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Abstract

This is a simple but comprehen sive study of t he dynamic behavior of a shaft

with a crack on elast ic supports. The analysis is restricted to the single span

shaft with uniform circular cross-section. The natural frequency and modes of

vibration of a shaft having a t ransverse crack are investigated using the finite

element method. The local flexibility due to the crack is evaluated using the

theory of fracture mechanics. The effect of crack depth on the natural behavior is

discussed. The results show that an increase in the depth of the of crecx magnifies

the response amplitude and decreases th e natural frequencies. The effect of elastic

supports on the dynamic behavior of the shaft is presented th rough computation.

The range of maximum effect is given.

The clement stiffness mat rix of a cracked shaft considering th e longitu dinal

translation and axial rotation is first presented. Th is makes it possible to enely­

size the dynam ic response of a practical shaft by FEM. A Fortran -77 program is

developed which can be used to calculate the two and th ree dimensional vibration

of a shaft containing more than one transverse crack, concentrated mass and elas-

tic foundation. It can ~JBO be used in multi-spa n shaft with different cross-section

and applied to some loads.
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Chapter 1

Introduction and Literature
Survey

A propeller shaft is aD important par t of ship propulsion. Shaft vibra t ion mon­

ito ring has been receiving inc reasing attent ion in recent years. The failures of

shafts due to fatigue cracks mak es it imperative to have an accu rate est imation of

shaft natu ral vibrat ion characterist ics in the design stage . Vibration m onitoring

has the greatest pote ntial in crack det ection since it can be carri ed out without

dismantling any part of t he m achine and be done usual ly even under operating

condition.

1.1 Liter ature Survey

Fati gue cracking in a shaft is one of th e main causes of catastroph ic failu re which

is described byJack and Patterso n ( 1976). Since a crack changes the st iffness tha t

influences th e dynamic behavior of the shaft , vibrat ion monitoring could be used

as a means of detec t ing crack initiat ion and growth. Kolzow (1974) first pointed

out that the vibration monito ring could be useful in detecting crack initiat ion

r.nd .rowtb , T berefDJ'tIa det aUllld. tudy of the vibrat iDnal beh avio r of , haft with



trecsve rse cracks is necessary.

Since the middle 1970•• many research ers have realized th e impo rtance of this

problem . The first work done by Dimarogollu (1970) and Paleliu (1914) int ro­

duced th e ben ding st iffness descrip t ion cf a rotor crack which is dete rmined from

compliancem~asurements. The incorpora tion of the st iffness change caused by a

crack into the equation of motion was dealt with in the literature by Dimuogo Du

(1976).

Gasch (1976, 1993) developed a hinge model for Laval rotors (massless shaft ).

in which he replaced th e crack mechanism by an additionlLlcrack flexibility and

switched it on and off according to whet her the crack was closed or open . He

discovered t hat resonances would occur as the rot ation reach ed i , i . ete., of the

shaft bending frequencies:

Henry and Okab·Avae ( 1976) employed the equations of motion with a shalt

sec tion interia unequal to that of the cracked shaft, and concluded that t.here

would be resonances due to the crack when the rotational speed equal to ! of the

fint critical speed where D is an odd integer. They also found th at the vi bra­

tion response due to the crack was hardly detectable when the rotational speed

ex ceeded the first crit ical speed.

Mayes and Davies ( 1976) Mayes (1977) perfo rmed a det ailed an alytical and

experi mental investigat ion of t urbine shaf ts with cracks. They derived a rough

ana lytical esti mation of th e crack compliance based on t he energy principle. AI·

tb ough they considered t he nonlinear equation for a simple rotor, t hey obtained

analy tical solutions by considering an ope n crack which led to a.shaft with dis-

simila r moments of inert ia in t wo perpend icular direction• .



Grabowski and Mahrenholtz (1982; 1980) argued that in a shaft of practical

interest the shaft deflection due to its t wn weight illorders of magnit ude greate r

than t he vibration amplitude. Therefore be suggests that non-linear ity does not

affect the shaft response since t be crack opens and closes regularly with the rota -

tion .

Using the concept that a transverse crack in a structural member introduces

local flexibility due to the strain energy concentration in the vicinity of the crack

tip under load, Dimorogonas and Pa padopoulos (1983), Dimorogonas an d Paipetis

(1983) and Papadopoulos and 'Dimarogonas ( 1987) derived the complete local

flexibility matrix of a cracked, l\)t ating shalt and verified it experi mental ly. They

observed the local flexibility of the shaft due to the crack and developed an an­

alytical expression for t he crack 'ccel flexibility in relation to th e crack depth.

They also showed th e influence of the crack on the dynamic reapcnae of the rotor.

Ziebarth and Baumgartner( 1981) esta blished t heir crack model on the basis

of detai led (but quasistat ic) exper imental invest igation . They consequently for­

mulate d the equations of motion in statio nary coordinates and app lied t hem to

prac tica l turbine rotors. Then t hey compar ed the analytical results with the re­

sults of model test. As practical crack indicators, they suggested significant peaks

in vibration amplit udes, shifting of nat ural frequencies, unstab le vibrations , and

changes in th e double-frequency vibratio n component .

Dirr and Schmalhorsts ( 1987) described thecrack more accura tely than others

by a 3-dimensional finite elemen t analysis and successfully simulat ed the vibra­

tions of a cracked test rotor on the basis of measured crack shapes.

Qian et aJ ( 1990) derived the element stiffnessmatrix of a beam with a crack



from an integrat ion of the stress intens ity factors and then established a finite

elemen t mode (FEM) of a cracked beam .

Most of the investigators concentrated on the stiffness changes due to a crack,

nnd these researchers only considered the case that the-crack is perpendicular to

the axis of shaft.

1.2 Objective

In this study, a finite element model is employed to analyze the dynamic behaviour

of a shaft having a crack and support ed on elastic bearings. Through the inves­

tigatio n, some relationsh ips between nat un l frequencies of shaft and crack depth

and stiffness of eleetlc supports should be found. This work will abo provide some

useful results for experimental invest igat ion in the next stage.

1.3 Methodology

In th is study, the first step is tc give a theoretically description of the free vibration

ora beam . Furthermo re, a finite element model is formulated to ana lyze the effect

of elastic supports on the dynamic behaviour of a non-crack shaft and give an

approximate evaluation of propeller effect.

In order to derive th e stiffnesl!' matri x of cracked element, a fract ure mechanics

approac h is used to study the effect of the preeeace of a crack on the dynamic

characteristics of the shaft.

At last , a Fortran-11 computer program was developed.



Chapter 2

St iffn ess Matrix Derivation of
Space Beam Element with a
Crack

2.1 Introduction

Th e element etiffneee mat rix of a beam with a crack was derived from an inte­

grat ion of the stress intensi ty factors e nd then a finite element model(FEM ) of a

cracked beam was esta blished by Qian et ale1990). Sekhar and Prahhu (1992)

also presented a similar approach .

2 .2 C rack-Tip Stress' Fields for Linear-Elastic
Bodies

2.2.1 Crack T ip Stress Int en sity Facto rs

Fracture studi es of structural elements have been revolutionized in the recent

twenty year s by the analysis of their sensitivity to fh.ws or cracklike defects.

Wit hin these . tudies an essential ingred ient is reasonable and proper stress anal­

ysis including especially the flaw with its high local elevations of stresses from



which fracture progresses through various crack propagation mecbeniemet st ress

corrosion, fatigue,etc.).

Full studies of fracture behavior cover both the stress analysis aspects and the

materia l behavior in terms of resistance to the st resses imposed. The redistri­

bution of stress in a body due to the int roduction of a crack or notch may be

begun by methods of linear-elastic stress analysis. Of course the greatest atten ­

t ion should be paid to tbe high level of etreesee at or surrounding the crack tip

which will usually be accompanied by at least some plasticity and othe r non-linear

effects. Neverthelesslinear-elastic stress analysis properly forms the basis of most

current fracture analysis for at least "small scale yielding" where all substa ntial

non-linearity is confined within a linear-elastic field surrounding the crack tip.

Consequently, the character and significant parameters of lineer-elaatic crack tip

fields will he given first attent ion.

The surface of a crack has the dominati ng influence on the distribution of

stresses near and around the crack t ip. Other remote boundaries and loading

forces affect only the intensity of the local stress field at the tip .

The stress fields near crack tips can be divided into three basic types, each

associated with a local mode of deformation as illustrated in Figure 2.1.(Tada et

al, 1973j



Modell

ModelIl

Flgure2.1: The Basic Modesor CrackSurfaceDisplacements .



Mode I is the ope nins mode which is associated with local displacement in

which the crack surfaces move directly apart (syrr.met ril::with respect to the x­

y and x-a planes). Mode II i. the edge-eliding mode, which is characterized by

displacements in which the crack surfaces slide ever one another perpendicula r

to tbe leading edge of the crack (symmet ric with respeet to tbe x-y plane and

skew-symmetric with respect to the x-z plane ). Mode III is tearing mode, finds

the crack surface sliding with respect to one another parallel to the leading edge

(skew-symmetri c with respect to the x-y plan e and x-z plane). Tbe superposition

of these three modes is sufficient to describe the most general 3-dimensional case

of local crack-tip deformation and etreee fields.(Tada et al,1973)

T he moot direct app roach to determinati on of the st rcSR and displacement field s

associated with eachmode follows in the man ner of Irwin ( 1957), basedon the

method ofWesteI gaard ( 1939). Modes I and II can be analyzed as 2-dimensional

plane-extensional problems of the theory of elastici\.y which ace subdivided as

symmetric and skew-symmetric, respecti vely, with respect to the crack plane.

Mode III can be regarded AI the 2-dimer.l!lional pure eheer (or torsion) problem .

Referring to Figure 2.2 for Dotati on, the resulting st ress and displacement fields

are given below:



Figure 2.2; Coordinates Measured from the Leading Edge of a Crack and the
Stress Com ponent!! in the Crack Tip Stress Field
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Mode l

For plane stress

o, = ~cos~,[l - sin~sin~J + t1dl '+ O(rt) (2.1)
{2lrr}f 2 2

(Til =AcoS_,8 [1+sin_,f)sin:!...,9]+O(rt ) (2.2)
(2'll'r) !f

s , e. e 38 I
'T.,~ =(27l'r)tcos2'slnicos2"+OCr ) (2.3)

and for plane strai n (with higher order terms omitted)

Tn =0 (2.5)

Till =0 (2.6)

w =O ('. 9)

Modell
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For plene etreee

1711 =..!S.!.!-1 ! in~, co3 ~,cO$~,8 + O(rt) (2.11)
(2J'r )

'l'qI =~( KII cos_,8 11 _ sin -,8Jin!..,O] +O(rt ) (2.12)
21l'r).

and for plane strain (witb higher order t erms omitted)

r.. ~ 0 ('.14)

TV' = 0 (2.15)

w ~ 0 ('. 18)

Mode III

For plaoe 'tr eu
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.,.~. "" - K11It "in ~ + '1'",... +O(rl ) (2.19)
(2'11"r ) 2

T• • • ~c:o.t;+O(ri ) (2.20)
(2'1'r)

tr:o=O (2.21)

q~ =0 (2.22)

q.=O (2.23)

Tq= O (2.2')

11 = 0 (2.20)

v=o (2.26)

10 = K;' [~Jl "in; (2.27)

Equations for Mode I and Mode II have been written (or the case orplane

strain (that is ,w= O ) but can bechanged to plane stress eMi ly byta.king 17. = 0

and replacing Poisson's rat io, II , in the displacements witb an approp riate value,

trl:;r.
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In equations for modes It II and Ill, higher orde r terms such as uniform stresses

parallel to the crack, u~ and Tzzo• and terms cf the crder of square root of r , O(rl),

are as indicated . However, normally these terms are omitte d since as r becomes

small compared to planar dimensions (in the x-y plane) these higher order terms

become negligible compa red to the leading j; term. Therefore these leading terms

are the linear-elastic crack tip St~9 (and displacement) fields.

The parameters Kit Ku and KIll in these equations are called crack tip stress

(field) intensity factors for the corresponding three modes. Since K I. Ku and Ktu

are not functions of the coordinates, r and 9, they represent the strength of the

stress fields surrounding the crack tip. Alternate ly they may be mathematically

viewed as the strengths of the -j; stress singularities at the crack tip . Their

values are determined by other boundaries of the body and the loads imposed ,

consequently formulas for their evaluat ion come from a complete stress analysis

of a given configuration and loading.

2.2.2 Evaluation of K], ](11 and K Ill of Th e Si ngle Ed ge
Notch

From H. Tada, et al ( 1913), KI, Ku and KIll can be evaluated for the single

edge notch specimen by following formulas:

1./{/

The loading condition and size are shown in Figure 2.3



h

h

14

Figure 2.3: The Single: Edge Notch Test Specimen Under Tension Load
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(2.28)

The numerical values of F(i) can be calculated by following empiri cal Formu-

I~.

F(~) ~ 1.12 - 0.231 (~) +10.55(~ )' - 21.72(~ )'+30.39(~)· (2.29)

The accuracy is 0.5% for i less t han 0.6.

F(~) ~ 0.265(1- ~)' + 0.857+ 0',65; (2.30)
b b (1 - ;)

The accurac y is better than 1% for r less than 0.2 and 0.5% for i greater than

or equal 0.2.

F(!!b> = ~tan ll'a (0.752+2.02(i ) +0.37(1 - 8in~)3 (2.31)
1fa 2b cos;:

The accuracy is better than 0.5% (or any ~

For the loading condition shown in Figure 2.4

(2.32)

Numerical values of F( i) can be obtained by following empirical formulae.



,
- 1-

DY~
Figure 2.4: The SingleEdge Notch Test Specimen Under Bending Load

16
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The accuracy is 0.2% for i less than or equal 0.6.

F(~b) = ~tan lI',a
b

(0.923 +O.199!! - sin if )4 (2.34)
lI'a cos ~~

The accuracy is better than 0.5% for any t
2. [( /l and K111

For loading condition shown in Figure 2.5

Fu(!) =1.3 - O.65(i ) + O.37( i )2 + O.28(i)3

b R
a I""'.'

F1ll{i/=~~

The accuracy of Fa is bett er than 1% for any I
Put is exact,

('.3 5)

(' .36)

('.37)

(' .38)
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Q

,
- 1-

Figure 2.5: The Single Edge Notch Test Specimen Under Shear and Torsion Load



19

For loading condition shown in Figure 2.6

KIll = 1'j v;i=iiFru(~) (2.40)

F (~) _ 1.l 22-0.56(V + O.085 ( iF +O, 1 8(U3 (2.41)
"b - /i- I

Fl/l(i>= ~j:an~ (2.42)

The eccurecy of Fu is bett er than 2% for any f
FUJ is exact.



,
- 1-

Figure 2.6: The Single EdgeNotchTest Specimen UnderTOnlion Load

20
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2.3 Local Flexibility

Consider a shaft with given stiffness properties, radius R=D /2, where D is the

diameter of the shaft, and a tran sverse crack of depth a ,shown in Figure 2.7(a)

and (b). The shaft is loaded with axial. force PI ' shear forces p~ and Pa, bend­

ing moments P. and Pr; and torsional moment Ps• The dimension of the local

flexibility matr ix depends on the numbe r of degree of freedom, here it is 6 x 6.

H. Tada'i equat ion ( Tada et el , 1973) gives the additional displacement u,

due to a crack of depth a, in the i directio n, as

Uj = t& fotJ J (a)da (2.43)

where J (a} is the Strain Energy Deneit y Function (SEDF) and Pi is the corre­

spond ing load. The SEDF is ( Dimarogonaa and Paipetis ,1983)

1 6 8 8

J - E'I(~Knl'+(~Kml' +m(~Kun)'J (2.44)

Where E' = E or E/ (1 - 1/') for plane stress and plane strain respectively, E

is th e modulu s of elasticity, m = 1 + II , II is the Poisson ratio ( II = 0.3 for st eel)

a nd J( ;j are the Crack Stress Intensity Fac tors (SIF) for the i = I, II , IJJmodes

and for j =1 ,2,... ,6, t he load index .
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p, [

;~'.'
~

(b)

Figure2.7: (a) A cracked shaft elementin general loading; (b) the cracksection
of the shaft.
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The local flexibilitydue to the crackper unit width is, by definition( Dimarogonas

and Paipet is, 1983 )

au,
C;j = 8Pj

That is

Cii= fJ;;Pj [L J(A)dA)

or, after integra ti ng along the width 2b of the crack,

8' 1'['eij = 8P;oPj[ _~Jo J(a)dadz]

(2.45)

(2.46)

(2.47)

The value of SIF in equation(2.44) are well known from the literature ( Tada

et al , 1973) for a strip of unit thickness with a transverse crack . Since t he energy

density is a scalar, it is permissible to integrate along the tip of the crack it

being assumed that tbe crack depth is variabl e and tha t the st ress intensity factor

is given for the elementary strip. It is known tha t this approximation yields

acceptable results for engineering accu racy ( Dimarogonas and Palpetis , 1983 ) .

From reference ( T ada et al , 1973 )

P,
O'"t=;]i2

(2.48)

(2.49)

(2.50)



,p.
0'. =-

' ll'

KI5= 0'1,;;:DF2(X)

a. =:Z (R2
- .:t 2) ~

Kn = KI3= K,s=O

Km -0'3.;;:«Fu(X)

kp,
(13 = ,,"IV

Ku . =O'm.;'iOFII(I )

2Pe%
(1fJl1 = r R'

KIl l = Km = K1I4:= K" . =O

K,m :=0'1ViiiFm(I )

kP,
(12 = -, 11'

K lI/ t =O'llm..fiOFm (X )

2P,(R2 _ %2)1
0"111 =--.-R'--

KUII =KlIl 3 = Kim = Km~ =0
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(2.SI)

(2.S2)

(2.SJ)

(2.54)

(2.55)

(2.56)

(2.S7)

(2.58)

(2.S9)

(2.60)

(2.61)
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where

Here k = 6(1 + 1/)/ (7 + 6/1) is a shapecoefficientfor circular cross section,

Combining relations(2.44), (2.47) and (2.48)-(2.65) yieldsthe dimensionless

termsof the compliancematrix:

Cl l = t~:2Cll = 4-Lafo' fFl(h)didy (2.66)

(2.67)

(2.68)

(2.69)
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(2.70)

(2.71)

(2.72)

(2.73)

(2.7<)

(2.7')

(2.77)

.ER j,'r.'" ; -, - , C3:l =" fFJ,(A)dzdy (2.78)
- v 0 D

(2.79)

.ER j,'r.'" -, -2l:n =" gF1Il (~)tUdy (2.80)
- v 0 0

(2.61)
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c62 ~~~:~l =8loal ~iiFllI(h)didii (2.82)

(2.83)

c63 ;~~:C63 = 8f l xyFlt(h)dfdg (2.84)

(2.85)

cU :~~ctl6 = 16loal lA I +mA2]di dy (2.86)

(2.87)

Where AI = f2yFll h),A2= (1 - f2)iiFll1(h) and f = xlR,g = ylR, Ii =

ylh,b=bIR.

The dimensionless compliance mat rix it, then.

'" 0 '.. CIS 0
0 c" 0 0 c"

c= 0 0 '" 0 0 c" 12 .88)

'" 0 0 CH ", 0
cn 0 0 '.. Cu 0
0 i'" '" 0 0 '"The elementsof this matrixarecomputedand plotted in Figure 2.8.



(b)
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Figure 2.8: Dimensionless compliances versus crack depth . (a) ellt cu. C55; (b)
Cl4, ~4 . C45; (c) ~e, C38, ~; (d) f22, ~.
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The n the local flexibility mat rix due to the crack equations (2.66)-(2.87) and

equation (2.88) yields

cuR 0 0 Cl4 Cu
0 C22R 0 0 0 C26

CIH=*
0 0 ,,, R 0 0 '., (2.89)

C41 0 0 Ctt/R Cts jR 0

'" 0 0 CS4 / R cu/R 0
0 c" '" 0 0 ... /R

where c;j (ij = 1,2, ..,6) are the dimensionless complian ce coefficients and

Fa = 1fER2/( 1- v 'l ) .

When neglecting th e axial trans lation and rotation, the local flexibility matrix

becomes

(2.90)

2.4 Stiffness Matrix of the Cracked Element

According to the princip le of Saint -Venan t, the stress field is affected only in the

region adjacent to the crack. Therefore, the element stiffness matrix, except for

t he cracked element, may be regarded as unchanged under a certai n limit at ion of

element size ( Qian et al, 1990) . T he additional stress energy of a crack has been

st udied thoroughly in fracture mechanics and the 8exibility coefficient, expressed

by a stress intens ity factor , can be easily derived by means of Cast igliano's theorem

in the linear-elastic range.

Considering a shaft divided into elements as shown in Figure 2.9 , T he behavior

of t he elements situated to the right of t he cracked element may be regarded as
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ex ternal forces appli ed to th e cracked element , while the behaviour of elements

situated to its left may be regarded as const ra.ints ( Qi&Jl et aJ,l990 i Sekhu and

Prabhu, 1992). Thu s, the 8exib ility matrix of a cracked e~emeDt with constra.ints

m ay be cal culated .
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I I 1

~f 'T-rtjj)
~~

I· I
q.

Figure2.9: Simply supported sbaft with a.crackedelement



(2.91)

"
Wit h the shearing action neglected , and by using the strain energy, th e flexi­

bility coefficien ts for an element withou t a crack (see Figure 2.9 ) can be derived

in t he form

C'- 6~1 [ 2f ~, +~l
3t 0 0 6

Here EI is the bend ing , tiffneSli and I is the element length.

The addit ional flexibility ma.trix due to the crack is shewn in equation(2.90 )

The total flexibility mat rix for th e cracked element is given as

(C) = (C,]+ [C,~J

From the equilibrium conditions (Figure 2.9 )

92 = - 98

/h = -qr+ lqe

(2.92)



where th e transformation mat rix IT] is
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(2.93)

[T ) =

- 1 0 0 0
o -1 0 0
o f -1 0
-I 0 0 - 1
1 0 0 0
o 1 0 0
o 0 1 0
o 0 0 1

So the st iffness m atrix of the cracked element can be written as

[K,)= [T] [C]- ' (T jT (2.94)



Chapter 3

Test of the Program to Solve the
Beam Vibration(No Crack)

According to the model described in Appendix A , /I, FORTRA N-77 program is

written. The program flow chart is shown in Figure 3.1. To check the program ,

a comparison with the analytical solution for beam s having different boundary

condit ions (Weaver and Johnston ,1987) is made . The comparison is shown in

Tab le 3.1.

Five cues are considered . These are simple euppcrt, free, fixed, cant ilever and

propped beams which are shown in Figure 3.2. The beam is divided into Icur

elements, each of which bas the same properties E,l, p and A.



Figure 3.1: Flow Chart of the Program
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Figure 3.2: (a) Simplesupportedj (b) Free; (c) Fixed; (d) Cantilever; (e) Propped
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Table 3.1: Comparison of Natural Frequencies

Structure Mode Exact Solution Solution of the Program
1 2.560 E6 2.563 E6

Simple 2 4,100E7 4.130E7
3 2.050 E8 2.150E8
1 1.316 E7 1.318 E7

F~ 2 9.999 7 1.013E8
3 3.843 3.843
1 1.316 E7 1.311 E7

Fixed 2 9.999 E7 1.013 E8
3 3.843 E8 4.009 E8
1 3.250 E5 3 .256 ES

Cantilever 2 1.276E7 1.279 t;7
3 1.001 E8 1.016E8
1 6.252E6 6.258E6

Propped 2 6.656E7 6.646E7
3 2.855 8 2.9861:;8

From the Table, it is found that there is a very good agreement between

enelytlcel eolutionand calculated results.



Chapter 4

The Effect of Elastic Supports
and Propeller Inertia on the
Dynamic Behaviour

In tbe dynamic calculat ion of a propeller shaft, t he bearing supports can be con­

sidered as elas ti c supports. The difference of the stiffness of bear ings and their

distrib ution may affect the dynamic behav iour of shaft greatly . Thi s is import ant

for the designer to opt im ize the alignment of the shaft.

Figure 4.1 shows a one span of shaft with elastic supports at two ends . The

boundary supports are expressed by two springs in two direc tlons pendicular to

each other. In t he figure, K1 and K2 represent t he stilfnesses of the elast ic springs

at the two ends.

38
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(I) (2) (3) (4) (5)

(b)

Figure 4.1: (a) shaft; (b) Mesh of elements
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Table 4.1: First Three Frequencies

K w, w, w,
rigid a.M01E6 O.1033E8 O.5375E8
5E12 O.6395E6 O.1027E8 O.5316E8
SEll 0.6329£6 O.9807E8 0.4761ES
SElO 0.5066E6 O.6284E7 O.1926E8
5E09 O.2617E6 O.1l38E7 O.5042E7
5E06 O.3869E5 O.1217E6 O.3463E7
5EO! O.4637E4 O.1l85E5 O.3314E7

When the stiffnesseB of the springs at the two ends of t he shaft are the same u

K, the different value of the stiffnesses have great effect on the natural behaviour

of the shaft. The resu lts are shewn in Table 4.1. In th e calculat ion. t he shaft is

divided into four elements. The value of stiffnesses varies from finite value to a

infinite value(rigid ). Figure 4 .2 - Figure 4.4 show the cu rves between t he value of

K a nd first three natural frequ encies WI, W2 and W3 .
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Slillness of Supp ort K(N Jm )

Figur e 4.2: t he curve between first freque ncy and K
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Figure 4.3: the curve between second frequency and K
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Figure 4.4: the curve between thir d frequency and K



44

Table 4. 2: First Three Frequencies

K 1fK2 WI/Wel l W2! W02 W3! W03

1 1.000 1.000 1.000
2 1.030 1.1143 1.2113
3 1.040 1.1523 1.2965
4 1.0454 1.1711 1.3390
5 1.0482 1.1822 1.3645
6 1.0508 1.1895 1.3806
10 1.05489 1.2040 1.4123

In a practical engineering pro blem, the bearings at the two ends of t he shaft

are different . So the effect due to the different values of springs on the natu ral

behaviour should heconsidered. In this part, I use the value of~ to represent the

difference between K1 and K 2 • The resu lts are shown in Table 4.2. In the table,

WOI, W 02 and Woo are th e first,second and third frequencies respectively when K1

equal to [ (2' Figure 4 .5 - Figu re 4.7 show the C::Ul"VelI between :;- an d ~, ~ and

f;, and , ;;; and t·
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4.3 Effect of The Propeller Inertia

The effect of propeller iner tia will be conside red in t he bounda ry conditi ons to

the pro peller.

ElfJ4~~~,t) + PA 82~:,t ) = 0

For a shaft shown in Fig ure 4.8, the boundary conditions become

(1) x= O, y=Oand M=O

(2) z = 'h Y=O.~ = 9~~_

and

(3) x~1

and

Where

(4.1)

J is the mess polar mo ment of iner tia of propeller.

Th e na tur al Crequencies of following example is carried out .

th e lump ed mass is 32500kg. and lumped inerti a moment is 16300kgm2
• T he

diameter of shaft is .25m .

Th e res ults are:

(1) No lum ped mass and inerti a moment

wl=O.190 8xl0 8(rad j s)

w2=O.8366xlOll (rad/ s)



Figure 4.8: Diagram of a. t ailed shaft

WI = O.4363xlO' (rad/_)

(2) Only consider the lumped maM

wl= O.ll38xl ()4(rad / .}

w, = 0,4923xl O'(rad/.}

10] =O.3971xIOt (rad / s)

(3) Both lumped mus &Dd inerti a moment are considered

wl= O.6604xlo'(rad/ l )

w2= O.1376xl 05(rad/ s)

wl= O.5202xlo' (rad / l )

4.4 Discussion of The Results

Results of the calculat ion show that :

49



A. Results of the calculations shown in Figures 4.2 to 4.4 show that for a

certain range of the values of the bearing stiffness, the nat ura.!frequenciesof the

shaft are very sensitive to variations in the bearing stiffness. Within that range

the natural frequencies increase rapidly as the stiffness increases. For values of

bearing stiffness outside that range the natural frequencies remain almost un­

changed as the stiffness changes. When the bearing stiffness is below a certain

range, the bearing becomes as a "simple" support, while above that range, the

bearing behaves as "fixed" support.

B. When the stiffnesses of elastic supports at the two ends of shaft are not

1. With the increase of the value of K 1/K2 , the natural frequencies also

increase. However, the effect on lower mode frequencies is less than higher mode

frequencies.

2. When the value of K, / K2 is larger than a certain number(for example,

larger than 6 or 7), with the increase of Kl/K2, the natural frequencies have very

little change.

C. Considerat ion of the inertia of the propeller decreases the nat ural frequen­

cies of the system. From the results, it can be found that the frequencies will

decrease by considering of lumped mass and inertia moment.



Chapter 5

The Effect of A Crack on the
Dynamic Behaviour

5.1 Calculation Results

According to the finite element model described in Chapter 4, a. program is written

to calculate the natu ral dynamic behaviour of a cracked sbaft .

When the crack is assumed to affect only stiffness, the natu ral frequencies are

obtained by solving the eigenvalue problem [K] - w3IMI:::O.

Take a one span or beam with a crack at the middle of the beam. The diameter

of beam is D, and the dept h of crack is a. The mesh of elements are shown in

Figure 5.1

"



ITIv-rTI
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52

(1) (2) (3) (4) (5)

Figure5.1: (a) shaft with a crack; (b) Mesh of elements
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Tab le 5.1: First Three Frequencies Correspo ndi ng to Differen t Crack Depth

a D w, w, w,
0.0 O.6406E6 0.1033E8 0.5377E8
0.1 O.6276E6 0.1032E8 0.5371E8
0.2 O.5350E6 O.1029ES O.531OES
0.3 0.41561>6 0.9918E 7 O.3387E8
0.4 O.2935E6 0.1012E8 O.2813E8
0.5 0.1624E6 0.1000E8 0.2365E8

T he result s are shown in Table 5.1, Fig ure 5.2 - F igure 5.7. In the t able and

figures, W I ' w~ and W3 are the first,second and thi rd frequ encies respec tively , Wot.

Wo2and Wo3are the first ,second and third frequencies respectively when the dep th

or crack is zero, delta WIt delta W 2 and delta W3 are Wl -Woh W2-Wtn and W3-WQ3.

The first mode shapes cooresponding to different crack dept h are shown in Figure

5.8.
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Figure5.2: Variations or firatfrequency with different crack depth
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Figure 5.3: Variations of second frequ ency with different crack depth
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Figure5.4: Variationsof third frequency with different crackdepth
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Figure 5.5: Variat ions of normalized change in first frequency with crack dept h
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Figure 5.6: Variations of normalized change in second frequency with cr ack depth
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Figure 5.7: Variations of normalized change in third frequency with crack depth
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