epimorphism. O

It can be shown similarly that if f is a monomorphism, then both f ® id; and idy ® f
are also monomorphisms. This and the above lemma are actually parts of a more general
theorem [3, Theorem 7.7, Ch. 2, p. 68].

Next, we prove that if f is an algebra homomorphism, then C' = im(f) is a subalgebra,

which means that there exists a multiplication m¢g: C® C — C for C' such that the diagram

CoC —2 __, BeB

mc mp

C : s B

commutes, where ¢: im(f) — B is an image of f.

Theorem 3.2.1. Let C be an abelian tensor category with left duality. If f: A — B is an

algebra homomorphism in C, then C = im(f) is a subalgebra of B.
Proof. Since f is an algebra homomorphism, we have
mpo (f@f)=foma.

Recall that there exists a unique morphism g: A — im(f) such that f = iog by the universal
property of the kernel of the cokernel. Hence,

mpo(i®i)o(g®g)=i0gomy.
Now since 7o i = 0, where m: B — coker(f) is the cokernel of f, we have

mTompo(i®i)o(gRg)=moiogomy

=0.
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But g ® g is an epimorphism by Lemmas 1.5.1 and 3.2.1, so this implies that
7T0mBO(7;®’i) =0.

Now, by the universal property of 7, there exists a unique morphism m¢: C ® C' — C' such
that

mpo (i ®1i) =1iomg.

Furthermore, it can be shown that m¢ satisfies the definition of a product on C, and hence

(' is a subalgebra of B. Its unit satisfies 7 o uc = up. O

The next task is to prove that C' = im(f) is a subcoalgebra, which means that there
exists a coproduct Ag: C' — C' ® C such that the diagram

C®C——@—+B®B

Ac AB (37)

C ‘ s B

commutes, where ¢: im(f) — B is an image of f.

Theorem 3.2.2. Let C be an abelian tensor category with left duality. If f: A — B is a

coalgebra homomorphism in C, then C =1im(f) is a subcoalgebra of B.
Proof. We first prove that there exists a morphism do: C — C' ® B such that
(i@idB)O(SC :ABOi,

where i: im(f) — B is an image of f. Let m: B — coker(f) be a cokernel of f, and write
f =10g. Then, using the fact that f is a coalgebra homomorphism, and that 7o f = 0, we

have

(r®idg) o Apoiog= (n®idg)oAgo f
T®idg)o (f® f)oAy

0® f)oly

0oAy

= (
= (
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Since ¢ is an epimorphism by Lemma 1.5.1, this implies that (7 ® idg) o Agoi = 0. It can
be shown by similar reasoning as in Lemma 3.2.1 that ¢ ® idg is the kernel of 7 ® idg. Thus,

by the universal property of the kernel, there exists a unique morphism s such that
ABOi = (i@idB)O(SC',

as asserted.

Next, we show that (ide ® 7) 0 d¢ = 0. Letting D = coker(f), and again using the fact

that f is a coalgebra homomorphism, we have

(t®idp)o (idg®@7m)odcog= (idg@ 7)o (i®idg)odcog

)o
(idp®@m)oApgoiog
(idp®@m)oApgo f
idp ® ) (f®[f)oAy
f®0)o
oAy

(
= (

0
0.

Since ¢ is an epimorphism, this implies that
(1 ®1idp) o (idg ® w) 0 6 = 0,
and since i ® idp is a monomorphism, this further implies that
(ide ® m) 0 6¢ = 0.

Now, by the universal property of the kernel of idc ® 7, which is id¢ ® 1, there exists a unique
morphism Ag: C' — C ® C such that

dc = (ide ® 1) o Ag,

and hence
(1®1)oAc=(i®idg) 0 dc = Agoi.

Furthermore, it can be shown that Ay satisfies the definition of a coproduct on C, and

therefore C' is a subcoalgebra of B. Its counit is e¢ =cp o1. [
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Finally, we prove that im(f) has an antipode, which makes it a Hopf subalgebra of B.

Theorem 3.2.3. Let C be an abelian tensor category with left duality. If f: A — B is a
Hopf algebra homomorphism in C, then C' = im(f) is a Hopf subalgebra of B.

Proof. Let m: B — coker(f) be a cokernel of f and let i: im(f) — B be an image of f,
and write f = 70 g. First, we show that there exists a morphism Sg: C' — C such that

10Sc = Spoi. Since f is a Hopf algebra homomorphism, we have

moSgoitog=moSgof
=7ofoSy
=008,
= 0.

Since ¢ is an epimorphism by Lemma 1.5.1, this implies that 7 o Sg o4 = 0. Therefore,
by the universal property of the kernel of 7, there exists a unique morphism S¢ such that

10 Sc = Spot, as required. We prove that S¢ satisfies the left antipode equation
mgc © (Sc ® ldc) o AC = Uc O &C.
The right antipode equation is proved similarly. We have

iomeo (Se®ide) o Ag =mpo (i®i)o (Se®ide) o Ag
=mpo(Sp®idg)o (i®i)oAs
— mpo(Sp®idg)oAgoi
=UBOERO1

=1i0ucoec,

and since i is left-cancellable, the result follows. O

3.3 The homomorphisms induced by the Hopf pairing

Let H be a Hopf algebra in an abelian tensor category C with left duality. For a Hopf pairing
w: H® H — I, we define the morphism

W = (w®idy+) o (idyg @ coevy). (3.8)
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The pairing w is said to be non-degenerate when ' is an isomorphism. In this section, we
show that w': H — H* is a Hopf algebra homomorphism. It then follows by Theorem 3.2.3

that im(w’) is a Hopf subalgebra of H*. First, we prove that w’ is an algebra homomorphism.

Theorem 3.3.1. The morphism w': H — H* defined in (3.8) is an algebra homomorphism.

Proof. We prove that

Wwomy =mpyo (W Ruw).

We have

mpy- o (W @ W)
= Ay ovgno(w®idy @w®idy+) o (idy ® coevy @ idy ® coevy)
= (evhen ®idy-) o (id(mem ® Ay ®idg+) o (Id(rem~ @ coevy) o Yuu
o(w®idy ®w ®idg~) o (idy ® coevy ® idg ® coevy)
= (eVuen ®idy+) o (yuu @ iduguen+) © (Idu+gn ® Ay ® idy+) o (idggu+ @ coevy)
o(w®idy ®w ®idg«) o (idy ® coevy ® idy ® coevy)
= (evy ®idy+) o (idy ® evy R idyen+) o (dyrgy ® Ay ® idg+) o (idg+gu+ @ coevy)
o(w®idy ®w ®idy«) o (idy ® coevy ® idy ® coevy)
= (w®idg+) o (ldyey ® evy ®idy+) o (idy ® coevy ® idggy+)
o(idg ® evy ® idggn+) o (idggr ® Ay ® idg+) o (idygu+ ® coevy)
o(idyg ® w®idg~) o (idyey ® coevy)
= (w®idy+) o (idg ® evy ®idyegn+) o (dggn @ Ay ® idy+) o (idygm ® coevy)
o (idy ® w®idy+) o (idyen @ coevy)
= (w®idy+) o (idg ® w R idggw+) © (dreren @ evy ® idgen-)
o (idygr ® coevy R dyenen+) © (dyey @ Ay @idy+) o (ildygy ® coevy)

= (w X ldH*) 9} (ldH RwR 1dH®H*) e} (idH®H X AH & ldH*) o (ldH®H ® COGVH),

where we have used the characterization (1.16) of v, and two applications of Definition 1.3.1

of a left dual H*. Now, by applying property (2.11) of the Hopf pairing w, this equals

(w®idg«) o (my ®idy ® idg+) o (idygy ® coevy) = (w R idy+) o (idy ® coevy) o my

!
=w' omy,

as asserted. O
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Next, we prove that w’ is also a coalgebra homomorphism.

Theorem 3.3.2. The morphism w': H — H* defined in (3.8) is a coalgebra homomorphism.

Proof. We prove that
Ag-ow = (W @w)oAg.

Inserting the definitions and applying (3.6),

Apg-ow

= 71},111 ompy o (w®idy«) o (idy ® coevy)

=Ygy o (evy ® idmem-) o ([dy- ® my ® id(gem-) o (Idy- ® coeviygn) o (w @ idg-)
o (idy ® coevy)

= (evyg ®idy+gpu+) o (ldg ® my ® idg+gy+) o (dperen ® VE}H) o (idg- ® coeviern)
o (w®idy~) o (idy ® coevy)

= (evy ®idysgy+) o (idg @ my @ idg+gu+) o (idgeny ® coevy ® idg)
o (idy+ ® coevy) o (w ® idg+) o (idy ® coevy)

= (w®idy+gy+) o ([dggy @ evy @ idy+gy+) o (idy @ coevy QR idyeu ou+)
o (idy @ my ® idggy+) © (Idygy ® coevy ® idg+) o (idy ® coevy)

= (w®idg+gy+) o (idg ® my Q@ idggr+) 0 (Idgey ® coevy ® idy+) o (idy ® coevy),

where we have also used Definition 1.3.1 of a left dual H*. Now, applying the property (2.12)
of the Hopf pairing w, this equals

(wRidy+gp+) o (idy @®w @ idgguon) © (Ay @ idygrer o)

o (idggy ® coevy ® idy+) o (idy ® coevy),
which further equals

(w®idgrgy+) o (Idy ® coevy @ idy+) o (idy @ w ® idg+) o (A ® idyem+)
o (idy ® coevy)
= (w®idg+gm+) o (idg ® coevy @ idy+) o (idg @ w ® idg+) o (idpgr ® coevy) o Ay
= (W ®idy-) o (idg ®w') o Ay
= (W ®@uw) oAy,

as asserted. O
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This establishes that w’ is a bialgebra homomorphism. As mentioned in 1.7, it follows

that w’ is a Hopf algebra homomorphism, i.e., that
w oSy =Sy ouw.
We also have the morphism w”: H — *H defined in [17, p. 10, (3.4)] as
W= (d+yg @ w) o (coevly ®idy), (3.9)

where coev’ is the right dual coevaluation as defined in Definition 1.3.1. This morphism is
related to w’ by

(w//)* _ w/

and non-degeneracy of w can be equivalently defined in terms of w”. Furthermore, w” is also

a Hopf algebra homomorphism.



Chapter 4

Category of modules over a

quasitriangular Hopf algebra

Following the conventions of [17, p. 3], we define the Miger centre of a braided abelian tensor

category C as the subcategory of C consisting of all objects X in C such that
oyx ooxy = idxgy

for all objects Y in C. We say that the Miiger centre is trivial if all of its objects are isomorphic
to the direct sum of finitely many copies of the unit object. In our context, a direct sum is
the same thing as a coproduct, as defined in 1.5. Tt is proved in [17, Theorem 1.1, p. 3| that
if C is a braided finite tensor category over an algebraically closed field, then triviality of the
Miiger centre of C implies that the Hopf pairing w in C is non-degenerate. In this chapter, we
prove this implication in the case where C is the category of finite-dimensional modules over
a finite-dimensional quasitriangular ribbon Hopf algebra H, without the hypothesis that the
base field is algebraically closed.

4.1 Quasitriangular Hopf algebras

Before we recall the definition of a quasitriangular Hopf algebra, we will need the following
notation. Let A be an algebra and let T'=>"" @, ® b; € A® A. For a given integer k > 2,
we denote by T, the tensor in A®* that has, for each i = 1,...,n, the element a; in the
p-th tensor factor and the element b; in the ¢-th tensor factor, and 1,4 in all remaining tensor

factors. For example, for k£ = 2 we have Ty = Z?:l b; ® a;.
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Definition 4.1.1. A quasitriangular Hopf algebra is a Hopf algebra H with a bijective

antipode Sy and an invertible element

R:im@bzef]@]{,

i=1
called a universal R-matriz, satisfying the following axioms for all h € H:
1. AGP(h) = RAx(h)R™
2. (Ag ®idg)(R) = RizRas

3. (idy ® Ay)(R) = Ri3R12
where Ay is the coproduct of H and A%® is the coopposite coproduct, defined by
Ap"(h) = he) © ha)
in Sweedler notation.

By [5, Theorem VIII.2.4, p. 175], we have the following lemma.

Lemma 4.1.1. The uniwversal R-matrixz of a quasitriangular Hopf algebra H satisfies the

following properties:

2. (Sy ®idy)(R) = (idy ® S5")(R) = R~

3. (Sg®Su)(R) =R
where ey is the counit of H.

If H is a quasitriangular Hopf algebra with R-matrix R = > " a; ® b;, then there is a
so-called quasisymmetry oxy: X ® Y — Y ® X defined for all H-modules X and Y by

n

oxy(e®y) = (bi-y) ® (a-), (4.1)

=1

where - denotes the action by H. The first axiom in Definition 4.1.1 is equivalent to oxy

being H-linear for each pair X and Y, and the second and third axioms in Definition 4.1.1
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are equivalent to ox y satisfying the braiding axioms (1.3) and (1.4) for each X and Y. The
invertibility of R is equivalent to ox y being bijective. Thus, o is a braiding in the category

of H-modules.

The notion of a ribbon element is defined as follows.

Definition 4.1.2. Let H be a quasitriangular Hopf algebra, and let R denote its universal

R-matrix. A ribbon element in H is a nonzero central element v € H satisfying
Ag(v) = (R R)(v ® ) (4.2)

and
Su(v) =v. (4.3)
With a specified ribbon element, H is called a ribbon Hopf algebra.
A version of the above definition can be found in [16, p. 7]. In Proposition 4.1.2, we will
see that two of the axioms in that definition are in fact consequences of the above definition,

and that a ribbon element in [16, p. 7] is effectively the inverse of a ribbon element in
Definition 4.1.2.

In a braided category with duality, we also have the notion of a ribbon twist.

Definition 4.1.3. Let C be a braided category with braiding ¢ and left duality. A natural

isomorphism # from the identity functor to itself is called a ribbon twist if it satisfies
Oxey = oy x o oxy o (0x @ Oy) (4.4)

and

With a specified ribbon twist, C is called a ribbon category.

The naturality of § means that for each morphism f: X — Y in C, the following diagram

commutes:
x—71 Ly
QXB kQY
x—71 Ly
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Note also that

(Ox ®by)ooyxooxy =0yxo(fly ®bx)ooxy =0oyxooxy o (0x ®0y)

by the naturality of o, so the axiom (4.4) can be expressed in various ways.

If a quasitriangular Hopf algebra H has a ribbon element v, then we can define a ribbon
twist 6 on the category of finite-dimensional modules over H. By finite-dimensional, we are
referring to the dimension of the vector space structure on the module induced by the base

field of H.

Proposition 4.1.1. Let H be a quasitriangular Hopf algebra with a ribbon element v. For

each finite-dimensional H-module X, define

QxlX—)X

T v
Then 6 is a ribbon twist in the category of finite-dimensional H-modules.

Proof. First note that each 0x is H-linear, which means that it is a morphism in the category:

For any h € H, we have
Ox(h-z)=v-(h-x)=vh-z=hv-x=h-(v-x)=h-0x(x)

by the associativity of the module action and the centrality of v. Now let X and Y be any
finite-dimensional H-modules and let t ® y € X ® Y. Then

Oxoy(z@y)=v-(z®@y) =Au() - (z®yY)
by definition, and we have

(oyxooxyo(fx ®0y))(r®@y) = (oyxooxy)(v-2)® (v-y))
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where we have used the axiom (4.2) for the ribbon element v. Thus, 6 satisfies (4.4). Next,
we prove that Ox- = 0%, where X* is the dual space of the vector space structure on X
induced by the base field of H. For all p € X* and = € X, we have

0x(p)(z) = p(Ox(z))
by the definition of the dual morphism of 0y, and we have
Ox-(@)(x) = (v- @) (@) = e(Su(v) - x) = (v - z) = (Ox()),
where we have applied the definition of the module action
(h-¢)(x) = ¢(Su(h) - x) (4.6)

of H on linear forms, and the axiom (4.3) for v. Thus, 6 satisfies axiom (4.5). Note that the
naturality of 6 simply follows from the fact that the morphisms in this category are H-linear.

Hence, 6 is a ribbon twist. O

The element

=1

is known as the Drinfel’d element. The Drinfel’d element has many interesting properties [5],

one of which is that it is invertible with inverse given by

u Tt = z”: S (bi)a;. (4.7)
i=1
Lemma 4.1.1 allows us to rewrite this as
u Tt = z”: biSH (a;). (4.8)
i=1
Another property of the Drinfel’d element is that it satisfies
S%(h) = uhu™! (4.9)

for all h € H. The Drinfel’d element of H is related to a ribbon element in H by the following

proposition.
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Proposition 4.1.2. If v is a ribbon element in a quasitriangular Hopf algebra H, then
v? = Sp(uHu™t, (4.10)
where Sy is the antipode of H and w is its Drinfel’d element.

Proof. The definition of a ribbon element implies that

v@v = (RuR)™" Apu(v)
— RURy Ap(v).

Noting that Ro; is an R-matrix for H°P, which has antipode S;, and applying the second
property in Lemma 4.1.1, this equals

Z SH(ai)bjU(l) X biSH(CLj)U(Q).
3,j=1

If we apply the antipode to the second tensor factor and then apply the multiplication, this

implies
vSu(v) = Y Su(ai)b;va)Su(biSu(a;)ve)
ij—=1

= > Su(a)bjoa)Su(ve)Sk(a;)Su(b:).

1,5=1

Since v = Sg(v), we have v? = vSg(v). Hence, applying the antipode equation, the form
(4.8) of u~!, and the third property in Lemma 4.1.1,

v? = Z SH(ai)bjU(l)SH(v@))S?{(GJ)SH(bi)
=epn(v) Z Sn(ai)b; S (a;) Sk (bi)
=en(v) D Sula)u™ Su(b)

=ep(v) Zaiu’lbi.

Now, observe that (4.9) implies
uth =S (h)u™*
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for all h € H. Therefore, using the form (4.7) of u~! and the third property in Lemma 4.1.1,
v? = ey (v) Z a; Sy (bi)u™?
= z—:H(v)S;(u_l)u_l.

Thus, if we can show that ey (v) = 1, then the result will follow. By the counit equation,

the fact that ey ® idy is an algebra homomorphism, and Lemma 4.1.1, we have

v=(eg ®idy)(An(v))
= (eg ®idy)(RuR(v ®@v))
= (en ®idy)(Ro1)(en ®idy)(R)en(v)v

=eg(v)v.

Now since v # 0, this implies that ey (v) = 1. O

4.2 The dual space as a coend

Following [22, 4.5] (see also [7, 2.4], [10, 7.4]), we now show that the dual space H* of a finite-
dimensional Hopf algebra H is a coend in the category of finite-dimensional H-modules. The
dual space H* is an object in this category (i.e., an H-module) when equipped with the
coadjoint action of H on H*, defined for ¢ € H* and h € H by

(h- @) (W) = o(Su(hay)h'h)) (4.11)

for all B’ € H, where Sy is the antipode of H. To see that this defines a module action on
H*, we first consider the right module action on H defined by

h/ : h — SH(h(l))h/h(g)
This is a right action because, for all h, h',h” € H, we have

W'+ (hh') = Su(hayhin)h" by iy
= SH(h/(1))SH(h(l))h//h@)h/(z)
= (Su(h@)h"he) - W
= (h"-h)- I,
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and the remaining module axioms are immediate. It then follows that

((hh') - @)(B") = ((h" - h) - h) = (h- (h"- @))(R"), (4.12)
where we have used - for both actions. The remaining module axioms for H* are again
immediate. Thus h - ¢, as defined by (4.11), defines a module action on H*.

Now for each finite-dimensional H-module X, let X* denote its dual space and define
tx: X*® X — H* by
tx(p @ x)(h) = ¢(h-z) (4.13)
for all h € H. First, we show that ¢x is H-linear, and therefore a morphism in the category.
For all h,h' € H, we have

ix(h- (e @x)(h') = ix((hqy - @) ® (he - x))(H)
= (hay - @)(W'hz)) - x))
= o((Su(ha)h b)) - ),

where we have used the action (4.6) of H on X*. Using the action (4.11) on H*, we have

(h-ix(p@x) (W) = 1x(e @ x)(Su(ha)h'h)
= o((Su(ha)h k) - x)

also, and hence vy is H-linear. Next, we show that ¢ is dinatural, i.e., that the diagram

Vi X 18 L xrg x
1dy*®fk kbx
V*ey — 2 H*

commutes for all finite-dimensional H-modules X and Y and all H-module homomorphisms
f: X =Y. Forany p @2 € Y*® X and h € H, we have

((ex o (f* ®@idx)) (e @ 2))(h) = (tx(f*(p) @ 2))(h)
[ () (h- )
e(f(h-))
p(h- f(x))
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and

((ey o (idy- @ ) @ 2))(h) = 1y (¢ @ f(2))(h)
= @(h- f(z)).

Hence
Lx © (f* & ldx) =Ly O (idy* & f)

so that ¢ is dinatural. Finally, we prove that ¢ is universally dinatural. Let {x: X*® X — Z
be another dinatural transformation, and define r: H* — Z, as in [22, Lem. 4.3, p. 498], by

r(p) = Eulp © 1)

For any x € X, consider the H-module homomorphism f: H — X defined by f(h) =h - x.
For any ¢ € X*, we have

fp) =x(p®)

by the definition (4.13) of tx. Since f is a morphism in this category, we have
x o (idx- ® f) =&mo (f* ®idn)

by the dinaturality of £. Evaluating on ¢ ® 15 gives

Ex(p@x) =&u(f (p) @ 1u) =r(f(p) = r(ix(p @ z)).

This is true for any p ® r € X* ® X, and hence £x = r otx. Thus, H* is a coend with
universal dinatural transformation tx: X* ® X — H* defined by (4.13).

4.3 The structure morphisms on the dual space

Let H be a finite-dimensional quasitriangular Hopf algebra with R-matrix R = >  a; ® b,
and ribbon element v. We have seen that H* is a coend in the category of finite-dimensional
H-modules. This category has the braiding (4.1), and therefore H* is a Hopf algebra in this
category with the structure morphisms discussed in Chapter 2. In this section, we show that
we can describe these structure morphisms explicitly. We will denote this coend by L, to
distinguish it from H* equipped with the usual dual Hopf algebra structure. We will see
that L = H* as a coalgebra, but L has a different multiplication and antipode.
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Recall that the multiplication on H* is defined for p,v € H* and h € H by

mu-(p @ )(h) = (p¥)(h) = (ha)) Y (h).

We prove that the multiplication my: L& L — L and antipode S;: L — L for L are defined,
as in [6, p. 331], by

(mr(e @) Z @(h(2)a:) (S (b)) ha)biz)),

where Sy is the antipode of H, and

(SLle)(h) = @(Su(a;)v* Sy (h)ub;) = Z 0(Su(ai)Su(h)Su(u")b),

i=1

where u = )" | Sg(b;)a; is the Drinfel’d element of H. The two expressions for S, are equal

as a consequence of Proposition 4.1.2. We will make use of both forms in what follows.

We must first prove that my is a morphism in the category, i.e., that it is H-linear. Let
0, € L and let h,h' € H. Then

(ma(h- (0 @ ¥))H) = (ma(hey - £) @ (o - w))H)
= Z 03:)) (ha) - ) (S (Biy) Hlybica))

= Z @(Su(hay)hayail) )Y (S (hes) Su(biay) hybi) hay)
= > (S (h)hizaihe) ) (Su (bi b)) hiybie) ha)

and, using the fact that Sy is both an algebra and coalgebra antihomomorphism,

(h- (mr(e @ ) (R') = (mw(e @ ¥))(Su(ha)h'hw)

= Z P(Sa(hy)@hieyhe @)Y (Su(biay)Su(ha) mhin hebie)
= Z @ (Su(h)) hayh@ai) P (Su(biqy) Su(he)) hinyh@)bi)

= Z o (S (hy) higyhyai) ¥ (Su (hbiy ) iy hesbicz)-
=1
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These two expressions are equal as a consequence of the axiom of the R-matrix

Z h(g)ai ® h(l)bl = Z CLih(l) ® bzh(2)7

=1 =1

because it implies that

Z hay @ haya; @ hoybiy ® hg)biz) = Z hay @ aihe) @ bi1yhs) ® bi)ha).
=1

i=1

To prove that my, is the multiplication on L, it is sufficient by the universality of tx ® vy,
where tx: X* ® X — L is defined by (4.13), to prove that

mro (tx ®ty) = Nx,y,

where 7 is the dinatural transformation (2.3). Let @ 2 @Yy @y € X* @ X @ Y*® Y, and
let h € H. On the one hand,

(xy(p@r@Yey))(h)
= ((tvex © (Yy.x ®idygx) o (idx: @ oxy+ay)) (P @1 @Y @y))(h)

= ((vex o (wx ®idyex)) (¢ © (bi - (¥ @) @ (a; - 2)))(h)

=1
n

= Z((émx o (Yy.x ®idygx))(p @ (b - ¥) @ (bie) - y) @ (a; - x)))(h)

- Z tyex ((biq) - ¥) @ @ @ (bie) - y) @ (a; - x))(h)

=1

= > ((bigy - ) @ @) (- (bigz) - y) @ (s - 2))

=1

-

((biqry - ) @ @) ((hybiez) - y) @ (hzyai - @)

i=1

= (bigr) - ) (hybizy - ¥)((hyai - )
=1

= Z w(SH(bi(l))h(l)bi(Q) ) y)tp(h(g)ai L),
i=1

where we have regarded yxy as a map Y* ® X* — X*® Y*, since (X @Y)" = X*@Y*
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when H is finite-dimensional. On the other hand,

(mpo(tx ®@w))(p@r®1y))(h)
= (mr(x(p @) @1y (¢ @y))(h)

= Z((LX(SO ® x))(h@a:) by (¥ @) (Sa (b)) ha)bie)
= Z p(h V(S (bi) i) - y)-

Thus my o (1x ® ty) = nx.y, so that my is the product on L.

Next, we show that

defines the coproduct on L. Again, we must first establish that Ay: L — L ® L is H-linear.
Let ¢ € L and h,h',h"” € H. Then

(h-Ap(e)(W @h") = ((hay - ) ® (ha) - @) (K @h")
= @) (S (hw)h he)e 2>(5H(h(3>)h hs))
(St (h))h'h2)Sr(hez)h" b))
@(Su(h)) W W e (b))
©(Su(hy)h' R hzy)
= (h-p)(W'h")
= (my(h-@))(W @h")
= (Ap(h-@))(W @ 1",

as required.

To prove that Ay is the coproduct on L, it is sufficient by the universality of ¢ to prove
that
Apoux = (x,

where ¢ is the dinatural transformation defined in (2.8). Let p ® x € X* ® X, and let
h,h € H. Then

(Arewx)(p@@)(h @) = ix(p ® x)(hh)
= (bl - ),
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and, noting that the coevaluation in this category is the dual basis map,

Cx(p@z))(h@h) = (((1x ®tx) o (idx- ® coevyx ®idx))(p ® 2))(h @ ')
= (x2w)(pe Z(m @) @) (heh)

:Z tx(p®@x;) @uix(z @x))(h@h)
:Z (h-x)xi(h - x)
s

= p(hh'- x)

Therefore Ay o 1x = (x, so that Ay is the coproduct on L.

Next, we show that Sy, is the antipode of L. To see that Sy, is H-linear, observe that

n

SL01-¢>0#>::§£j<h-g»<sﬂ<a»v25H<hvubn

i=1

= oW Su(aiha))Su (' )ubih)
=1
for all p € L and h, ' € H, and, using the property S%(h) = uhu~! of the Drinfel’d element,
(h - Sple)) (1) = Sp(e)(Sa(hay)h'hz)

=" @ (Su(ar)o* S (Sa ()W ey )uby)

= Z ©(v*S(a;)Su(he)Su(R') S5 (hay)ub;)

= ng 02 Su(heyai) Su (W )uhayb;).

These two expression are equal as a consequence of the axiom of the R-matrix

Zh 1a; @ hyb; _Zaih(1)®bih(2).

=1
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To prove that Sy, is the antipode for L, it is sufficient by universality of ¢ to prove that

Spoilx = Xx,

where x is the dinatural transformation (2.10). For all p® 2z € X*® X and h € H, we have

((SLowx)(p@x))(h) = Sc(x(p @ x))(h)
= Z vx(p @ 2)(Sp(a;) Sk (h)Sh(u")b;)

= o(Su(a;)Su(h)Su(u™)b; - x).
Rewriting yx using the braiding axiom (1.3), we also have

xx(p@z)(h) = (((evx ® tx+) o (idx« ® ox= x ®idx«) o (coevys ® ox= x)) (¢ @ x))(h)
= 3 ((evx ® o) (idy- © oxerx ®1dx) (a5 © 7" @ by 2)© (0 - )R

_ i((evx ® 1x-) (2 @ (bhy - 1) @ (ay, - 27°) @ (a5 - ©)))(h)
— g;x;(bkbj )x-((ag - z7) ® (aj - @) (h)

- %kx;‘(bkbj -x)(ay, - 27*)(haj - @)

- ixf(bkbj - @)} (Su(ar)ha; - o)

— ZJ: 7 (bebj - ) (Sm(ar)ha; - @) (2:)

0,5,k

_ Z(SH(ak)haj . @(fo(bkbj : x)m)

— Z ©(Su(Su(ar)ha;)bpb; - x)

j?k

= (Su(a;)Su(h)Sh(a)bib; - )

j7k

= 3 (S0 S (WS, ),

J

where we have used the property Sy (u™') = >""" | S%(a;)b;. Hence S0ty = xx, as required.
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Finally, we show that the unit and counit of L are those of H*. The unit object in this
category is the base field K, equipped with the trivial action, defined by

hX=cu(h)A

for h € H and A\ € K. Recall that the unit element in H* is the counit e5 of H, so that the
unit map ug+: K — H* for H* is the map A — Aey. We will denote this by u;. When L is
equipped with the coadjoint action (4.11), this map is H-linear, as

(ur(h- N)(R') = (ur(ea(R)A))(R)
= €H(h)>\8H(h/)
= ey (hH)

and

for all A € K and h,h' € H.

Now recall that we defined the unit for the coend in (2.5) as ¢; 0 A7, and hence the unit
for L in this category is the map tx: K* ® K = K — L, where ¢ is defined by (4.13). For
all A € K and h € H, we have

(ur(AN)(h) = Aen(h)
—h-)\
= (tx(idx ®@ A))(h),

and hence u; = ug+ is the unit of L. The counit eg+: H* — K for H* is evaluation at the

unit element ¢ — p(1g). We will denote this by ;. This map is H-linear because

er(h-¢) = (h-9)(1n)
o(Su(h))lah)
a(h)e(lg)
-eL(p)

I
™

Il
=
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forall A € K and h € H. Now let p ® z € X* ® X and observe that

(erowx)(p®) =er(tx(p @)
= ix(¢p ®@z)(1n)
= ()
= evx(p ® ),

and hence e, o1y = evyx. By universality of ¢, this implies that e, = g+ is the counit of L.

4.4 Coaction by the coend

The definition of a comodule over a coalgebra is obtained by reversing the arrows in the
commutative diagrams that define a module over an algebra. These diagrams are interpreted
in the category of vector spaces over a field K. This notion can be defined in an arbitrary

tensor category as follows.

Definition 4.4.1. Let C be a coalgebra in a tensor category C. A right comodule over C
(or right C'-comodule) is an object X in C together with a morphism dy: X — X ®C, called

the coaction, such that the diagrams

X0CQ(C X% yvo0

dx ®ido dx (4 14)

X®C < X

Ox

and

(4.15)

IR

commute, where Ag and ¢ are the coproduct and counit of C', respectively.

We know that the coend L in a braided finite tensor category C is a Hopf algebra in C
and, in particular, a coalgebra. The following coaction, found in [17, p. 13, (3.14)], makes

every object in C a right comodule over L.
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Proposition 4.4.1. If L is a coend in a braided finite tensor category C, with universal

dinatural transformation ¢, then for each object X in C the morphism

dx = (idx ® tx) o (coevy ®idy), (4.16)
defines a right coaction on X by L.
Proof. We have to verify that

(idy ® Ap)ody = (0x ®1idp) o dx (4.17)

and
(idx®€L)05X:idx. (418)

On the one hand, we have

(ldX & AL) e} 5)( = (ldX X AL) @) (ldX X LX) e} (COGVX X ldx>
(idx ® tx ® tx) o (idx ® idx+ ® coevy ®idx) o (coevy ® idy)

(idy ® tx ® tx) o (coevy ® coevy ® idy)

because Ay is the unique morphism satisfying Ay otx = (tx ® tx) o (idx+ ® coevy ® idx)
for all X in C, as discussed in 2.3. On the other hand, we have

(5)( X ldL) o) (SX = (5X (%9 ldL) e} (ldX X Lx> ¢) (COGVX X ldx)
(idx ® tx ®idy) o (coevy ®idy ®idy) o (idx ® tx) o (coevy ®idy)

(idy ® tx ® tx) o (coevy ® coevy ® idy),
and this proves (4.17). For (4.18), observe that

(idy ®ep) 0odx = (idx ®er) o (idx ® tx) o (coevy ®idy)
= (id ® evy) o (coevy ® idy)

=idy
because ¢, is the unique morphism satisfying €, o tx = evy, as discussed in 2.4. O

The notion of a module over an algebra can also be defined in an arbitrary tensor category,
in the same way that we have for comodules. The arrows in the commutative diagrams that

define a module over an algebra in a tensor category are reversed relative to Definition 4.4.1.
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The definition of a module homomorphism and that of a comodule homomorphism are also
reversed relative to one another: If X and Y are modules in a tensor category C, with actions
ax: X®A— X and ay: Y ® A — Y by an algebra A in C, then a morphism f: X — Y

is a module homomorphism if it satisfies
foax =ayo(f®ida); (4.19)

and if X and Y are comodules in C, with coactions 0x: X - X ®C and dy: Y — Y ®C by

a coalgebra C' in C, then a morphism f: X — Y is a comodule homomorphism if it satisfies
5yof = (f@ldc) O(Sx. (420)

Proposition 4.4.2. With respect to the coaction (4.16), every morphism f: X =Y inC is

a comodule homomorphism, i.e.,
(5yof: (f@ldL)O(SX
Proof. By the dinaturality of + and Theorem 1.4.1,

Sy o f = (idy ® 1y) o (coevy @idy) o f

idy ® ty) o (idy ® idy+ ® f) o (coevy ® idx)
)o(
)

(

(idy ® tx) o (idy ® f* ®idy) o (coevy ® idy)
(idy ® tx) o (f ®idy- ®idx) o (coevx ® idy)
(
(

f®idy) o (idy ® tx) o (coevy ® idx)
f®ldL) 05X

as asserted. O

Let C be a tensor category with duality. It is explained in [17, p. 12] that if C is a
coalgebra in C, then *C' is an algebra in C; and if X is a right C'-comodule with coaction dx,
then X becomes a right *C-module with action ax: X ® *C' — X defined by

ax = (ldX & GV/C«) o) (5)( ® ld*c)

Thus, since every object X in a braided finite tensor category C is a right comodule over the

coend L, with coaction (4.16), every X in C is also a right module over A = *L with action

axy — (ldX X eV/L) o) ((SX X ldA) (421)
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It should be remarked that a standard result for finite-dimensional vector spaces states
that a right C-comodule becomes a left *C-module (cf. [12, Lem. 1.6.4], [15, Prop. 3.2.2]).
The apparent discrepancy arises from the dualization process of the coalgebra C: The usual
convention for finite-dimensional vector spaces X and Y is to identify *(X®Y') with *X ® *Y’,
and then the product on *C' is simply the dual of the coproduct on C. In the categorical
context, however, the dualization of the coproduct requires the isomorphism ~" defined by
(1.23). Dualizing vector spaces in this way, identifying *(X ® Y) with *Y ® *X | effectively

reverses the multiplication on *C' and thus gives rise to a right *C-module.

Just as every morphism in the category becomes a comodule homomorphism with respect
to the coaction (4.16), every morphism becomes a module homomorphism with respect to
the action (4.21):

Proposition 4.4.3. With respect to the action (4.21), every morphism f: X — Y inC is a

module homomorphism, i.e.,

foaX :Oéy0<f®idA).
Proof. By Proposition 4.4.2,

foax=fo(idy®ev;)o (dy ®ida)
= (idy ® ev}) o (f ®idy ®ida) o (0x ®@1idx)
= (idy ® ev}) o (dy ®ida) o (f ®id4)
=ay o (f ®ida)

as asserted. O

In the special case, discussed in 4.2, of the dual space H* of a finite-dimensional Hopf
algebra H as a coend L in the category of finite-dimensional H-modules, we have that
every object X (i.e., every finite-dimensional H-module) is a right comodule over L with
coaction dx: X — X ® L defined by (4.16) and a right module over A = *L with action
ax: X ®A — X defined by (4.21). For a right dual of L, we can take A = H equipped with
the (left) adjoint action

h-h' = heyh'Sg' (hay).

Then A is a right dual of L with right evaluation

evi: L A— K
p®ar— p(a).
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To see that ev) is a morphism in the category, i.e., H-linear, recall that L is equipped with

the coadjoint action (4.11) and observe that

o(h-h') = @(he)h'Sg' (hay))
290(511( H( @) Sy (hay))
= o(Su(Sg (M) )W S5 (h) @)

= (Su' (h) - @)(h')

for all ¢ € L and h,h' € H. By the bijectivity of Sy, this can equivalently be expressed as

(h-@)(h') = ©(Su(h) - h')

(cf. [5, Ch. XIV, p. 347]), from which it follows that

evi(h- (p®a)) =evi((ha) ) ® (he) - a))
= (hq) - @) (h) - a)
= @(Su(h@)he) - a)
eu(h)p(a)
=h-evi(p®a),

where we have applied the counit equation for H. In this category, we can express the
coaction by L explicitly because tx is given by (4.13) and the coevaluation in this category

is the dual basis map: Letting {z;}; be a basis for X and {z}}; be the corresponding dual

basis for X*,
= le ® x(z; ® x).

This further gives an explicit expression for the action ax: X ® A — X induced by this

coaction:
ax(z®a) = (idy ® ev;)(dx () ® a)
= Zmz ® ix(z; @ x)(a)
= Z zz;(a - x)
and hence

ax(r®a)=a- . (4.22)
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This shows that the right action of a € A by ax coincides with the left action of a given
by the H-module structure of X. This is consistent with the following lemma, which shows
that A = H°P as an algebra.

Lemma 4.4.1. The multiplication ma: A A — A on A= *L is given by
ma(a ®b) =ba
foralla®@be AR A.

Proof. The multiplication on the right dual A = *L is given by
ma= Ao,

where 7/ is the natural isomorphism characterized by (1.23). Thus, by the characterization
(1.21) of a right dual morphism, and the fact that the coproduct on L is the same as that

on H*, we have

p(ma(a®b)) =evi(p@ma(a®b))

= (evp o (id @ ma)) (¢ ©@a®b)

= (evp o (id, ® "Ap) o (id, @7y, ) (¢ ® a® D)

= (Vg © (AL @id-(1er)) 0 (idr ® 77, 1)) (P ® a @ D)
= (eVigr © ([drer ®77,1) © (AL ®idaga))(p @ a @ b)
= (ev o (id, ® ev ®@ida) o (Ap ®idaga))(¢p ® a ® D)
(evy o (idr ® evy, ®ida)) () ® ) ®a®b)
evi,(P() ® p)(a)b)

= @) (b)pe)(a)

= p(ba).

Since this is true for an arbitrary ¢ € L, this implies that m4(a ® b) = ba. n

In the case X = L, the relation (4.22) shows that the right action ay: L® A — L is
given by
ar(e ® a) = o) (S(aw))ee (ae) o),

because the coadjoint action (4.11) on L can be expressed as

a- o=@ (Slam))es (ao)ee).



85
Similarly, (4.22) shows that the right action aq: A ® A — A is given by

asld @ a) = a@a S (aw)). (4.23)

4.5 Yetter-Drinfel’d Hopf algebras

We now study the concept of a Yetter-Drinfel’d Hopf algebra, which will play a role in the
proof of the theorem in the next section. Let H be a Hopf algebra over a field K, and let
X be a left H-comodule with coaction dx: X — H ® X. We use the following Sweedler
notation for the coaction:

ox(z) =M @2® c Ho X,

As defined in [18, Par. 1.1, p. 7], a left H-comodule X that is also a left H-module and
satisfies the condition
dx(h-x)= h(l)x(l)SH(h(g)) ® h(g) cx®

for all h € H and x € X is called a left Yetter-Drinfel’d module, and a right H-comodule X

that is also a right H-module and satisfies the condition
Ox(a - h) =2 hey @ Sy (hqy)ePhe,

for all h € H and x € X is called a right Yetter Drinfel’d module. There also exist notions of
left-right and right-left Yetter-Drinfel’d modules, but we will not need them in what follows.

Left Yetter-Drinfel’d modules over H together with morphisms that are both H-linear and
H-colinear form a category, which we denote by £YD. This category is a tensor category:
The tensor product of two left Yetter-Drinfel’d modules X and Y over H is again a left
Yetter-Drinfel’d module over H, with the diagonal action axgy: HR X QY - X ®Y
defined by

axey(h®@xz®y)=hu)-v@hg -y

and the codiagonal coaction 0xgy: X @Y — H ® X ® Y defined by

The unit object is the base field K, which, like every vector space, is a left Yetter-Drinfel’d

module when equipped with the trivial module action h - A\ = ey (h)A and trivial comodule
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coaction dx(A) = 1y ® A. Moreover, the quasisymmetry oxy: X ® Y — Y ® X defined by
oxy(r©y) =2V yea® (4.24)

is bijective if H has a bijective antipode, and therefore defines a braiding on ZYD.

If H is quasitriangular, with R-matrix R = > | a; ® b;, then any left H-module X is a
left Yetter-Drinfel’d module over H when equipped with the left coaction dx: X — H ® X
defined, as in [4, Par. 1.3, p. 94] and [12, Prop. 10.6.7, p. 211], by

i=1

See also [11]. If we equip a second H-module Y with this H-comodule structure, then any
H-linear map from X to Y is also H-colinear with respect to this coaction. This coaction
defined on X ® Y, viewed as an H-module with the diagonal action, coincides with the
codiagonal coaction on X ® Y. Furthermore, the quasisymmetry (4.24) coincides with the
quasisymmetry (4.1) on the category of left H-modules. This assignment from left modules
over H to left Yetter-Drinfel’d modules over H thus defines a strict braided tensor functor,

which is a functor that preserves the tensor product and braiding.

A Hopf algebra in EYD is called a Yetter-Drinfel’d Hopf algebra. Since the functor
described above preserves the tensor product and braiding, the structure morphisms for a
Hopf algebra A in the category of left modules over a quasitriangular Hopf algebra H also
satisfy the axioms of a Hopf algebra in the category of left Yetter-Drinfel’d modules, and is
therefore a Yetter-Drinfel’d Hopf algebra.

As noted in [18, Lem. 1.2, p. 9], the fact that left Yetter-Drinfel’d modules over H are the
same as right Yetter-Drinfel’d modules over H°P P implies that if A is a left Yetter-Drinfel’d
Hopf algebra over H, then A°P°°P is a right Yetter-Drinfel’d Hopf algebra over H°P“P. Here,
the opposite multiplication and coopposite comultiplication of A are defined in the ordinary
sense, as

Mo (a @ b) = ba

and

AAcop (a) - G/(Q) ® a(l).

For the coaction on A°P P we use Sweedler indices with square brackets:
)

Spoveon(a) = ¥ @ al? = a® @ oV
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Now applying [18, Lem. 1.3, p. 10], we have that if H is finite-dimensional, then A°PP is a

left Yetter-Drinfel’d module over (H°P°P)* with action
o oreon (¢ @ a) = alVlp(al?) = a@p(aV), (4.25)

and coaction
(SAopcop (a) = Cl{l} X G{Z} = Z h/;k X a- hi, (426)

where {h;}; is a basis of H°P®P. Observe that we can equivalently express this coaction by

the equation
a{l}(h)a{2} =a-h,

which is dual to the action. Finally, we note that the assignment from right Yetter-Drinfel’d
modules over a finite-dimensional Hopf algebra to left Yetter-Drinfel’d modules over its dual
given in [18, Lem. 1.3, p. 10] again defines a strict braided tensor functor. This implies that
the left Yetter-Drinfel’d module A°P°P over (H°PP)* is in fact a left Yetter-Drinfel’d Hopf

(Hop cop)*

algebra in the category (rop Cop)*yD. In summary, we have the following lemma.

Lemma 4.5.1. If A is a Hopf algebra in the category of modules over a finite-dimensional
quasitriangular Hopf algebra H, then A is a left Yetter-Drinfel’d Hopf algebra over H and
A°PCP s g left Yetter-Drinfel’d Hopf algebra over (H°PP)*.

We will also need the following definitions: A left integral in a Yetter-Drinfel’d Hopf
algebra A is an element A € A such that

al = e4(a)A
for all a € A, and a right integral in A is an element I' € A such that
Fa=¢es(a)l

for all @ € A. It is proved in [19, Prop. 2.10, p. 432] that every finite-dimensional Yetter-
Drinfel’d Hopf algebra contains non-zero left and right integrals, which are unique up to scalar
multiples, and that there exists a character 14: H — K (i.e., an algebra homomorphism to
the base field) and a grouplike element g4 € H, known respectively as the integral character

and integral group element of A, satisfying the following properties:

h-Aa=ta(h)Ay, 0a(Aa) =ga®@Aa
h'FA:LA(h)FA, (SA(FA):QA@)FA
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4.6 Non-degeneracy and triviality of the Miuger centre

We are now ready to prove the main result of this chapter. Let H be a finite-dimensional
quasitriangular ribbon Hopf algebra, with R-matrix R =Y | a; ® b; and ribbon element v.
Let C be the category of finite-dimensional left H-modules. Recall that the dual space H*
is a coend in C, and hence a Hopf algebra in C with the structure morphisms discussed
in 4.3. We denote this coend by L to distinguish it from the usual dual Hopf algebra H*.
Let A = *L, and note that A is again a Hopf algebra in C with the structure morphisms
defined as in 3.1. We know that the morphism w”: L — A defined by

W= (idg ® w) o (coev; ®idy) (4.27)

as in (3.9) is a Hopf algebra homomorphism, and therefore B = im(w”) is a Hopf subalgebra
of A by the discussion in 3.2. We prove that if the Miiger center of C is trivial, then w” is

an isomorphism, which means by definition that the Hopf pairing w is non-degenerate.

We first prove several lemmas. The first is a relation between the counits of *L and L,
which is true by virtue of w” being a Hopf algebra homomorphism, but we give a direct

proof.

Lemma 4.6.1. Let A= *L and let w": L — A be defined by (4.27). Then
caow’ =¢p.

Proof. The counit €4 is the right dual of the unit uy, of L. By the the characterization (1.21)

of a right dual morphism, this is equivalent to
evi o (up ®idy) = evio (id; ® e4) = €,
where we have used the fact that ev’ is the left, and right, unit constraint. Thus

gqow” =evho(up®idy)o (ids ® w) o (coevy ®idy)
=ev} o (idy ®idy @ w) o (ug ® coev; @idy)
= W o (ev/L X idL@L) 0] (ldL X COGV,L X ldL) e} (uL & ldL>

= wo (UL & idL),

where we have used Definition 1.3.1 of a right dual *L. This is equal to €1 by the property
(2.13) of the Hopf pairing w. O
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From Lemma 4.6.1 we also obtain the following relation.

Lemma 4.6.2. Let I" be a right integral of B = im(w”). Then for alla € A and v € L,
Law"(p) = Taep(w’(p)). (4.28)
Proof. For any a € A and ¢ € L we have
Faw”(p) = Ta@eal(an))w” () = Lagw” (p)S™ (a@)aq)

by the counit equation and skew-antipode equation. Recall from Proposition 4.4.3 that the
action defined by (4.21) makes every morphism in C an A-module homomorphism, and recall

that the action of A on itself is given by (4.23). Therefore, we have
Faw”(p) = Taa(W'(p) ® a@)aq) = Tw"(arle ® a@))aq).-
But for any ¢ € L, we have by Lemma 4.6.1 that
Fw(p) = Tep(w(p)) = Fea(w’(9)) = TeL(yp).
Therefore, using the fact that I" is a right integral and the A-linearity of w” and ep,

Fw(aL(e ® ag))aq) = Tep(w’(aLle ® aw)))aw)
=Tak(es(W'(9) ® ap)aq)

where we have also used the relation between the right action by A and the H-module

structure given in (4.22). O

In Lemma 4.6.2 the multiplication was carried out in A. Recalling that A = H°P as an

algebra by Lemma 4.4.1, the result states that
W'(p)al = ey (W’ (p))al’ (4.29)

in terms of the multiplication in H.
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In the category that we are currently considering, we have the following expression for w.

Lemma 4.6.3. The Hopf pairing w for the coend L can be expressed by

wlp @) = Zso (bja;)(Sw(a;b;)) (4.30)

for all p,1 € L, where Sy is the antipode of H.
Proof. Recall that w is the unique morphism satisfying
w O (LX & Ly) = (evX X eVy) e} (ldX* & (O’y*}X @) O'X’y*> & ldy)

and that, in this category, o is the braiding defined by (4.1). The coend L has the universal
dinatural transformation ¢ defined by (4.13). Thus

(Woltx®uy))pR®rRYRyY)
= ((evx ®evy) o (idx+ ® (oy« x 0 oxy+) ®idy)) (¢ Rz @Y ®Y)
= Z evy ®evy)(p @ (bja; - ) ® (a;b; - ¥) ®y)

—ZSObaz' ajb V) (y)
—Zﬂpbaz SH(% ) y);

where we have applied the action (4.6). But the map f: L ® L — K defined by

flo@y) = Zw (@) (Su(abi))
also satisfies

(foltx®@u))(p®@2z@yYy) = flx(p®@2)® LY(¢®y))
= Z vx (o @ x))(bjas) (ty (V¥ @ y)) (Su(a;bi))

—Zg@bal Y(Su(aib;) - y).

Since f and w are in particular linear maps over K and every ¢ € L can be expressed
as ty(p ® 1g), where H has the left regular representation, this implies that f = w by

universality of 1x ® ty. O
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We now prove the main result.

Theorem 4.6.1. If the Miger centre of C is trivial, then w is non-degenerate.

Proof. Let I be a right integral of B = im(w”). Then, by (4.29), we have

W(p)al’ = ey (W' (@))al (4.31)

for all a € A and ¢ € L. Making the identification L = (*L)* = A*, the right coevaluation

map coevy: K — A® L can be expressed as
coevy (1) = Z T Q x}

where {z;}; is a basis of A and {x}}; is the corresponding dual basis of L. By Lemma 4.6.3,

we therefore have

"(p) = waz ® )
= kaxk bja;)p(Sw(a;b;))

0,5,k

— Z bja;p(Su(a;ib;))

i?j

for all ¢ € L. Now substituting this expression for w”(y) into (4.31), and using the fact that

ep is an algebra homomorphism and has the property
(&TH X ldH)(R) = (1dH X é?H)(R) =1

by Lemma 4.1.1, we have
Zb a;0o(Su(ajb;))al’ = ZEH (bja;)(Su(a;b;))al

= @(SH<Z ajer (b EH(aZ)bz>)aF

= @(Su(1))al
= p(1)al.

This implies that
Z bjal-aF ® SH(aij) = CLF ® ]_,

i?j
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which further implies, by the bijectivity of Sy, that
Z bjaiaF X Cljbi =qal ® 1. (432)
i,J

Now consider the left H-module X = HI', and let Y be a finite-dimensional left H-module.
Then (4.32) implies that for any o' € X and y € Y,

(UY,X o O—X,Y)(ar & y) = Z b]’ai cal' ® Cljbi Y
ij
=al'®y
and hence oy x o oxy = idxgy for all Y in C, which means that X is in the Miiger centre

of C.

Now assume that the Miiger centre is trivial. Then X is a direct sum of finitely many
copies of the unit object, which is the base field K equipped with the trivial action. By
linearity of the action, this means that for all a € A and o'I" € X,

a-(aT)=c¢eg(a)aT.

In particular,
al' = eg(a)l’

for all @ € A, which means that I is a left integral of H. It follows that I is a right integral

of A since A = H°P as an algebra and

*

ea= "uy, = *(ey) =€n.

Thus, every right integral of B is a right integral of A. Now recall that A°P°P is a left Yetter-
Drinfel’d Hopf algebra over (H°PP)* by Lemma 4.5.1. Furthermore, every right integral of
A is a left integral of A°P°°P so by [19, Prop. 2.10, p. 432] any a € A can be expressed as

o 1
a = pAOpcop (m p(a ® F[l}))LAopcop(S(Hopcop)* (F[Q]{ }))SAOPCDP (P[Q]{Q}),

where pgopcop i a right integral of (A°P°P)* and ¢ gop<op is the integral character of A°P“°P and
we have denoted the Sweedler indices for the coproduct with square brackets to distinguish

them from those for A. Now since Sy = Spopcor and Sy = Spgopcop, and Sy« = S};, we have

1 2
a4 = P Aop cop (F(Q)a)bAopcop (SH* (F(l){ }>)SA<F(1){ }>.
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Next, recall that HP®P acts on A°P°P by (4.25). Thus, noting that I' is a right integral
for A, we have as a consequence of [19, Prop. 2.10(2), p. 432], applied to both A°P°P and A,
that

Laweon (p)T = o - T = TH (TP = T o(TW) = T (ga),
where g4 is the integral group element of A. This implies that

Lacweon (9) = ¢(ga)-

Therefore, recalling (4.26), and the fact that S4 is H-linear, we have

a = paowcor(L'(9)a )(SH( {1})( ))SA<F(1){2})
= paoreon (L(2)a) Z(SH*(hi)(gA))SA(F(l) +hy)

i

= pAopcop F(Q Zh SH gA))SA( h)

= panen(Ty@)Sa (Do Z (92" )

= pAopcop(F(z)a/>SA(F(l) : ggl)
= pacreor (L2)a)Sa(gs" - Tr))

where {h;}; is a basis of H, and we have used the fact that the right action by H°P®P is
equal to the left action by H (using - for both actions). Since I' is an element of B, and since
the antipode of B is Sy restricted to B, the right hand side of this equation is an element
of B. This shows that A C B, and hence A = B. Since w” is in particular a linear map

between finite-dimensional vector spaces, it follows that w” is an isomorphism. O



Chapter 5
A non-universal dual space

In this chapter, we construct an example of a braided finite tensor category containing a
Hopf algebra A whose dual A* with the coadjoint action fails to be a coend in the category
of A-modules. This non-example shows that there are certain hidden properties that are
automatically satisfied in the category discussed in 4.2. This construction involves the notion

of a C-category, which can be thought of as a category with an action by a tensor category.

5.1 Categories over a tensor category

Let C be a tensor category. We define, as in [14, 2.1, p. 94-96], a C-category as a category D

together with a functor
QR:CxD—="D

and natural isomorphisms
Bxyz: (XRY)®Z - X®(Y®Z)

and
Tyl Q7L — 7,

for objects X and Y in C and Z in D, where ® also denotes the tensor product of C. For two
C-categories (D, ®) and (D', ®), a functor w: D — D’ together with a natural isomorphism

vxz: w(X®Z)— Xew(Z),
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for objects X in C and Z in D, is called a C-functor. For two C-functors (w,v) and (u', V'),

a natural transformation ¢: w — W' is called a C-transformation (or a C-morphism) if the

diagram
WX ©27) XD (X @ 7)
VX,zZ Vi g
commutes.

Any tensor category C is a C-category. Another example is the category C¢ of right
comodules over a coalgebra C' in C. As explained in [14, 2.1.6, p. 95], the category C is a
C-category because if X is an object in C and Y in an object in C¢ with coaction &y, then

X ®Y is a right comodule over C' with coaction dxgy = idy ® dy.

For two C-functors w and w’, we denote the set of natural transformations from w to w’
by Nat(w,w’), and the subset of C-transformations by Nat¢(w,w’), as in [14, Def. 2.3, p. 96].
Let C be a tensor category and let C' be a coalgebra in C. Let

w:C% =

denote the forgetful functor, which sends each right comodule over C' to its underlying object.

We have the following proposition.

Proposition 5.1.1. Let Z € C, and suppose that g: C' — Z is a morphism in C. For each
object X in C¢, let 6x: X — X ® C denote its coaction. Then the collection of morphisms
Ox: w(X) = w(X)® Z defined by

ox = (idx ® g) 0 dx (5.1)

is a natural transformation 6: w — w @ Z, where w @ Z: C° — C is the functor defined on
objects by X — w(X) ® Z.

Proof. Naturality of 6 means that the diagram

wX) —2 S wX)eZ
w(f) w(f)®idz

w) ——— wl¥)® Z
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commutes for any morphism f in C¢. Since f is a comodule homomorphism, and w(f) is

simply the morphism f viewed as a morphism in C, we have

Oy ow(f) = (idy @ g) o by ow(f)

(idy ® g) o (w(f) ®idc) o dx
(w(f)®idy) o (idy ® g) 0 dx
(w(f) ®idy) o dx

f
f
as required. 0

Both w and w ® Z are C-functors, as observed in [14, 2.1.8, p. 95] and [14, 2.1.9, p. 96].

The natural transformation 6: w — w ® Z, defined as in (5.1) for some morphism g: C' — Z

in C, is a C-transformation because

SX@Y = (ldxgy ® g) 0 0xgy = (idxgy ® g) o (idx ® dy) =idx ® dy

for all X € C and Y € C®. The next proposition shows that the converse is also true.

Proposition 5.1.2. If Siw—ow®Zisa C-transformation, then there exists a morphism
g: C — Z in C such that
ox = (idx ® g) o 0x (5.2)

for all X in CC.
Proof. Suppose that ¢: w — w ® Z is a C-transformation. Note that C is in C° with
coaction ¢ = A¢, the coproduct on C. Then X ® C is in C¢ for any X in C, with coaction

Ixec = idxy ® 0¢ = idx ® Ae. With these coactions, dx: X — X ® C is a comodule

homomorphism, because
5X®C o) 5)( = (ldX X 50) 9} 5)( = <1dX X Ac) e} 6X = (5)( X ldc) @) (Sx

by the comodule axiom (4.14) for X, and hence §x is a morphism in C¢. Therefore, by the

naturality of 4, we have that the diagram

0
X = » X®Z
‘SX 6X®idZ

Ix®C

XRC — X0 ~Z
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commutes. Since 0 is a C-transformation, we also have ) xgc = idx ® SC. Therefore
(6x ®idy) 0dx = (idx ® 6¢) 0 dx,
which implies
(idy ® ec ®idz) o (6x ®idy) 0 oy = (idy ® ec @ idy) o (idy ® d¢) 0 Ox.
Thus, letting

qg= (80 & le) o) SC,

and applying the comodule axiom (4.15) for X, we have
SX = (idx ®g) 05)(
as asserted. O

We now consider a braided category C, with braiding o, and a Hopf algebra H in C.

Lemma 5.1.1. If X and Y are objects in CH with respective coactions dx and dy, then
5X®Y = (idX®y ® mH) e} (ldX ® O'H,Y ® ldH) o ((SX ® 5y>

defines a right coaction on X ® Y by H, and hence X @Y is an object in CH. Furthermore,
if f and g are morphisms in C*, then f ® g is a morphism in C*, and hence C! is a tensor

category.

Proof. By the naturality of ¢ and the coassociativity comodule axiom (4.14) for §x and dy,

(Oxgy ®idy) 0 dxey

= (idxegy ® mpg ®idy) o (idx ® opy ®idyg ®@idy) o (0x ® dy ®idp) o (idxey ® mpy)
o (idx ® opy ®idy) o (0x ® dy)

= (ldxgy @ mg @ my) o (idx ® oy ®idy ® idpgw) 0 (0x ® by ® idugm)
o (idx ® opy ®idy) o (0x ® dy)

= (idxgy @ my @ mpy) o (idxy ® opy ®idy ®idpgn) o (idxy @ idy ® opyen @ idy)
o (6x ®idy ® oy ®idy) o (dx ® dy)

= (idxgy @ mg ® mp) o (idx @ ogy ®idg ® idpgn) o (idx ® idy ® ogyen ® idy)
o (idx ® Ay ®idy ® Ay) o (6x @ dy).
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By the braiding axiom (1.4), this equals

(idxgy @ mp @mpy) o (ldx ® opy ® idy @idggn) o (ildy @ idg ®idy ® op g @ idgy)
o(ldy ®idy ® opy ®idy ®idg) o (idx ® Ay ®idy @ Ag) o (0x @ dy)

= (ldxgy ® myg @ my) o (ldx ®idygy ® opx ®idy) o (idxy ® opy ® idpegy @ idgy)
o (ldx ®idy ® oy Qidpgn) o (idx ® Ay ®idy @ Ag) o (6x ® dy)

= (idxgy ® mg @ mp) o (ldx ® idygy ® ogg ®idy) o (idx ® openy ® idy @ idy)
o(idy ® Ay ®idy ® Apg) o (0x ® dy)

= (idxgy @ mg @ mp) o (idx ® idygy ® ogg ®idy) o (idxy ®idy @ Ay ® Ap)
o(ldx ® ogy ®idg) o (dx ® dy)

= (ldxgy ® Ag) o (idx ®idy @ my) o (idx ® opy ®idg) o (dx ® dy)

= (idxegy ® Ag) o dxey,

where we have also used braiding axiom (1.3), another application of the naturality of o,
and the fact that Ay is an algebra homomorphism. This shows that dxgy satisfies the
coassociativity comodule axiom (4.14). Using the fact that ey is an algebra homomorphism,

the naturality of o, and the counital comodule axiom (4.15) for dx and dy, we have

(ldxgy ® €n) 0 dxay

= (idxgy ®en) o (ldxgy @ mpy) o (idx ® opy ®idy) o (6x ® dy)

= (idxgy @ my) o (ldxgy @ ey @ep) o (idx ® opy ®idy) o (6x ® dy)
= (idxgy @ my) o (idxy ® o7y) o (idy ® ey @idy ®epy) o (0x ® dy)

= idX@Y,

where we have recalled that o7y = idy by (1.6). This shows that dxgy also satisfies the
counital comodule axiom (4.15) and is therefore a right coaction on X ® Y by H. Now let
f: X =Y and g: X’ — Y’ be morphisms in C¥. Then,

dygyr o (f @ g)

= (idygy ® my) o (idy ® opy ®@idy) o (0y ® dy+) o (f ® g)

= (idygy @ mpy) o (idy @ ogy ® idy) o (f ®idy ® g ® idy) o (0x @ dx)
= (idyey ®my) o (f @ g®idy @idy) o (idx @ oy x ®idy) o (0x ® dx1)
=(f®g¢g®idy) o (ldx ®idxy @ mpy) o (idx ® oy x» ®idy) o (6x ® dx)
=(f®g®idy) o dxex:
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by the defining property (4.20) of a comodule homomorphism and the naturality of o, and

hence f ® g is a morphism in C¥. O
We may regard H as a right comodule over itself via the coadjoint coaction
5H == (ldH X mH) e} (1dH X SH X ldH) e} (UH,H X ldH) e} (ldH X AH) o AH, (53)

as defined in [14, 2.5.1, p. 106]. Thus, we may define the natural transformation & in (5.1) in
terms of a comodule homomorphism g: H — Z. The next lemma shows that each morphism

in this natural transformation is then a comodule homomorphism.

Lemma 5.1.2. Let Z € CH and let g: H — Z be a morphism in C*. With the coaction
on X ® Z defined as in Lemma 5.1.1, the morphism dx = (idx ® g) o dx is a comodule

homomorphism for each X in CH, i.e., the diagram

X ox s X®Z
Sx Ox9z
Sx®idy
X®H XRLZIQH

commutes.

Proof. Using the fact that g: H — Z is a comodule homomorphism, the naturality of o, and

the coassociativity comodule axiom (4.14) for X, we have

5X®Z OSX

= (idxgz @ mpy) o (idx ® oz @idg) 0 (0x @ dz) o (idy @ g) 0 0x

= (idxgz @ mpy) o (idx ® oz @idg) o (0x @idzgm) o (idxy ® g ®idgy)
o(idy ® o) 0 dx

= (idxgz @ mpy) o (idx ® oy z ®idg) o (idxen ® g ®idy) o (idxey ® du)
o(0x ®idy)odx

= (idxgz @ mpy) o (idx ® ¢ ® idy ®idy) o (idxy @ oy ®@idy) o (idxen @ 6x)
o(idy ® Ag)odx

= (ildy ® g®idy) o (idx ® idyg @ mpy) o (idx @ oy @idg) o (idxen @ 6m)
o(idxy ® Ag)odx.
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As a consequence of [14, Lem. 2.13, p. 108], we have

and hence
5X®Z o} SX = (ldX ®g X ldH> ¢) (ldx & AH) @) 5)(
= (0x ®idy) o 0x
as required. N

Putting everything together, we have the following theorem.

Theorem 5.1.1. If H is a Hopf algebra in a braided category C, viewed as a comodule over

itself via the coadjoint coaction defined in (5.3), and Z is in C¥, then the map
HomcH (H, Z) — Natc (ich, ich & Z)

sending each morphism g: H — Z in CH to the natural transformation 5 ider — ider ® Z
defined by
5X:<idX®g)05X (54)

s a bijection.

Proof. By Lemma 5.1.2, we have that dy is a comodule homomorphism for each X in C¥. By
the same argument as in Proposition 5.1.1, we have that dy defines a natural transformation,
and we have observed that it is in fact a C-transformation. Conversely, if 0 : ider — ider ® Z

is a C-transformation, then we know from Proposition 5.1.2 that
ox = (idx ® g) o 0x

for

g = (&‘H X le) o SH
Thus, it remains to prove that ¢ is a comodule homomorphism. We first observe that the
counit e : H — [ is a comodule homomorphism with respect to the coadjoint coaction (5.3)
on H and the trivial coaction 6;: I — I ® H on I, defined as the unit ug: I - H=1® H.
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We have

(eg ®idy) o by

= (ep ®idy) o (idg @ mpy) o (idy @ Sy ®idy) o (ogy ®@idy) o (idy @ Ay) o Ay
=mpyo(Sy®idy)o (eg ®idy ®idy) o (opgx ®idg) o (idy @ Ay) o Ay
=mpyo (Sy®idy)o (o ®idy) o (idyg ® ey ®idy) o (idy ® Ay) o Ay

=mpygo (Sy ®idy) o Ay

=ugocy

:5IO€H>

where we have used the naturality of o, the fact that oy ; = idy, and the counit and antipode
equations for H. This implies that ey ® idz is a comodule homomorphism by Lemma 5.1.1.

Since dy is a comodule homomorphism, it follows that ¢ is a comodule homomorphism. [J

5.2 Coends over a tensor category

We now let C be a braided category with left duality, and show that the C-transformations

0:ider — ider ® Z discussed in 5.1 are in bijection with certain dinatural transformations
tx: X*® X — Z. This leads us to the notion of a C-coend (cf. [14, Def. 3.2, p. 111],
[1, Def. 3.1, p. 160]). We first prove the following.

Proposition 5.2.1. The set Nat(idew,iden ® Z) is in bijection with the set of dinatural
transformations 1x: X* @ X — Z, for X in C.

Proof. For each 6 € Nat(ider,iden ® Z) and X in CH | define
Lx = (er®idz)O(idx* ®Sx) (55)
Let f: X — Y be a morphism in C#. Then

= (evx ®idy) o (idx~ ® dx) o (f* @ idx)

= (evy ®idy) o (f* ®idxey) o (idy- @ dy)

= (evy ®idy) o (idy- ® f ®idy) o (idy- ® dx)
= (evy ®idy) o (idy» ® dy) o (idy~ ® f)

=1y o (idy~ ® f),

Lx O (f* & ldx)
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where we have used Theorem 1.4.1 and the naturality of 4. This shows that the collection
of morphisms tx: X*® X — Z, which is the image of 6 under this mapping, is a dinatural
transformation. The inverse map sends a dinatural transformation tx: X* ® X — Z to the

collection of morphisms defined by
5)( = (ldX &® Lx> o (COGVX X ldx) (56)

(cf. [5, Prop. XIV.2.2, p. 343]). It remains to prove that & is a natural transformation.
Naturality of § means that the diagram

X —% xwZ

f f®idz (57)

y — % syez

commutes for each morphism f: X — Y in C¥. We have

(f®idy)0dx = (f ®idy) o (idy ® ty) o (coevy @ idy)
= (idy ® tx) o (f ® idx+ ®idx) o (coevx ® idx)
= (idy ® tx) o (idy ® f* ®idx) o (coevy ® idx)
= (idy ® ty) o (idy ® idy+ ® f) o (coevy ® idyx)
= (i ) o (coevy ®idy) o f

=dy o f,

where we have used Theorem 1.4.1 and the dinaturality of «. This establishes the desired
bijection. O]

If we restrict this bijection to the set Nate(idew,iden ® Z) of C-transformations, then we
have a bijection with some subset of the dinatural transformations tx: X* ® X — Z. The

next proposition characterizes these dinatural transformations.

Proposition 5.2.2. Let § € Nat(idew,ider ® Z), and let ¢ be the corresponding dinatural
transformation under the bijection in Proposition 5.2.1. Then é is a C-transformation if and
only if

txey =ty o (idy: ® evy ®idy) o (7)}71}, ®idygy). (5.8)
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Proof. We first show that ¢ € Nat(iden,ider ® Z) is a C-transformation if and only if
Lxgy = Ly 0 (eVxgy ® 1dy+gy) o (id(xgy) ® idx ® coevy ® idy). (5.9)
Suppose that 0: ider — ides ® Z is a C-transformation, and recall that this means that
dOxey = idx ® dy.
Applying the bijection (5.5), we have

txey = (evxgy ®idz) o (id(xgy) ® 5X®Y)
= (eVX®y (29 ldz) o (id(X@)y)* ®idy ®idy ® Ly) o (id(X®y)* ® idx ® coevy ® ldy)

= Lly © (eVX®y X idy*®y) @) (id(X®y)* X ldX ® coevy ® ldy)
Conversely, suppose ¢ satisfies (5.9). Then, applying the bijection (5.6), we have

dxey = (idxey ® txey) o (COeVxey @ idyey)
= (idxgy ® ty) o (idxey @ evygy @ idy-gy)
o (idxgy ® id(xgy) ® idx ® coevy ®idy) o (coevxgy ® idxey)
= (idxgy ® ty) o (idxgy ® evxgy ® idy+gy)
o (coevxey ®idx ® idygy: ® idy) o (idy ® coevy ® idy)
= (idxgy ® ty) o (idx ® coevy ® idy)
=idx ® SY7

which means that ¢ is C-transformation.

By applying (3.1), the condition (5.9) can equivalently be expressed as

Lxgy = ly © (evy ® idy«gy) o (idy- ® evx ® idy ® idy+gy) 0 (’Y;(,ly ®idxgy ® idy+gy)
o) (id(X(g)y)* &® ldX ® coevy @ ldy)
=Ly © (GVY X idy*®y) o (ldy* X coevy & ldy) 9 (idy* Xevy &K ldy)

o (vxy ®idx ®idy)

vy o (idy- @ evy ®idy) o (vxy ® idxgy).

Thus, ¢ is a C-transformation if and only if (5.8) holds. O
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In the case Z = H with the coadjoint coaction and g = idy, the C-transformation &
defined in (5.4) takes the form dy = dx for X in C*, and & corresponds to a dinatural
transformation ¢y : X*® X — H satisfying (5.8) and (5.9) by Proposition 5.2.2. Explicitly,

Lx = (eVX(X)idH)O(idX* ®5x) (510)

The next proposition shows that ¢ is universal among dinatural transformations satisfying
(5.8).

Proposition 5.2.3. Let 1x: X*® X — H be the dinatural transformation defined by (5.10).
For any dinatural transformation jx: X* ® X — Z satisfying (5.8), there ezists a unique
comodule homomorphism g: H — Z such that

Jjx =gotx. (5.11)

Proof. Under the bijection in Proposition 5.2.1, the dinatural transformation j corresponds
to a natural transformation 6 € Nat(idex,ider ® Z). Since j satisfies (5.8), this 0 is a
C-transformation by Proposition 5.2.2. By Theorem 5.1.1,

ox = (idx ® g) o dx
for a unique comodule homomorphism g: H — Z. Hence, applying (5.5),

jX = (QVX & ldz) e} (idx* & g}()
= (evX X idz) o (idx* ®idxy ® g) o (idx* ® 5)()
=go(evy ®idy) o (idx+ ® dx)

=gotlx
as required. O

In light of this result, we will refer to H as a C-coend. Thus H, together with the dinatural
transformation
Lx = (eVX X ldH) o <1dX* X 5)(),

is a C-coend in CH.
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5.3 The non-example

We are now ready to construct our example of a braided finite tensor category containing a
Hopf algebra A whose dual A* with the coadjoint action is not a coend in the category of
A-modules. We begin by constructing a Hopf algebra, in a category C¢ of comodules over a

coalgebra in a category C, that is a C-coend but not a coend. This can then be dualized.

Let G be the cyclic group of order 2 and H = K[G] be the group algebra over a field K.
We let C be the category of finite-dimensional H-modules. Note that H is quasitriangular
with R-matrix R = 15 ® 1p, so that C is a braided category in which the braiding is the
flip map. The Hopf algebra H, which is a Hopf algebra in the category of vector spaces, is
in fact a Hopf algebra in C when endowed with the trivial action. We will denote H, viewed
as a Hopf algebra in C, by C. We now verify that the structure morphisms of C' are indeed
H-linear and, hence, morphisms in C. Let h € H and ¢ € C. For the coproduct A¢ = Ay,

we have

h-Ac(e) = hay - ca) ® hey - ¢2)
= eu(hy)cq) ® ea(he))ce)
= en(hwen(h@))cw) © ¢
=en(h)Ac(c)
= Ac(en(h)e)
= Ac(h-c),

and, recalling that the unit object in the category of H-modules is the base field K with the

trivial H-action, we have for the counit e = ey that

h-ec(c) =en(h)ec(c)
ec(en(h)c)
8c(h . C).

This shows that A¢ = Ay and ¢ = ey are H-linear. For the multiplication m¢ = my, we
have for h € H and ¢, € C that

me(h- (c® ) =me(en(ha))e @ en(hz)d)
= en(haen(he))me(c® )
=eg(h)me(c® ),
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and therefore m¢ is H-linear. Finally, S¢ = Sy and uc = ug are H-linear as a consequence
of their K-linearity. Note that the coproduct A¢ = Ay remains an algebra homomorphism

when viewed in C, since the braiding coincides with the flip map.

We now consider the category C¢ of comodules over C' in the category C. Let a be the

non-identity element of G and, for each X in C®, define
ox(z)=a-x.

Each dy is an H-module homomorphism because, for all h € H and z € X,

dox(h-x)=a-(h-x)
=ah-x
=ha-x
=h(a-2)

since a is central in G and, therefore, in H. Each 0y is a C-comodule homomorphism because
for all x € X,

(6x 0 0x)(z) = dx(a-x)
=a-0x(z)
— a2 @ ag - 2
=aq) -t @ ey (ap)r?
= amen(ag)) - M 32

= ((0x @ idy) o dx)(),

where we have used the fact that dx is H-linear, being a morphism in C. Next observe that

for any morphism f: X — Y in C¢,

(fodx)(z)=fla-x
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since f is, in particular, H-linear. Thus, we have constructed a natural transformation

o: idcc — idcc.

Now if 6 were a C-transformation, then by applying Theorem 5.1.1 with Z = K, there
would exist a unique morphism ¢: C' — K in C such dx = (idx ® g) o0y for all X in C°. Let
X = H and equip it with the regular H-action and the trivial C-coaction dx(z) =z ® 1¢,

and observe that X is in C¢ since the trivial C-coaction on X is H-linear:

h-(x®1lc)=hay @ hg) -l
=hay - v ®@cen(he)lc
= hwen(he) @ 1c
=h-z2®1c.

But

while
((idx ® g) 0 6x)(a) = (idx ® g)(a ® 1¢) = g(1¢)a,

and these are not equal since 15 and a are linearly independent. Therefore, § is not a

C-transformation.

We know from 5.2 that C, together with the coadjoint coaction (5.3), is a C-coend in C%,

with the dinatural transformation
Lx = (evX X ldo) o) (ldx* & 5)(),

which is universal among dinatural transformations satisfying (5.8). If ¢ is universal among

all dinatural transformations i: X* ® X — Z in CY, then for the dinatural transformation
jX = €evyx O (ldX* X Sx)

corresponding to ¢ under the bijection in Proposition 5.2.1, there exists a unique comodule

homomorphism ¢g: C' — K such that jx = g otx. But then

Jx =9g°lx
=go (eVX X ldc> o (idx* &® 5)()
= €evVx O (ldx* X ldX & g) o (idx* ® (5)()
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implies by the general adjunction from [5, Prop. XIV.2.2, p. 343] that
ox = (idx ® g) o dx,

which we have shown is a contradiction. This shows that ¢ is not universal among all
dinatural transformations in C¢, and hence C together with ¢ is a C-coend in C¢ but not a

coend.

Now recall that left and right duals of a Hopf algebra in a category are again Hopf
algebras in that category, and that the left and right duals of the structure morphisms are
the structure morphisms for the left and right dual Hopf algebras, respectively. We can thus
view C' as the dual Hopf algebra A* in C, where A = *C' is a right dual of C. Hence A*,
which has the trivial action by H and coadjoint coaction by A* = C, is a C-coend in the

category C® that is not a coend.

We now dualize this case. Recall that if C' is a coalgebra in C then the category C¢
of right C-comodules can be identified with the category C:c of right *C-modules, by the
discussion in [17, p. 12]. The correspondence between the C-coaction and *C-action is given
by the adjunction in [5, Prop. XIV.2.2, p. 343]. If X is in C«¢ with action ax: X ® *C — X,
then the corresponding coaction dx: X — X ® C'is given by

dx = (ax ®ide) o (idy ® coevsc). (5.12)

Thus, for the case C' = A*, we can identify the category C¢ with the category C4 by this
correspondence. Since coends are preserved by an isomorphism of categories, it follows
that A*, equipped with the action corresponding to the coadjoint coaction, is a C-coend

in C4 that is not a coend.

This non-example is particularly interesting because, in the case where C is the category
of finite-dimensional vector spaces and H is a Hopf algebra in C, we have proved that H*
together with the coadjoint action is a coend in the category of finite-dimensional H-modules,
and we now prove that the the coadjoint action of H on H* is the action corresponding to

the coadjoint coaction of H* on H*.

Proposition 5.3.1. Let H be a finite-dimensional Hopf algebra. Then the coadjoint action
of H on H* corresponds to the coadjoint coaction of H* on H* under the correspondence

given in (5.12).



109
Proof. The coadjoint coaction (5.3) of H* on H* is given by
S = (idg+ @ my+) o (idy+ @ Sy @ idy+) o (ogs p+ @ idy+) o (idpy+ @ Aps) o Aps.
Evaluating this on ¢ € H*, we obtain
dm-(p) = @) @ Su-(p) )

Recall that the coend L from 4.3 is equal to H* as a coalgebra. By Lemma 4.4.1, we have
A = *L = H°? as an algebra. Therefore, by the correspondence in [17, p. 12], the right
coaction dg+ corresponds to the right action ag«: H* ® H® — H* defined by

g+ = (1dH* ® eVA) @) (5H* (029 ldA)
Evaluating this on ¢ ® h € H* ® H°P gives

OzH*(gp ® h) = (idH* X eVH)(cp(z) & SH*(QDQ))(,D(;J,) & h)
= p2) ® S+ () (h)))eE) (he)
= o) (Su(hm))eE) (hi@)ee),

and evaluating on h' € H gives

o (0 @ h)(h') = @) (Su(hay)ee) (W) ee (he)
= o(Su(ha))h'he).

Since a right action by H°P is the same as a left action by H, this shows that the right

coadjoint coaction of H* on H* corresponds to the left coadjoint action of H on H*. m

Thus, since we know that H* with the coadjoint action is a coend in the category of
finite-dimensional H-modules, it must be the case that every dinatural transformation in

this category satisfies the property (5.8).
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Appendix A

Dual basis map

Here, we establish that the coevaluation map coevy = dby: V*®V — K in the category of
vector spaces over a field K, also known as the dual basis map, is independent of the choice
of basis. Recall from 1.3 that it is defined by

coevy: K -V V*

)\»—>)\Zn:vi®vj,

i=1
where {vy,...,v,} is a basis for V and {v},... v} is the corresponding dual basis.

Define ¢: V' x V* — End(V') by

Y(v,0)(v) = (W)

for all (v,¢) € V x V* and v' € V. Then 1 is bilinear, so by the universal property of the
tensor product there exists a linear map 7': V ® V* — End(V') such that the diagram

Vx Vs —* 5 End(V)

Vev:

commutes. In other words, for all (v,p) €V x V*and v’ € V

T(ve )W) = e,
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Now let v = )"" | \;u; be any vector in V, and observe that

T(En:w@v) <ZTU,®U> N = zn:T(vi@)vf)(v’)

1=1 =1

:Zv;‘( Zx\v v;j)v Z)\vz

2,j=1

which means that
Note that, in particular,

n
v = Z vl (v )v
i=1

By writing ¢ € V* as a linear combination of the v}, a similar calculation also shows that

=3 el

Now let T": End(V) — V ® V* be defined by T"(f) = > i, f(v;) @ v for all f € End(V).
Observe that

n

(T'oT)v@e) =T (T(we ) =) T () o]

i=1

—ng 0;)V ® vf —ZU@@(vi)v;‘:v@)Zgo(vi)v

i=1 i=1

:U®(p

forall v ®@ ¢ € V@ V* and hence T" o T' = idy gy +. Furthermore,
(T o T) () = T () =T( 3 ) @ 07) (0

S IAUBEIOED SHONOESIOIHOR

for all f € End(V) and v € V, and hence T o T" = idgna(v)-
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This shows that T” is the inverse of T', and therefore T' is a bijection. Now since coevy
is determined by coevy (1) = Y"1 v; ® v}, the bijectivity of T and relation (A.1) show that

coevy is independent of the choice of basis.
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