








1+1 NationalLibfary
o!Canada

BibiioU-.tlquenalionale
duCanada

~uisitions and Direction. des acquiSitions et
BibliOgraphic services Branch des seMCes bibllOgraphiques

395WelingtO<)SI'eel ~.:ue~

~~ontano ;r.A'cMOnlariol

NOTICE AVIS

The quality of this microform is
heavily dependent upon the
quality of the original thesis
submitted for microfilming.
Every effort has been made to
ensure the highest quality of
reproduction possible.

If pages are missing, contact the
univeisity which granted the
degree.

Some pages may have indistinct
print especially if the original
pages were typed with a poor
typewriter ribbon or if the
university sent us an inferior
photocopy.

Reproduction in full or in part of
this microform is governed by
the Canadian Copyright Act,
R.5.C. 1970, c. C-30, and
subsequent amendments.

Canada

La qualite de cette microforme
depend grandement de la qualite
de la these soumise au
microfilmage. Nous avons tout
fait pour assurer une quante
superieure de reproduction.

S'iI manque des pages, veuillez
communiquer avec I'universile
qui a confere Ie grade.

La qualite d'impression de
certaines pages peut laisser a
desirer, surtout si les pages
originales ont eli!
dactylographh~es a "aide d'un
ruban use au si I'universite nous
a fait parvenir une photocopie de
qualite inferieure.

La reproduction, meme partielle,
de cette microforme est soumise
a la Loi canadienne sur Ie droit
d'auteur, SRC 1970, c. C-30, et
ses amendements subsequents.



FIELD AND CIRCUIT COMBINED
ANALYSIS OF PERMANENT MAGNET

SYNCHRONOUS MOTORS

by

@PING ZHOU

A thesis submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy

Faculty of Engineering and Applied Science
Memorial University of Newfoundland

May 1994

St. John's Newfoundland Canada



1+1 ~-l.t>nwy

~a~McesBranch

~~

DireclionclesacQulsitionsel
de$servicesbibliOgraphiques

~~
KIA(lNoI

TIlE AUTHOR HAS GRANTED AN
IRREVOCABLE NON·EXCLUSIVE
LiCENCE ALLOWING TIlE NATIONAL
LIBRARY OF CANADA TO
REPRODUCE. LOAN, DISTRIBUTE OR
SFLL COPIES OF InS/HER THESIS BY
ANY MEANS AND m ANY FORM OR
FORMAT. MAKING TInS llIESIS
AVAILABLE TO INTERESTED
PERSONS.

1HE AtrrnOR RETAlNS OWNERSHIP
OF THE COPYRIGHT IN I:DSIHER
TIIESIS. NEITIIER TIlE 11IESIS NOR
SUBSTANIlAL EXmACTS FROM IT
MAY BE PRINTED OR OlHERWISE
REPRODUCED WITHOUT mS/HER
PERMISSION.

L'AUTEUR A ACCORDE liNE l.ICENCE
IRREVOCABLE. ET NON EXCLUSIVE
PERMETTAh'T A LA BmLlOTIlEQUE
NATIONALE Dr) CANADA DE
REPRODUIRE, PRETER. DISTRIBUER
eu VENDRE DES COPIES DE SA
TIlESE DE QU".LQUE MANIERE ET
SOUS QUELQUE FORME QUE CE SOIT
POUR METIRE DES EXEMPLAIRES DE
CEliE THESE A LA DISPOSITION DES
PERSONNE INTERESSEES.

L'AUTEUR CONSERVE LA PROPRJETE
DU DROIT D'AlITEUR QUI PROTEGE
SA THESE. NI LA TIlESE NI DES
EXTRAITS SUBSTANTIELS DE CELLE­
CI Nt:: DOIVENT ETRE IMPRIMES eu
AtrrREMENT REPRODUJTS SANS SON
AUTORISATION.

ISBN 0-315-96073-6

Canadti



Abstract

A complete procedure ha.s been developed to predict the steady-state and dy­

namic performances of permanent magnet synchronous machines. The major fea­

ture in this study is to combine a finite element analysis with a. lumped parameter

circuit model in order to provide satisfactory engineering information but at small

computational effort. To this end, two oo-ordinated stages are involved. One is to

develop a unified Jumped parameter circuit model applicable for both steady-state

and transient analysis. The otber stage is to extract individual lumped parameters

from finite element solutions based on corresponding equivalent circuits, each with

a predetermined topolo&)',

In this study, static magnetic field calculation is applied to determine the load­

dependent direct and quadrature axis reactance parameters Xci, X, and excitation

voltage Eo. in which the effect of the interaction between the d-axis and q-axis quan­

tities is included. Time-varying eddy-current field calculation is used to get starting

parameters wbich serve as the investigation of dynamic behaviour. In order to sim­

plify the time-varying field calculation, time phasor is used to separate the time

variable from the field equation based on the introduction of equivalent reluctivity

in' terms of equivalent magnetic energy. In order to cope with the voltage supply,

corresponding finite eiement formulae are derived with complete elimination of the

iterative process for starting current. Due to the availahility of the accurate field­

based operational parameten, it has become possible to use the lumped parameter

circuit model to obtain the complete starting and synchronous performances.



As an intqflll put of this study, an effort has Men directed to the experimen­

tal investigation on the steady-state and dynamic performances. A new load test

method is proposed to determine the load depelldent parameters X~, X, and Eo.

In addition, a new microprocessor-based di~t.a.I torque angle ItIellllurement s}'3tcm

was designed and built to pruvide improved acc:uracy and fast data sampling for

measuring and control purposes. At the same time, a scheme for accurately locAting

the position of tero torque angle is proposed with avoiding access to the intern&!

construction of a machine.

The proposed tecllniques have been successfully applied to a 1 hp labora.tory

permanent magnet motor. There exists excellent agree:meut between the simulated

and experimental results.
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Chapter 1

Introduction

1.1 A General Description of PM Motors

tocfeMing interest hu been shown in using Permanent magnet(PM) syn­

chronous motors with variable-frequency inverters in adjustable-speed drives, tak·

ing advantage of the increased efficiency and power factor product to reduce volt­

ampere (VA) requiremenh(lJ. These motors ;ll'e also widely used at the fixed main

frequency source.

Depending OD the location of the magnets on the rotor. typical permanent mag­

net synchronous machines can be broadly classified into three kinds: interior PM

synchronous motors which have the pennanent ma&nets buried inside the rotor;

surface PM synchronous motors which have their permanent magnets mounted OD

the surface of the rotori and inset PM synchronous motors in which the permanent

magnets are inset or partially inset into the ro\or[2, 3, 4J. Depending on the ori­

entation of the magnet magnetization, the rotor can also be classified as radially

oriented type or circumferential type. For interior and inset type configurations,

the direction or magnetiution can be either radial or drcumferential. For SUrfACe

type configuration, the only direction or magnetization is radial.



For the line frequency .tart motor, which is normally fed by a fixed voltage

source, some sort of conductinn or squinel cage winding is required to develop the

starling torque. The squirrel cage also protects the magnets from demagnetiution

during the startup trMlsient and sudden increase in the stator current, and also acts

as a damper to the macbineoscillation. This helps to keep the rotor in synchronism.

For a variable speed motor fed from the current source inverter, although there

is no need to develop the starting induction torque, as the motor drive can be

started synchronously from standstill, the damper windings are helpful in reducing

the distortion Mld spikes of line-to-line voltage(5J. The damper windings can also

reduce the commutating inductance, and thU! help in tMucing the commutation

overlap. Therefore, d&mper windings are abo employed in these drives. However,

for the drive with voltage-source inverter, damper3 OD the rotor would provide a

path for the flow of harmonic currenls induced from the non-sinusoidaJ voltage

inverter wavefonnsf6]. Therefore, it is advantaget'~ not to have dampers in this

kind of driveg with voltage source inverters..

Figure 1.1 shows the operation of a PM machine at different portioD! of the de­

magnetization curve of the B-H loop. The maximum aux deuity B~ correaponding

to point A' is available initially if the mapet is short-circuited with steel keepers.

When the magnet is iDStailed in the machine, operating point B will correspond

to the no-load line. With load current flowing in the stator winding, the armature

reaction effect will further reduce the flux density. A load line ?Jl5 correspocding

to worst-case demagnetization may be due to stuting, pun-in or other transient

conditions. Once the operating point D is reached and the demagnetization effect

is removed, the magnet will recover along the recoil line, wh:ch has approximately



Figure l.l: PM machine operating points on B-H curve

Figure 1.2: Permanent-magnet characteristics



the same slope as the orilmal B-H curve near H = O. Subsequently, ~he s':,"~le opo

cra.ting point will be determined by ~he intersection of tbe load line and the recoil

line. 1£ the material of the perma.nen~ malnet bas a straight line demagnetiution

curve, ~he recoil line win always trace hack along ~he demaa:ne~iution curve with

negligible demagnetization effect. Characteristic demagnetization curves for some

PM materials are shown in Fig. 1.2. Alnico has the high remanence but the coer·

civity is low, with a nonlinear demagnetization curve. Therefore, it is now seldom

used in at motor design. Ferrite material is low in cost and has excellent linearity in

demagnetization, but the remanence is low, making tbe machine somewhat bulky.

Samarium-Cobalt has substantially increased residual ftux density and coercivity

as compared with ferrite, but cost is high and likely to remain so. As a result,

it is used in hi~ performance servo driVe!, where a hi&h torque to inertia ratio

is desirable. A further increase in residual flux density and coercivity has been

achieved with the introduction of Neodymium-Boron-Iron (NdBFe) magnet mate­

rial a.t a lower cost than the Samarium-Cobalt material. One poten~ial limitation

of NdBFe material in comparis?n witb other high energy magnets is ib relatively

low temperature limit.

For a variahle speed PM motor fed from a variable frequency source, the stator

frequency is derived from the rolar position information making use of a shalt

position sensor. The machine is therefore always in synchronism with the stator

supply irrespective of the machine speed without the help of a squirrel cage winding.

With a variable frequency current source power supply, below bue speed, the speed

is controlled by varying the stator current, and above base speed, it is controlled

by weakening the airgap llux. The torque control can he a.chieved by controlling



the magnitude of the statar current and the spatial &nsle, P, between the stator

magnetomotivc force (mmf) this current produces and the rotor mmf produced by

magnets. For II. power supply from a variable frequency voltage source, the basic

control strategy is to operate the motor &l. a constant ftux below base speed and at

a constant terminal voltage above base speed. The constant flux operation below

base speed is achieved by operating the machine at a constant voltage/frequency

ratio, which is increased allow speed to compensate for the stator resislance drop.

Upon energizing a PM motor on fixed frequency supply, tb~ squirrel cage wind·

ing provides acccleratinr; torque to carry the rotor to near sY.lchronous speed. This

accelerating torque must overcome, not only the applied load torque, but also the

generated magnet braking torque due to the presence of tbe permanent magnet

Dux. When the rotor reaches a speed close to synchronous speed, the magnets then

pull the rotor into synchronism. As the load is applied, the rotor develops torque by

increasing the torque angle 6 between lhe rotor direct &xi! and the axis of resultant

a.irgap magnetic field.

If a PM motor is to have line startiQl; capability, the interior mat;net type design

with radiitl magnetization appears to be the most economical to manufacture for

the need of a squirrel cage. The interior magnet type also offers the a-ivantages

of mechanical robustness and a smaller a.irgap, which allows for a degree of flux

weakening, when the motors are expected to operate in the constant power mode

at high speed. In order to be concise and explicit but without lack of generality,

this thesis will take the interior magnet type as a workiog model. An example of

the structure is shown in Fig. 1.3.



rlllo[llot,->:~_

Figure 1.3: Configuration of interior-type PM motor with radial magnetiution



1.2 Literature Survey

Due to the increased competition in world markets and the pressure of increased

cost of ele<:trical energy, plus the relatively high price of permanent magnets, it is

e3sential to predict a,:curately the synchronous and dynamic performances of the

proposed design of a PM motor in order to avoid the design misjudgement that

can prove costly once the motor is manufactured. This situation has necessitated a

parallel development of more accurate and practical computation tecliniques. The

topic of both synchronous and dynamic performance analyses has been treated

extensively in the literature[7, 8, 9, 10, 11]. Equivalent circuits and lumped param­

eter models have been traditionally used to calculate the performance of electrical

machines and to conduct the design with idealized and simplified physical rep­

resentation. However, it is difficult to use the traditional analytical method to

calculate their characteristics taking into account the effect of magnetic saturation,

complex configuration, eddy currents and external system impedances at the same

time. Numerical techniques have been recognized as practical and accurate method

of field computation to aid in electrical design[12J. Finite elements, amongst nu­

merical methods, have emerged as suitable techniques for electrical design and

performance evaluation in low frequency applications, because its elements can be

easily adapted to any shape of boundary and interface geometry. The method has

been applied with success to non-linear material[13), eddy CW'I'ent problems[14, 15J

and permanent magnets[16}. Different post-processing techniques based on finite­

element solutions have been developed for the improvement of behavior prediction

and design optimization[15, 171. But this is a time-consuming process. In order

to achieve a computationally simple and at the same time functionally accurate



model, a hybrid technique which combines field and electric equivalent circuit hlUl

become the subject of considerable efforts{18, 19, 20).

Although recent years have witnessed considerable applications of finite element

techni'lue to the analysis of PM synchronous motors, there are still many problems

waiting for solutions. It is recognized that the starting point of finite element

method (FEM) is in fact based on Maxwell's equations, where the current appears

as a cause, producing magnetic flux as an effect, thereupon the induced voltage.

Therefore, for PM motors fed by current source inverter, FE analysis is relatively

easy to irnplement[20J. However, in the case of voltage source inverter, the voltage

is the cause and current being the effect. This limitation leads to a time-consuming

and inconvenient iteration process. In addition, previous investigation of PM motor

using FEM was more or less directed towards the study of specific operation modes

such as no load or at rated load.

The effects of saturation for PM motor are IIlOre profound. Various authors

have noted the influence of magnetic saturation upon the performance of PM m0­

tors, and some motor design procedures were introduced to take saturation into

account including the prediction of reactance parameters[21, 22, 23J_ But what is

perhaps easily overlooked is the assumption that the magnet excitation voltage Eo

is constant. In addition, little attempts have been made to computationally deal.

with the interaction between the direct and quadrature axis fields on the operating

performance and the determination of saturated parameters.

The common methods for torque evaluation are of these three types: a) Lorentz

force method, b) virtual work principle method and c) Maxwellstl'ClIs tensor method[24,

251. For the Lorentz force method, the problem region must consist entirely of non-



ferromagnetic material. The virtual work principle mctbod n~s numerica.l diff~-

entiation of co-ener&)'. The technique m.y suffer from cancellation problem, since it

relies on the difference between quantities of neuly equal magnitude. For Muwell

stress tensor method, its accuracy is rather susceptible to mesh discretization and

the selection of the integration contour. So, some speciaJ techniques ue needed to

make these methods useful in practice(26, 27, 28J. It is also to be noted that a.ll the

above methods are based on the flux density distribution. In such a case, each fiux

density component wi!( no longer satisfy the t:Ontinuity condition at inter-element

boundaries, especially, in the region such all in small airgap where liiLt'ge gradient of

magnetic field occurs due to the fact that first-order element solutions are preferable

to high-order element solutions{IS}.

The swting performance of PM motors fed from a constant frequency source

from the moment of switch-on to the onset of stable synchronous operation forms

a most important part of assessment of such drives for &Dy practica.l application.

Although the methods chuacterized by these earlier works(9, 29) have provided a

general framework for calculating the starling characteristics of a PM synchronous

motor, aU of these methods assume constant parameters during the starting process.

tn addition, little investigation of synchronization has been reported. In fact, the

rotor parameters will change significantly with the rotor slip due to the magnetic

saturation and skin effect. Recently, some efforts have been made to calculate

the starting characteristics directly using finite element method hy a non-linear

time-stepping method with incremental change in rotor positionl30, 31]. Since the

convergence of the time-stepping procedure can oo1y be ensured by taking l!Xtremely

small incrt!mentl in time, the storage aDd processing time required would be very
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large, and the feasibility is still doubtful.

The test investigation of PM motor is another challenging subject. Owing to

certain inherent features of PM motor, the standard ac motor test procedures are

no (onger suitable for the PM synchronous motor. Some measurements of sat­

urated parameters have been reported[3, 32], but these have mainly been under

unrepresentative cODditions, such as 00 load or short circuit, etc., when the stator

current is purely reactive. Although the load test method(23, 33] was proposed to

determioe the d-axis reactance Xd from the stator d-axis voltage component and

q-axis reactance X q £rom q.axis voltage component, respectively, under the actual

operating conditions, it is subject to the assumption of constant Eo. It has been

shown from the load test that there is a load range where Xd is 'lxttemely irregular

and becomes difficult to determine. Even negative value of X d can be obtained.

It was recognized tha.t the irregularity is due to tne assumption of conslant Eo.

The failure to consider the variation of Eo with load is due to the difficulty that

effects the magnet excitation voltage and the d·axis armature reaction are inher·

ently linked together by the stator d-axis voltage component and usually cannot be

separated. The static inductance measurement metbod(23] is available to evaluate

Xd by using a special bridge circuit (see Appendix A). Since this test is static, there

will be no magnet induced voltage Eo in the stator winding. This gives a means to

extract the value of X d• The significant disadvantages of this method are that hys­

teresis effects produce a certain amount of scatter in the results, and the thermally

induced variation in the bridge resistance leads to the difficulty in maintaining a

balanced condition. Furthermore, it is hard to choose the actual quantitiea of d­

and q-axis currents to simulate a real load condition. More recently, a static test



11

in conjunction wilh a no-load ttst was reported to determine the parametersl3S).

Althoup;h this metbod is convuie:nt for practical use by avoiding measurinp; load

angle, it is conducted under two assumptions: (i) Eo. X, are independent of J~; (ii)

XI. is independent of I,. Both these assumptions are not reaJistic.

Accurate torque angle measurement is essential for the proper ev&1uation of

motor performance. The torque angle is also an important control parameter for

variable frequency inverter driven PM motors. It is ohvioUB that the measurement

is required within an interval of time that should be very small compared to the

mechanical time constant of the machine. In addition, with increasing emphasis on

on-line digital control, it has also become neces.sary to obtain the quantities of load

angle in digital form. Therefore, the col1ventional stroboscopic method{22, 33J is

no longer suitable for practical application. Due to the inherent features of a PM

motor, the precision of measured torque an&ie is highly relaLed to the accuracy of the

positioning of zero torque &n!le. But so far, to the best of the author's knowledge,

either approxima.te: methods are available or an auxiliary prime mover(22, 33] is

required to locate the position of zero torque angle.

After this brief examination of current status, it is fair to say that although

impressive progress has been made in the development of PM moton, there are

still many challenging problems waiting for solutions.

1.3 Thesis Objectives and Outline

In this study, efforts are directed to develop a complete and practical procedure

for the steady-state and dynamic performance analysis of PM synchronous motors

with the objectives of provit:ing accun.te engineering infonnation while, at the same
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time, retaining an efficient calculation process with low computational effort.

To this end, the major feature in this study is the combination of finite element

analysis with lumped pat'ameter ,ircuit model. This appruach can not only greatly

simplify the analysis and evaluation of machine performance, hut also complete

the two-dimensional (20) finite element method by introducing the possibilit} to

take into account the 3D part of the machine. Another advantage is the ability to

consider such a machine as a component of a much wider system. This approach

will involve two coordinated stages. One is to develop a unified lumped parameter

circuit model applicable for both the steady-state and dynamic analysis. The other

stage is to extract individual lumped parameters from the associated fin:te element

solutions based on corresponding equivalent circuits, each with a predetermined

topology.

In this study, static magnetic field calculation will be applied to determine

the load-dependent parameters XII, X q and Eo of a PM motor for different load

conditions. Time-varying eddy-current field calculation will be u!ICd to get the

starting parameters and serve as the investigation of dynamic behaviours. As an

integral part of this study, some novel measurcment tcchniques arf: developed to

verify the theoretical results in a laboratory set-up.

An outline of the remaining chapters of this thesis is given as follows:

Using coordinate transformation and matrix technique, a unified lumped pa­

rameter model is developed in Chaptcr 2 for investigating both the steady-state

and dynamic behaviours. In terms of the developed mathcmatical model, IlOme

distinguishing features of PM motor are discussed. A per-phase equivalent circuit,

rather than the usual separated d-axis and q-axis equivalent circuita, is also pro-
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posed to embody the saliency <-( a PM motor and account for the mBuenee of iron

losses on synchronous performance such as current, efficiency and power factor.

The finite element model for static magnetic field wculation is deacribed in

Chapter 3. For simulating a PM motor fed from voltage source supply, a practica1

procedure is proposed to accommodate the finite element model to voltage source

supply based on the Newton·Ra.phson iterative algorithm and updated parameter

evaluation in conjunction with a scheme for effective estimation of initia.l phase

current. The static magnetic field solutions are then applied to determine tb

saturated parameters X~, X, and Eo with different load conditions using a new

method, caJled the loading method, in which the effects of Eo variation with loads

and interaction between the d-axis and q-axis field are included. In addition, an

improved approach caJled the flux method is introduced to carry out the torque

calculatio:., by which the evaluated torque values are no longer 3usceptible to mesh

discretizatic.n. One adva.ntif;e of a field-based analysis is that a realistic assessment

can be made of iron losse3. For a b~ter evaluation of iron losses, the e1£ect of

distortion and minor loop of flux density profiles is also considered.

Chapter 4 starts with the presentation of time-varying eddy-current finite ele­

ment model for current source supply. In order to simplify the time-varying field

calculation, time-phasor is used to separate the time variable from the field equation

based on the introduction of equivalent reludivity in terms of magnetic energy. The

use of phasor analysis implies that field solutiolls do not need to be time-stepped,

giving a significant speed adva.ntage compared to time-stepped model. Experience

shows that time-stepping approach takes typically two or more orde.t1l of magni.

tude longer time than its complex phasor approach counterpart(36), which is not
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incapable of giving satisfactory accuracy based on the appropriate choosing of the

effective reluctivity. Then, in order to cope with voltage source, corresponding fi·

nite element formulae are derived with complete elimination of iterative process for

starting current. It follows that based on the solutions of nonlinear eddy-current

fields, a procedure for obtaining the starting parameters taking account of the sat-

uration and skin effect is developed. Finally, various starting performances are

examined.

The testing asped' of permanent magnet synchronous motor is dealt witl. in

Chapter 5. A modified load. test method is proposed to determine three important

load-dependent parameters X~, X 9 and Eo. The results bring forward a clear picture

of the impact of the assumption of constant Eo, as made in the earlier load test

method, on the value of X,J. In order to satisfy the needs for improved accuracy

and fast data sampling, a microprocessor.based. digital torque angle measurement

system ill developed. At the same time, a scheme for accurately positioning the

zero torque angle and avoiding access to the internal construction of a motor is

described.

As an application example of the developed simulation and testing techniques

in the preceding chapters, a laboratory 1 hp <t:-·pole intcrior.type PM motor is

employed for detailed investigation in Chapter 6. Various simulation and test results

of synchronous and starting performances are provided.

The summary and conciusiollll of this thesis and the contributions of this ~tudy

are highlighted in Chapter 7, together with suggestions for further study in this



Chapter 2

Lumped Parameter Model

[0 this chapter, a. generalized lumped parameter model is derived. A per-phase

equivalent circuit wiu be introduced to account (or the saliency of a PM motor and

the influence of iron losses.

2.1 Generalized System Equation

The performance analysis of a PM synchronous motor can be initiated by

developing the system model equations in matrix form. Analysis will be ~ven for

the 3-phase motor, since this class of PM motor is the mOllt likely candidate for

wide industrial drive applications. The standard two-axis theory with fixed rotor

reference frame will be used. A transformation that compactlll the three-phase

model to such an equivalent two-phase description is Dot difficult to find. In fad,

a large number of such transformations exist. However, it is desirable to utilize a

particular transformation for the voltage and currents such that the representation

of electrical power in the machine is preserved. As a result, the developed torques

are invariant over the transformation. At the same time, it would be convenient

thlLt the transformation be the same for both \'Qlta&e and current. Assuming tbat a

15
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square transformation matrix leI satisfies these two requirements of invariant power

and identical transformations for both current and voltage, the variables {i}dc and

{V}..k in 3-phase abc system are transformed to a new set of variables {il""o and

{v}JqO in dqO system by

{o) .... =[C]{o) •••

Power invariance is described by

H~.o{i),,, = ([C] {o)...,)'([C] {i).,,)

{o):••ICJ'[C]{i)."

where superscript t denotes the transpose of the variable. Therefore.

{C]'[C]=[lj

(2.1)

(2.2)

(2.3)

(2.4)

where [I} is an identity matrix. Thus, a necessary condition 00 the transformation

matrix [e) satisfying the requirements of invariant power and identical transforma­

tions for both current and voltage is

[Cr'=[CJ' (2.5)

That is, the transformation matrix [e) must be Hermitian or orthogonal. Equiva.

lently, [e] must be unitary.

It is noted that once the transformations of both current and voltage are spec·

ified, the transformation of impedance is automatically determined by

{V}dqO [Cj{O).k = [C]IZI." {i)."

[CI [ZJ.,,[Cr' {i),,, = [ZJ,,, {i).... (2.6)
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Therefore,

IZI"" - [C) [Z)... [Cr' -IC) IZJ,..ICj' (2.7)

For the model of a PM motor under investigatloD, the following 15pecifie matrix

(e] will be applied to define the transformation of variables from the stationary

reference frame abc to the rotor reference frame dq0137)

(2.8)

where 8. is the angle between the d·axis and the axis of phase A. It can be easily

verified that this transformation matrix [el satisfies the requirements of invariant

power and identical transformation for both cunent and voltage using the condition

of £qn. (2.5). Since three-phase PM motors usually bave balanced wye-connected

or della-connected windinp with no neutral connection and tbus effectively have

only blo indepeodalt phases, tbe transformation matrix [Cj can be further reduced

to the £ollowio.,; form in the absence of zero-sequence component

(2.9)

When such a transformation is applied to the variables of a three.phase PM motor,

the three-phase symmetrical windings A, B and C can be replaced by equivalent

two-phase windings d and q as shown in Fig. 2.1, in which the magnets are identified

by i, and rotor cage is represented by equivalent shorted D, Q windings.

If the three-phase terminal voltages are

['_] [v'2V""wt ]VB = ../2v cos(wt - 12(0)
Vc ../2Vcos(wt-2400)

(2.10)



rotor

)

stator

18

Figure 2.1: Physical. model of a PM motor
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then through commutator transformation described by £qn. (2.9), the correspond­

ing voltages in dqO system will be

(2.11)

For such an equivalent primitive commutator machine, with the conventional di­

rections sbown in Fig. 2.1 And subject to molor conventions, the system governing

equat;on can be written as

{v}: (ZIF) : ((RJ + (LJp+IGj<.>,.){i) (2.12)

(2.14)

(2.13)

(2.15)

where p is the derivative operator. The diagonal resistance matrix (R). symmetric

inductaoace matrix (LI and asymmetric torque matrix [G] are given by Eqns. (2.l3)·

(2.15), respectively

[R] =diag(rttrhrU,r2<jo,rJ)

[
L'OLO'OO]OL,OL.... O

(L] = L.~ 0 LD 0 0
o L.., 0 LQ 0
o 0 0 0 0

[

0 L. 0 L.. 0 ]
-L~ 0 -L... 0 -L....

(Gj= 0 0 0 0 G
o 0 0 0 0
o 0 0 0 0

and the voltage and current vectors are given by Eqns. (2.16) aDd (2.17), respec·

lively

{i} = {i" i, iD 10 i/}' (2.17)
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where suffixes d and q denote the d·a.xis and q-axis qu;mtities of the stator, re­

spectively; suffixes D and Q denote the d-axis and q-iLXis quantities of the rotor,

respectively. Letter L denotes the inductances, and suffix m denotes the mutual

quantities between d-axis and q-axis. The magnet is represented by equivalent

current iI whose value is defined by

(2.18)

where Eo is the induced phase voltage in abc system by the magnet only under

synchronous speed. The torque matrix is derived (rom the fact that the motion

induced voltage terms are the ones that contribute to the electromechanical power

conversion process and, therefore, are associated with the torque:

where P is the number of pole pairs.

It should be noted that equntions (2.12) and (2.19) are quite generil1. These

equations describe the steady-state as well as transient conditions. The parameten

in these equations will change with loads due to the effects of magnetic saturation

and skin effect. These load dependent parameters will be determined from finite

element solutions.

It can be underlltood that system equations (2.12) and (2.19) are applicable to

a PM motor fed by either voltage source or current source with fixed frequency or

variable frequency.
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2.2 Model Specialization

Although the established generalized system model equation (2.12) baa provided

the capability for complete analysis of any operation mode of a PM motor, it is still

advisable to specialize the generalized system equations for a particular operation

mode. It will Dot only simplify the calculation but also provide a .convenient way

to explore some distinguishing futures of a PM motor.

In Older to have a deep insight into the starting characteristics of a PM motor

fed from a fixed frequency source, two approaches cooperate to de&! with uyn­

chroDOW perfonnance during run·up. One is the quasi.dynamic analysis approach

with pseudo-constant speed characteristic. The other is tfUSlent a.nalysis approach.

The former can lead to An identification of different current and torque components

and presents a clear physical interprelation of the cause of each component, and

allow convenient para.meter sensitivity analysis on the overall system; while the

laUer will provide more detailed information such u possible demagoetizing t.ffect

on the magnets, maximum cuttent requirement for the converter and the time of

run-up to stable synchronization, as well as synchronization prouss.

2.2.1 Quasi·dynamic Model

The quasi-dynamic analysis model is based on the assumption tha.t the motor

operates under steady-state at each slip point during run-up assuming that the me­

chanical time constants are very large compa.red with the electrical time-constants.

Therefore, using quui-dynamic ana.lysis model, no electromagnetic transient is

taken into account.

U we assume IDa&Detic materials are linear, starting process can be treated as
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the superposition of two operation modes. One mode is tnc operation of an un­

symmetric asynchronous motor Mone. The other one is the operation mode of A

magnet-excited asynchronous generator with short-drcuit stator windings. How­

ever, saturation phenomenon in fact is unavoidable. This difficulty is surmounted

by adopting adjusted saturated parameters, where the interaction between the two

modes bas been appropriately considered. Consequently, the superposition scheme

is assumed [OI the analysis.

Unsymmetric Asynchronous Motor Mode

It bas been shown in Eqn. (2.11) that for balanced three phase terminal voltages,

the corresponding transformed two-phase voltages in the rotating rotor frame will

b.

[v'l =v'3v [ ",,(w' - 6,) 1=v'3v [,,,,(,w' +6)] (2.20)
tit -SlD(wt - 6.) -SIR(8Wt +6)

where 3 is the slip. The value of 6 is the final angle at which the system would

have operated had the machine synchronized. The concern at hand is only run-

up that ends just under synchronism and not to synchronism, itself. In this cue,

the angle 6 is irrelevant and is equated to zero. Since aU the exciting functions

are sinusoidal and of the same angular frequency sw in d-q axis system, the use

of complex phaser is preferred. With V~ as reference phasor, the applied voltage

source can be expIes9ed as

(2.21)

The p operator of the impedance matrix CiLD. be replaced by j5l.lJ to obtain the

steady·state impedance matrix. U let p. =w./w = 1 - .s, then w. can be replaced



23

by pow. Omittina: the row of the impedance matrix corresponding to permanent

magnet, because only &Synchronous motor mode is considered at hand, .....e have

[

r, +j,X" p.X" j,X.." IJX..]
(ZJ = ~~:: rl +g.sX, r:~~~D jlf~..., (2.22)

o jsX.... 0 ':2, + jsXQ

For the convenience of solving, it is suit.a.ble to eliminate the shorted rotor part

first, which leads to the reduc~ impedance matrix

(2.23)

Hence, the stator currenu can be figured out by the inverse of impedance matrix

IZ1. and we then proceed to obtain the shorted rotor currents in terms of rotor

voltage equations. Let the solutions be represented by

{j-}-(i; i; i); Po' r-{ A+iB C+iD E+iF G+iH r
(2.24}

where A, B, C, D, E, P, G and H are real and imaginary parls of each current,

respectivelYi and each is ... function of slip. For simplicity the superscripts m and 9

Are used for the motor mode and generator mode, respectively. The instiUltanoous

quantity of each current component correspond.i0ll: to asynchronous motor mode

win be

{i;} {v'2(A<X>"W'-B'i.""')}tim} = ~;' = .,I2(Ccouwt-Dsin-'Wt)
'/9 V2(Ecouwt - Fsin-'Wt)
io V2(Gcos-'Wt-Hsin-'Wt)

(2.25)

Magnet-excited A.ynchronous Generator mode

In this c.ase tbe stator windings are sborted and tbus V" = V. = O. At tbe

same time, it is obvious tbat no induced currents em! in the rotor windings, that
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is, i~ = it =o. It is also noted that the only excitation source w~Lm~iI is constant

and the steady-state impedance matrix is obtained by replacing p with zero, If the

term W~LmdiJ is moved to the left of the equality, Eqn. (2.12) can be written as

{ W.L~dil } = [-;Xd p~q 1{ ~i }
The shorted-circuit currents in the stalor can be readily ohtll-ined M

Current of Each Winding

(2.26)

(2.27)

Superposing the results of the above two operating modes results in the d-q

axis instantaneous current components of each winding,

{i} ~ {i"} + {i'} (2.28)

The results can be transformed back to abc system to get the instantaneous value

of each phase current if necessary. For example, for A-phase in the absence or
zero-sequence component, the current iA becomes

(2.29)

The total instantaneous torque containing both average and pulsating components

can be determined by substituting equation (2.28) in the torque expression (2.19).

2.2.2 Transient Model

If both the mechanical and electromagnetic transients are needed to be included

in the analysis, a true transient model is necessary. In addition to the system



equation (2.12), the other oecessary equations to deal with transient behavior are

the mechanical equations as follows:

p5=w-w~ (2.30)

(2.31)

where Tc = {i}I{G]{i} is the eledre>-dyoa.mie torque defined hy Eqn. (2.19); TL

is the load torque; B is the friction mefficient; p is the time derivative and J is

the moment of inertiL From equations (2.12), (2.30) and (2.31), it is obviollSly

convenient to choose the four currents ill, i" iD and io, the rotor torque angle .5

and the rotor speed w~ as the state-variables. Thus, with necessary rearrangement

the above equations can be expressed in state variable form as

p5=w-w~

pw, - seT, - T.) - 'w,
pi" = i;(r1LDi" +L.Low~i, - L~r-uiD + L...LDW~iq - ..,!3LDV cos 0)
pi, = i;(-L"LQW~i" +r,Loi, - LaJLOW~iD - L_r'lJig - J3LoVsin.5

-L.,,,Lql.4iJ)
piD = ~(-rIL"",i" - L.ML~~i, +L"r-uiD - L"",L.~io +V3L.."V coao)
pig = i;(L.,L"""~i,, - rlL...i. + L.,."L.,.w~iD +L,r2,iq +V3L••V.in5

+L.4L...w~iJ)
(2.32)

where 6" = L~" - L"LD , ~ = L~, - L,LO' 0 = wi - 8~. It is noted that the

system of stale-variable equations is nonlinear which implies thal the simulation of

run-up response of a PM motor can only be achieved by solving the equation (2.32)

numeri<:&1.ly.
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2.2.3 Synchronous Operation Model

Upon considering synchronous behavior of this system, it iii only a. matter of

setting the derivative terms to zero and w, =w or J =O. Due to iv = iQ = 0, in

terms of equations (2.20) and (2.22) the system equation in reduced order form

is given as

{ -""V,in' } [" X.]{i,}
-J3Vcos6 + J3Eo = -X,j r\ iq

(2.33)

where 6 is the torque angle. Therefore, equation (2.33) can be easily solved to get

{
i, }_~{ V(X.",o-",in')-E,X, } (2.34)
i, - rl+X,jX, -V(rl cos 6 + XJ,sin6) + Eor.

Correspondingly, the torque equation (2.19) can be reduced to

(2.35)

Substituting equation (2.34) into Eqo. (2.35), onc can readily obtain the overall

torque characteristic of a PM motor. At this stage, it is neressary to c1ariCy one

of the distinguishing features of PM motors, that is, L,J < L,_ Since permanent

magnets usually have a relative permeability cla"e to that of froe space, for interior­

type PM motor, the magnet thicknesses appear as large-series air gaps in the d·axis

magnetic flux paths. The q.axis magnetic ftux CaJ:l pass through the ferromagnetic

pole pieces without crossing the magnet and therefore the stator pbaae inductance

is noticeably higher with q.axis rotor orientation. One of the most important

consequences of having Ld < L9 can be seen in the torque versu' torque angle

characteristic, which can be derived from Eqn. (2.35). Substituting equation (2.34)

into Eqn. (2.35) while neglecting the stator resistance to make the interpretation
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of the results str~ght£orwatd Ieads to

T
c

_ ~(EoVsin6_~(...!-_..!..)siD26J
wX~ 2XJX,

Tet sin6 +T.., sin 'l!

where

(2.36)

T., (2.37)

and P is pole pairs, V is per phase applied. voltage. Compared with a conventional

synchronous molor, for which X~ > XI' the rehctance torque Ta is reverxd in

sign. It implies that, at normal supply volt~e. the taLa! torque can be n~ative

between 6 =0 and 6 = 60 as indica.ted in Fig. 2.2. Since 6 = 0 is ~erally an

unstable point, the n~load opera.1ion of a PM motor occurs at 6 :: 60. This means

that at no-load neither the d·a.xis nor the q axis is aligned with the axis of armature

flux. The reason is that in this range of torque angles the reluctance torque tends

to align the rotor q-axis with the armature curren'. whereas the magnet Bux lends

to align the d·axis with the flux axis produced by J.phue armature currenl.ll. Since

the reluctance torque nries with sin 26 and the magnet alignment torque varies

with sin 6, there are ranges of 6 in which these torques are additive, resulting in a

higher pull.out torque than would be obtained witb either by itself. The va.lue of

Co can be approximately derived by manipulating Eqn. (2.36) as

(2.38)
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T.

Figure 2.2: Typical torque versus torque angle characteristics or an interior-type
PM motor

d·axis
p! ----------Xphase axis

Figure 2.3: PM motor phasor diagram ignoring iron lou
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2.3 Per-phase Equivalent Circuit

It is wdl known tbat, Cor salient-pole synchronous machines, two separate! d·

axil and q-axi, equivalent circuits as well as a phuor diayam are usually employed

to deal with synchroooul performance analysis. As imp~ved computation oC losses

and efficiency are required, a per-phase equivalent circuit will be more useful.

With reference to the phasor diagriUll shown in Fig. 2.3, which ignores iron

losses, the voltage equation can be expressed as

v = -Eo + ftr} + jil %1 + ji,JX...d +ji,x...,

-Eo + flrt + ji1zI + jitX"" + jiJ(X",J - X.... )

-Eo + ilra + jitz i + jitx..., +i l cos fJsin I1(X,J - X,) +iii 0052,8{(X" - X,)]

where

%. =005
2 P(X" - X,»)

(2.39)

(2.'0)

(2.41)

It is interesting to Dote tbat with the introduction of two parameters T. and z..

only phase current 110 rather than d-q axis components 1" and If. appean in the

voltage equation (2.39). Tbis suggests that a per-phue equivalent circuit can be

constructed, at sbown in Fig. 2.4. It is noted from equations (2.40) and (2.41) tha.t,

if the machine has DO saliency, rc and Zc become zero and the equivalent circuit

assumes the same form as for the cylindrical-rotor machine. The parameters r. and

z. will also become saturated, because they depend on XII and X, which vary with

load conditions. It can be observed from Eqns. (2.40) and (2.41) that z. can be
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negative for permanent magnet machines as x~ < X,i and r. can be either posith-e

or nq;ative dependint; on the excitation angle fl.

Since the phasor diagram in Fig. 2.3 and the per-phase equivalent circuit in

Fig. 2.4 ignore iron and stray-load losses, corresponding performance evaluation

should be rq;arded all approximate. In order to further include iron and Shay-load

I~ses. a modified per.phase equivalent circuit is proposed as shown in Fig. 2.5(a).

A shunt resistor T. is placed across the internal voltage E, to account for the voltage

dependent iron loss. At the same time, another resistor r. is placed across the stator

leakage reactance %1 to a.ccouill for the current dependent stray-load losses.

Parameter r. can be determined in terms of finite element-based calculation of

iron loss, Pc, det&i.b of which will be desaibed in the next chapter. The va.lues of

T. wually vary with the 10&<l. conditionlJ. For a .pecific load, then

(2.42)

Stray.load losses are comprised or many intricate components, not just additional

iron loss due to the slator leakage Hux. The value o( stray-load losses, P., may

be computed by conventional method under a given rated operating condition(42).

The equivalent resistance representing the stray-load losses an be evaluated (rom

p.
T'=3I{1

where If is a component o( the Tms value of the ra.ted current.

(2.43)

It may be computationally convenient to further convert the connection betwccn

r. and %1 £rom parallel to series as shown in Fig. 2.5(b): the two component. or the

equivalent series impedance are

(2.44)



m. . x...,
V -Eo

~t-e.

where

re = (Zol - %q) cos{J sin,8
%. = (z. - %,) 0092 (J

Figure 2.4: Per-phase equivalent circuit of PM motor ignoring iron loss

i' "

1
I.

x~

t-e.

(.)
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CJD
o, ~_,;_!Lr.-~ r. '. ~z
1 .. .1 lie II

V -Eo rc x...,

-t-e.

~)

Figure 2.5: Modified Per-phase equivalent circuit of PM motor taking into account
iron and stray-load loua
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(2.45)

Furthermore, rl and r, can be combined to give

(2.46)

Therefore, the introduction of the adjusted pa.r.uneters ~ and :r~ can serve all an

aid to include the effect of stray-load losses. Correspondingly, the adjusted phasot

diagram can be expressed .s Fig. 2.6, where

i: =i, +j. (2.47)

",d

i,~-! (2.48)
<,

The above developed lumped parameter model for a PM motor ball provided a

framework for the performance prediction of both synchrooous operation and sLut­

ing process. However, the effectiveness of the model aDd the accuracy of the re­

sulting: simulation results ",ill definitely rest on how close those adopted lumped

pUiLUleters in the model can represent a hue operating condition. This will be the

topic of the next two chapters.



33

d-axis
PI ----------A:phase axis

Figure 2.6: Adjusted PM motor pbasor diagram taking into account iron and stray­
load losses



Chapter 3

Simulation of Synchronous
Performance

In this chapter, the finite element model for static magnetic field calculation is

described. In order to simulate voltage source supply, a Newton·Ra.phson iterative

procedure is presented based on the updated parameter evaluation. Then, a new

method is proposed to determine the three important synchronous parameters XII,

x~ and Eo from load field solutions.

3.1 Introduction to Finite Element Method

The finite element analysis is based on a variational approach according to

which the field problem is formulated in terms of a variational expression called

energy functional. In most engineering applicatione, this expression can be identi­

fied with the energy stored in the system. Minimization of the energy functional

leads to Euler equation which is the partial differential equation describing the field.

The field problem is solved by searching for a function that minimizee the energy

functional directly, instead of attempting to solve the differential equation. Natural

boundary conditions which are abo known as Neumann boundary, are implicit in

34
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