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Abstract

The fOflJlulntinll Hud illllll"nwlllari"n .,f all "ll'lal."!',l,,r ,."],,,-:\1,-,\ (-"111!",,1 ,',,1'11"'<

tinite I'!ClHt'ut-llll,llil-;ri,1 (C\"fE·'\[(;ll11l·l!l,,,1 f"1" st'-'IlI,I". lwIHlilll'·ll.~i"llal. \'i~"'>lI~

incompressi1Jlc flows is pn's('lltl:',[ in Ihis till'sis. In tIll' lm'l"':;"'[ ('\TI-:·.\I(:, till'

rakllltdoll ,lomain is disrrr.. liZt'd llsill~ tllrl'(·-lItU],· trinllgillar ,·I"1ll1'1l1S. Enl'1l ,,1,-·

mell! is fmliler ,li"ided in sndl a wa.v ,l,nl nllltroll'll!lI1lIl'S aI'" fornlt'd artll1wl ,-a,.],

node ill the cnlcnlation d"milin. TIll' projlllsl'd lllt'llu,,[ is f"nllulat,·d \lSill~ Ilu' ",-.

locit,l' components and ]JrCl'iMlfC ItS ,IL'p"1Il1('1I1 \",lrlalll!'s, IIII'I ill("qlf,lati,1I1 FIlIU"t i""s

for these ,lCpt'IHlent w\riahles lite all ba~cd 011 Hll "lmlll'lllallt'\'t'l. TIll' Iln'S.~lIro' ;,n,1

the tlilfused scalars arc interpolated lilll':lrly: 111c 1'!lIW,~·tt',1 ~t<alal's an' iUlt'Tpt,lal"tl

using mass wl'ightcll iutNpolHtion which p;llaTnntl't'); pt>,~iti\"l' "011: rjhllt ililis 10 tIll'

COl'lficicIlts ill tIle algcl,raic ,lisl'T('tizalioll ''''l'lati'>ll: awl til" IrHII1<I"'Tliuj!, v"!,,,·j.

ties are iuterpolatt'd Ilsing a linear i/ltNllolalioti l,f p,'iI,tIl1""\"'!<,dtil'S awl pH'SSUl'<'

coefficients, in whicll till' pl"cssure /;l'1ulicnts HJllli'ar ,'xplkitly. This f"aIUl"<' ;l1lllws

the formulation of an ('{lllal·ordt"'r eolo,:akd methlltl villid f"r iW·"lIlpr,os.'iihl,· 1I01l"s.

CsillJ,\" these interpolation fllllctiolls. th,: discretizl'd forJlls of thl' l-\o\"l'rninl-\ "qll:l·

tiolls arc obtaine<:l hy deriving :Ilgelmtil: appr"xiulatil'lIs t" illtJ'l-\n,1 "'>rls"Tvalil'll

equations for cadI ('outrol \·olume. Tht'SC I!oulilwar. <:Impl,<,!. n1W'hmi,< "'1I1IJ'i"lIs

are tllen solvC(1 h.y n St'grel-\atl'll solllti()ulll~',flTithlll. Thi!'> Mll\lti'llJ 111l,tlll"l i!'> i'll-

pleillellted in the cont('xt or F~I\'· Hnd \,.('ydl~ mill! i~rid ;d~"rit Ilins ill all aU"llIpl

to improve its cOnl'crgellce hdl;lVifillT.

The proposed C\'FE-)'IG melhod was (rmnd til W:lIl:ral.: solutioll!'> Ihat "",ild



f"T rllt, "'II/lI;W ;lIltl ~""iT<'lllarilLl1; H"w t,~!>t pr<,I,It'lIls pn'~ellr'!d, Til,: dff'f'ti\'(,Ilt'ss

',f II,,· rrllllri).(l'i,1 HlJ.\orirlrlll w:,.~ 1"I"lll,:",l f',r higllf'r Be,\'IH>l,ls 1Illmlwrs. ,Iw.' tu till'

illlt'TI'0lal iuu ~,.]l!'IIlt's Ils,od ill lilt' ""lIlml n,lllllll' !illite "!"lllpul llH'thod (CTFE\I).

TIl" slw"t'"-,,flll illlp],'JlIl'!Ilari"lJ ,,rlllltlti~rid lll~orithlll.s in the context of 1\ prim.

ilj\"!' \·ariaIJI,·s. vb""llS nil\\" tTFE\l is \"I'ry ('m·ollragill.L;. Further fI'scardl will he

1,,'rf1>1"1111'1111> illll,r,w(' tlH' ,·lr,~·ti\"'·rll'ss I,f C\OFE-\IG implt'lllcntatiollso

iii
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Chapter 1

Introduction

1.1 Aims and Motivation of the Thesis

Prediction of heat transfer allllllilid HOI\" I'Wl'I'S,"'"i'i ,'all Ill' "hlail1"d If.\" tWlI luain

method!>: eXjll'rimCnl,,1 ill\'('l:itigatir'll all,l tlll'nrctil':1[ (":I],T' ,lj"II. 'rhi:-; till'sis n'lI­

centrales 011 the latter. The main /-;oal or this rlll'sis is r"ll,·\-,-l"p. illJpll'ltl"ut. awl

test ilcontrolroluOlc finite ('l{,I1l('nt-ll1lllti~rid (C\'FE-:',lG) Illl'lhod f"r 1110' SiIll1l1:,·

i,ion of stf'lldy. tWQ-(!illlcllsiollil!. \"isl""\Is illl'IJlllpr"i'ii'iihl,·I111id Il"w I'ruhl"llIS. :;11,.11

flows arc ff{'flucntly encouutered in tIll' ill'run;nlti,'al, ]I,,\\','r !-\"IlO'ratioll and "!lvi·

rOlllllcntal fields. Specific eXlIlllpll'S illt"hltll' illh~rual l'IJlull11stion I'Ilj.\iul's, 1I1H'I"i'f

reactors. heal exchangers. am] efflU"Ul di..whllrw~ iutl! tIll' "U\"il'lllllJll·lIl.

The formulation of the proJl()'~"d C\TE-:\IG i~ all ..xtml~iun of (hal 1l~111 ill

earlier CVFE's [3. -I. 5.7, 18. la. 20..10. :1I. n] for inmlilJln'~sil,h' fluid lI ..w.~. III

the ]1roposed control voLume Iillit,· ,·I"llll'lll 1ll"1110lL (CVFE:\I), Irialll!;ular "I"Ul"llt~

arc used to lliscretize the ca!culatiull ,t"mnirl. and PIJIY)..\Il11aL "outrol \'OLllllll'S ilrt'

conSltuctaLllround cHell nOlle in Ill!' ,hl/lillill. Till: IWltlll'lllati";lllllr"ld ,,r t.lll' Jllli,l

Aow is based 011 the so-enllcd primil i\",' variabl'·:i. tlH~ \'t'1(),~ity ':"lIlllClllf~IlI:i. (( ;'11<1

1,.'. amL the pressure p. Element·hali,·ll illl"rpuilititlll flllll:tjoll~ for IIH~iI' d,:/wlltlt'Ul

\"ariahles. fUllL the method of wci~h,,'d rt'..,idllal~ (:\IWTl) [Iii]. are tlH:1I u~.:d lo,j,·-



riv'~ alJ.:,'I,mi,: Hp)lfoxinJiltinus In till' I;n\""rnill~ c'tllntion:s, 111 this \IWR. rcreach

Hurl" ill lh" ':il!"lIlati'm domilin. the w,'iglJl:I;~ flllle/ion i", set e'tual toone ,wef the

"'Hll rol \'"hlll],~ assfldat,~d with tlll' [lOde. nll'l 7.ero ds<:wherc, Thus. the proposed

CVFE:-'I fllr fluid now ;llId heat transfer iul'O!w'S the imposition of physkal con­

~,'rv:tli"l1 Jlrill('ililcli fill finite control volumes in :hc Clllcl.lllltion donmin.and !Lence

nd,lil.ioll, t11is l"IIlltTlll volUllIe Ila'<;I~1 fornlllintioll fncilitates physically meanillltful

ililerpfl'llltioll t1r tlie "arions terms ill t,he nlll;cl 'raic ,liscre,iznlion equntiom,

TIl!' pr"p(Jsl~1 CVFE\! is an ('{tllnl-<mlcwl colocnted method. in which pn,*,sure

alltl V1'locity me'~\'1l11Iatl"lllt all grid points, \(olllentllm 1ltul<:ontinnity eqnations

an' ,lilinetizc,1 u.~inl\" tIll' .smlle I';l:t of cOlllrol \·olumes. IIllel th~ pressure equutioll is

l:i/,In'd hy till: li;lmc "filiation solvt'r USC.'f! for the ....ther dependent v<lriahles, \Vitll

Ihis l!lI~thllll, f1li('illntor,Y ~ollltion Ad,l.s ilre prevented hy using so-called "mAsscon~

~"rvill'( \'l'ltwit.\' intl"'r]Joliltion fUlictiollS. in whicb the pressure gradient terms

~lpp.'nr nplicirl.v. \\"hpn ,hl'~e fllllclions me Ils,~c1 to disCTetizc the conlinuity l'llua-

tiOl!, t!l".\' 1"<111 /n 01 St't of strollgly \'l~lo('j[)'-prl'ssurt'-couplellalgehraic equnlions

rWIlI II'hkh thl~ IIsl~illatorr solution fields could not appear.

Till' propl)S('d C\'FE~[ is lilllil(~1 to stt'nd,v two-llillllmsionalsituations. IWII'cver,

ils h'lsir formulation ~'an he t>a5ily l'xtcllIlcd to \lllsteady aliI! three-dimensional

pr(lhll'lI~~ using tll!' proccdofl'S dl'Scribl...1in {29. 2t 251.

Thus far. C\'FE:\I rl'S(',lrch has concentrate,l on the Ile\"clopment of methods

10 silll1l1ntt~ l)rohll'IllS. without great conccrtl for their efficiency, In this thesis,

grt'all'r pril,rit,\' iSj.\i\"{'lI to nlj.\orithm and implementntion eHkicncies.and hE-llce the

1Illlitigrid tl'l'!lIl\<IUCS .~rc clllploy{~l. Gy il1troducillg se~'eral grids anti exc1lllnlting

information l1('t\\"'(.'11 them in n sophisticnlcd\\"aY,lllultigridmethodscan solvelllrge



spaTSl' matn" rlliptic I\rohlt:m~ in a dranmt k;'\ll~' mor,' dlki.'ut W;lY ,·uml\1f.·" I"

cOU\'Clltional itrrati\1' aJ~orithllls"t1 ;'\ :<in:.::I., ~rill. In 1111' pfllptl"nl C\'FE-~IG,;I

muhili:rid mrlhod, nk>nl::with ;,\So~n.·J.;;lI.,1 il,'f:llh,·:<nluliulI:lI):;,lrilhlll. is''Ul'h,,\,.,1

TO sohX' the s~'Swm or clis<'rt'lizt'lllo:".l\l·rnill~ ''''l1;1lillllS.

1.2 Outline of the Thesis

This thesis consists or ~ix dl:1plcfS. III lhis rhapl,'r Ih.' llilllS :llllllll'lli\'lti"tIS Il(

the thesis were pr('selllt,1. Tlw Trlll<\illlier of lliis Ilu':iis,I.'St·filu'S Ih,' .I"\,,.I"PI11"1I1,

impkment;'\tion. And t('Sting of the propo;;pd C\'FC-:\lG.

Chapter 2 pfeSents It synop~isof a\1lilnbl.~ C\'FE:\I'~ rOl' I h., liUhtli'"1 "f illl"ltU'

prcssihle fluid flow prohlems. The forllllllati"11 (If till' Ilrnpnlil,1 l\wl-<lillwltsillll.,1

CVFDt is presented in .INail in Ch"lller 3. In Clmpll'r -I, Ih.· rIl1l",111lf~Illalprilll'i·

plesormultiwicllllclllOCls arc bri.·fly UW·lIS,-;I'1. tl...11 .It·tnilsllf IIll'illllll"lI\l'III<lli'~1

of the lnultiyid algorithm into lhe C\-FE-\IG metllf,.1 nr"I'fl'Sl·Ultll. Ilt-so]ls /!;"II'

craled hy the propo5ed CVFE·:\IG method in the Sf)!u\inu "f N'wrnlll':it lH"lthl"lIL~

are presented in Chapter 5. These rcsult5 an' l'flmpaTlll with tlUN' "f h'·...·!II11atk

numericalstudics a\llilahle in the Jitl'ralure, anti "'itIL \I'!illlt~ ~"I\I'Int"cl iIYi:'" 11m.

posecl CVFE~lllsinn one l'>ollllion nll'sll. Fillall~'. ill (1tnlllolr G,lllI' c·lIlLttilllll.illlL~

of this thesis are slLml1lnriz(.~I, aud slLl\Ii,~tion... rur furtlwf work 11ft· prc~'llh ... 1.



Chapter 2

A Review of Available Solution
Methods

2.1 Introduction

:-"lallySO!llliollllwrhlllls IIIW"hl'l.'1l dcwlnpe.1 for;:,COIllPR'SSiblc~ui(1flow problems.

TIll' dlOil'f' uf 11 parlirnlar M,llIllioll l)IlM.'l-...IHn~ isslrOn~I}'c1ependellt upon1he sha~

,.r rill' ]lrohlrrn dOlllain (r('';lIll1r. irrl'h'ubr). thcnnture ollhe fiuid(viscid. in\'iscid).

HII,ltl... ',vI'" uf fl..,: (s"·i\(l~'. 111lSh'nlI}·). Due 10 spn~ restrictions. anclthe \'aSt

11111111M'r uf lll';lili\!Jh' 1111'1 IlOds, onl.\' ~llf' :)a.,>k solution i\llloritbms are discussed in

I II is rim pit'!'. .-\ llrit·r HI". 'T\"jt'lf lIf mllilahle numerical methods is given ill section

:!.:!. In s.,-'I",illllS :!.3 allli 2A.lb.· l\1-:liL,hle C\'FE:\I's for com'!Clion·dilfusion and

ttuid lIow probk'llll;arr,li:."Cllssed. Filially, in section 2.5,11 briefsurvey of multigrid

S'.)llllillll ml'lhod.s illlhe COlLlext of C\TE:\l's is preSl'nl~'I'1.

2.2 A Synopsis of Available Solution Methods

TIlt' ~oal (lf~ 1"llllll1lt~li()lIflllllClhodi~ to ohtnjn \"aluesof the dependent variahIes,

Slldl :1.'1 t"lIllll.'raluft', \'c1oC'ilY, nnd prcsl;ttrc at tliscretc loc:ations within a physical

tlo11luin. Wbat ditrl't'ClLtial~Ollc Il\llllcricalmtlhod rrolllllnotheris the manner in



which the ;'IlgelJrnic lliKrl" iZ;'Ilioll ••...I1\~llions ;'1ft' uhl :li1lt~1. Two "IIIit' 1IL.lIIt I"'I\-

ulardasses oflllel hotls for oht~iQill~ lht~· ,·tlll.,litln", ~lT" Fillil.· F.1o'Tll'·lll ~I.·tht"l"

(FE~rs) [2. I:!]. anti Control rOlllllW Fillit.· Dilr"rt'lu~' ~1"lh'Hb \(YFml's) or

Finite "OIllOK' ~tethOlIs lFY~rJil {2DI. Both til' th.~ .. 1I1t'Ih.l.b :lfl' Jilll.""·I,, tlf Ih,'

;"'lelhocl of WeiJ;hted Residuals (~I\\'RJ (3-1). 111l' f"rmullllillll "f 11 ;"'1\\'11-1'1-::\1

i 0\"01\'('5 t Ii.. followinll slrp..<:; [In:

L Discf('tizatioll of n cnlculalion domain intn "I"IIWIlI~ of a !<IH~itit' :-;haIH'.

2. Prescriplion of IIppropriah: l'lel1l"llt 1)",,,,,,1 illt"rll<,lalillll rlln.. ti,>"",.

3, Dcrivntioll oftliscrctizr.tll'lllU.tiollsll,;illgn.~lliI1l1,h'fllr1l1"filII' ;"'1\\'11.

·1. Element hy clement assemhly or tile coeHid,'uiS iullll' ,li,~('fI'li7.I'11 "III:tli"'IS,

COU\l'ntional FE;.,.l's fot Allilll\o\\' awl heal It:llL..fl.·r 12. 1:.!1 t'mpl,,)' th,· Gall'rkill

;"'lWR 123]10 Ilerhl' the ~\Igebl'ilic disclf'lizatioll "'Illalions. Whl,"~ tho' "l'i~htillf:

fundion is 1!It same as the interpolation I'ulictino.

CVFD:\.!'s can he Ilescribt,o(l as .'tubdom:lill·typ'· llItofhmls til' ~J\VR r.'9. :l·ll·

Their formulations art as follll\l"lj;

I, Discretization or n calculntion llomain il1torllntfl~ml'lllu'!l. nUtI IU~~'S 11....<;11·

tiated with these control \TIll lilies.

2. Pres<:riplion ,)f approprillte functions rllr the lostiUllltiol1 of I-;r:1.l1il~nts IUlll

mluesofthe Ilepenl!(!nt varilll,!tos.

3. Deri\'nlion ofdiscretizntiol1 CqllaliollS, whkh nrc 1l11:1~llrHil:IlPllrl,xilllllti"SlSI,u

the gO\~mingdilfercntinll!lluatiol1~.He"~, tllf! ~1\\'Jl liS illlppli.~ 1"'"".ll.rnl

\'Olume, or suhilomain. formulations is 1l:\l.~1.



-I. A !l1,.1,: I.y nOII,~ ;1liS"rnl.ly flf tllf." ,liscrctizalion ~IUallOns.

:;. Pr.!S.:ril,lillll "f II. prol:l.'llurr 10 soh-e th~ rC!illhin~ discretization equalions.

F~,r '·a.·11 1I,,,Ir., 1111: ",...i;;htiu;; functioll isseI 10 unity O'o'l:!r the nssociated rontrol

w,IUIIJC, ;awl Zt'1"{) d!',CV,'/Wfl' f2!lj. The most outstnnding featlll't of CVFD~rs is

thaI they salisfy the cxart IIlllllcricn.1 con5ervali"n of mass. momentum and £nergy

f)ver ,::tch f:lJntrol VOhllllC. and IilllC~ 0\'l.'1" the l'lllire cnlculatiOIl .Iomain ['291.

Th,~ CVFD:l.I's cnn Ill: fllrllll'r slIIHlivI,lc(1 illlo Orthogonal Grit! (OG) anti ~Oll­

Orlhogonal Grid C\lOG) formulntions [3·1). HowCI'cr. CVFD;"!'s are found 10 he

1I111i>! snitahlcfor mildly c.ollll'll!x llomaills for which fairly ortho~onal. and smooth

~I'ids 1'llIl IH' w:ucratt'll \3,11. T!lis is 11~'('nllsc in ~OG's, thc grid lines are not normal

In IIH'colltml \'lIlll111efaCI'S, amI hcnce Iheaccurllcyoflhenlgcbraicapproximations

10 thc flux illtej.\t:\ls ncross the ronlrol volume fact'S suffers. It should he noted lhat

FE:\l's.11l 1101 suffer {rum tllis Iimllat iOll. IlId<''<'Il.llle strtngth o{FDl's licsin their

a hilitJlo cliSf'Il'lizc fUlllplcx fll1culnt iOllllllmains,('!ipcdllllyill irregular-sbaped and

CIKltrol VOllllllC Finite Elemcnt :\ldhod!'l (C\'FE:\l's) combine the attractive

fl';aluT!'S of hnth FE:\l's and C\'FD:\I"s. They allow solution on irregular slmperl

.Iolllllins, similar to FE:\l's. ItncllllO'~' liSt.' rhe sulxlomain ;"I\VR 10 apply conser·

\'iltitlll principk'S to rontrol \'Olllllll'~ 1'111L'ilrllrted around nodes in the cakulation

domain, similar to C\'FD:\l's. Tlu·r,.(nrr', C\'FDl's also satisfy global conservn-

liull rl'lluiH'1l1cllts for mass, morul'lIllIlLl and l'lll'rllv.

C\'FD:\l's 111111 C\'FE:\l's hoth Il~l' "lllJdnlllain-type ~I\VR, hut they nrc dif­

fl'n'1l1 ill a fl'II' (L"pcrts. Dill' dilfrrenC'r' hl'IWI'l'Il, them is ill the way the dependent

\'nrinhles art' illtl'rpoll1t~·It. In C\'FD~l's. tIll' ,ll'pendent wlrbhlcs are usulIlly in­

tl'T\lOlal~'d 11.\' 1(1('0111)' olle-diml'nsional fUllt'tiol1s defined either along grid lines. or



t1o\\'-oriellft'd lint'S. On tht' ntht'r h'\IId, ill ('\-FE.\I'~. tlil' Iil'pt,ltd"!lt \'ariahb

lire usually interpolatell hy lIllllti·t\illlt'lI~iollal fllm·ti"l1~ dt'lillt~l owr tIL,' Hni\<' 1,1-

('mel1ts, Another difference ht,t\\"~'11 tbt' 111"0 llldhu,1.4, i~ till' dltlk.' 11£ tilt' ['11-

ordinate system lIS<'d to t!e!1lLl' th" rcloclt.'· l'OIl\1l0I\{'lltS. I'M nHlrtlillat" ~.,·~tt'lll~

other than the Cartc5ian s.l"stl.'Ill, ClIr\"l\tllT!' rl'intt~l tt'rlll~ arbl' ill Ihl' ~"\""Tl\ill).(

differential eqllatio!ls. hi hotll 0(; ;111'\ ;.Je)G forHllllati'lllS, Ih,' "UrI'llllll'<' I,'rills

can he cOl1\plicnll~I,and may lend to a 1(l~ufnt'I'lUi1t'.1" in tlll'HlI11l"ri,'nl,,,,.11lIiulIl1r

the governing l,.'qllntions [3'1), ).!osl C\"F'E~I\ art' r"TIlI\llat,~1 ill tilt' ('art,'~iilll l'lO-

ordinate s)'stem, aUlI hence curvature rclatt.~llt!rIllSare not iUl"l1lvt.'tl. 11 i~ ! ,,'!'aIlSt'

of these fundamental differences, that C\,FE:-.l's t:;lll provide ,\lTUfalt' SUhllillllS tn

tlle g-overning eqlllltions in complcx IlomaiJl,~..-\ detail..d diM'llssion nr Ih,' dim'r­

enCC5 ami simill\fities between CVFO\!'s alit! C\"Fnl's is '\Vailahl,' ill Prl,knsh

1U1d Baliga [341.

In the following two se('tiolls, some rCCI'lIt H11\·aIKt.'s in CVFE~['~ r.,r [,nlll

convection-diffusioll and fluid flow prohlems will h... rl'vil'\ml.

2.3 CVFEM's for Convection-Diffusion Prob­
lems

Convection-diffusion problems involve tll\' so]utjoll (or a d"PCll"l'llll1lri,dJl.~ ill tllt~

presence of a known flow ficlt!. The tlcp.~ndcnt variahh~ur iliterl'S1. is'''IIVpcl,,,d with

the flow, while its gradicnts callse it 'liffmiull transport. A sat.ilirat:tory lifllillioll

proccflurc for cOllvcction·diffusioll pro!'!ClIlS is 1\ prer(.~l'lisit(~ for t.lw forllll1IHli"1I "I'

methods to solve fluid 60\\'s.

.-\ C\'FE~I forconvett!on-diffusion prohlc1ll5 wr~~(Jril-\:inaJly iflt.rOlllln~d !Iy Ilnlil!;ll



all,l PatallXar {3, t ,il. TluT ,Iis('f,:rizl:'! till: ,1'.'lllain IlSill~ t],ree-uol!(' triangular

"j"rw'" "s. WitJ,iu '.'adl ,,11'11l':IIt. tIll' transported scalar (in hoth cOllv('Ction and

,Jilf'l.~i,," 1"fIllS) \\'lL~ illtl:rplllatc,1 Ilsin~ a fluw-oriente,l fUJH:tion that cOllsi,lers the

rdativ.! stn'n~ths,,frollV/!Ctinn ~1ll\lllitfllRion ill rile m('an Row l]jrectioll, as well as,

,Iilr"si"n unrlllal til that ,liTl'ction. This interpolation function was dcnv('(1 from a

sirJlplifk~1 v,'rsioll of the IlpprUpriate ~o"'crnirr~ equation, \\"ritlen witli respect to

Ill! I'lt·m,'nt·haser! ilow-orit'ntcd cuordinate system. The ali~lIiu~ of olle of the axes

illll,t: !'Jl:II! ,~Icmellt·l)'l.<;l:d l'()onlinat" s...,stern wi til tire mean flo\v direction in the

dl'llwnt helps to rCllucc false diffusion [35]. Prakash [32] later modified this inter-

I~,latintl rllrwtioll tn incJl1lle SlHlTCI: rdated \'ariatiollS of the dependent variahle in

IIII' !Ieow direction, Hooker and Dalifla [18. 191 introduced n source rdaterl lerm

IIr:llIWl'Ollllt",1 ror illf}uellCt'S both Ilnmllel ;uul normal to tlie mean fiowdirection.

TIr" illterpulal.inn function )lropnSl.~llJY Praknsll (32) is a spcdal case of the rune·

tinn prnJlu.;t~1 bJ Hookey and Dalign. ror thr prohlelL\s testl11 in [18. 19, 32]. an

irnpl'OV"llIt'nt ilL m·cllnu:yOl·,'r n'liultsobtaiued v.·illl other CVFE\['s was reported.

Balllmihyalri mid Po1lnllknr [3Gl,lIud later. Sdllrcider ami Raw [38,39. -to) in­

trlllhlcc,1 C\'FE~l's for Illlilrlrilatl'Tal finite cl~mellts, In {3B], Schneillcr and Raw

lntr'lI!llt'l'cl a jlOsitive-codfirient UPlI"lll(lin~ proccdnre, ill whicll the coefficients

IIrbill~ dill' to the al~ehraic approximation of the convection fluxes are assured

In lit' positive lit lUI dem<.'ntnl lrl'el. nnd hence nt control ro[ume level. In [391.

llllllpwilldiug" formulation \\"as pH'S!'lll ....,i that W.'lS similar ill form 10 the positive

l'"dlieicnt sl.-hellle, however, the din.'ctionality of the Row was more closely approx­

illl:ltptt. rl~ll1('illg false diffusion, hut allowing ror the appearance of some negative

I"II'1liCil'l1ls. ror tlrl' prohlems they ll'Sted \30]. it \\'as found that the l1Ingnit\lll~of

IIII' n.-p;ali\"l' l"JeIHdt'llt~ II"I'rC small enough Ihat they did not ]lose allY difficulties.



The e!feels of diffusion, !lotb pamllt'1 ;)Iul nnrlllalitl till' lI[I'alL Iltlll' llift,,·t;nll, alLII

source terms were also l'xpJicitly ,1l't'Oll1111~1 for ill Illt' itlll'T1,,'htiol\ fHlWli,'1l fur

the rOlll'erted scalar [391, 111 this 1Ilt't hod, tht' prt':-'Ilrt' ).:rndil'lIts \1'<'[(' illl'hul,,1 ill

the intrrpolatioll [unctions for \'('lndtit~ ;\t an ,'!t'l1ll'lllalll'l'l'1, tlris int,'rpolatinll

scheme allowed for ihc .11'\·e!0PIIll'lLt "f all I'(l\l:lJ-nnl,'r ""I,\\'at",\ r"rmulation or

incomprt'S.<;ihle Rllid flow problellls.

In the contcxt or C\'FE~I',~ witll I ri:lIIl;ular l,I.'m"llts, rrnkash illtr'H(IIl,,,1 1111'

donoNcll scheme IlS a IIll'ans Ofl'llSllrilll( Illlsitinoflll'tH"il'llts [:13\, This :lppw;wll

stilted that the \'alue or" ((t'[Jcuoll'llt \l1riabll.' eOIlI"l'<'I"d unt 'Jr a "l1ntl'(,1 \",111111"

must be the Wtllle of the dependent \'ariahle at tlr., lIodp withill I Ill' ,-"nt rol \'011111(1',

This approach gllnrnntce; positive t'ol·lliril'nls. ll11t tak.~ litth' :U'l1lUI1t. tll' till' di­

rectionality of the flow, ami takes no HI'connl of thl' ",f('cls (II' dill'usioll awl Sllrrwt'

terms on the interpolntioll of the con\''''l'h~l Sl'alar, Th~' IMlSiliV(· ':lIl'lIil'i'-'lll Sl'lll'lll"

propcml by Schneider and nn\\, 138] is IIlllnr" altral'tl\'I! appru:rrh to "Iirnill!~t.,

ncgnli\'c coeffirit'l\ls. t!\'en tlloUllh it ill\'nlws Ullin' l:t,jnplltaliIJIIS,

2.4 CVFEM's for Fluid Flow Problems

In the oriJ;inal CVFDI, BaBga and Pnt:lIlk.l.r [:\, 5! pt'IJposed;l[I 1I11t'qllal'llrd"r

incompressibleCVFE:l1 in whidl till! dOlrraili b lil'!it ,Iis,:rdiz,!d l>y six-nod,' Iriall-

I-\ular elements, and tliL'Se "maCl'Ol'I"lll"lIts" arr> thell divillfsl iut'l frmr t(llw·!Iod ..

"suhclernents" by joiniu!l the millp'Jillts (If ..ad side, PIl'SSllf1' is st"I't~1 al tb.·

vertices of the macroclements, alltl \'.. lllCity i~ storf.~1 at th!! v<~rtic''S of Ill! Slllu~],'­

menls, which TL'Sults in an 1\l1eqlml-order scheme that avoids solution h:trHlorril's.

This formulation also employs l\ mixed illlcrpoIntirlll ~lJelll!!: prt.':>.'iur,' is iut"I'IJ{J-



lal",llill";,rly ill lh,~ r/JiIt:r'H~h~lIl"Hrs. lind tllf' \',docitv '·"lllPOllCllts are intcrpolated

by How·"ri,·ul"d npwillil typ,) furwrinllS \\'lllrill the sllhclcllJt'nls, Polygonal con-

Ir,,1 VOlllllWS IIsf'd ill th,~ flisc:rl'ti~.Htillll flf the continuity ,~q\latioll arc constructed

IIfj,unrl tllf~ \'prtic:l's f,f th,~ lllHl:rfl('l!mll:uts, while t hose used in the discretization

of tIll' W"IIJI'lltlrJlJ I.''lrratious art' cllllslrllclcrl arollncl the \'ertiees of tile suhde-

Wf'lItS. This 11lClhIJd hilS bef:ll 1lSf.'f1 in cunjunction with SI:\IPLE, SI:>'IPLER, and

SL\ll'LEC (:I. iJ, 18, 20, GI solution i1lgoritll1lls. Huwcver. this scheme has se\'cral

UUlita! irons r,·latl11 to till' 115" of two IY1"'s of e1l'menls and control volumes. Since

thl' lllOllll'lltUIll and cOTrtinllil}" l'l\ua!ioIlS arc discrcti7-cd using tll"O different control

mlrlllll'S. lJHI~'i I"Clllscrvalioli is not strictly salisfie.l o\"er the momentum control

vollllll''l'. :\Isn. till' disl"f(~ti7.atioll rlllHllioll for pr('!:iSurc is quite different from the

,11.~f·ro'li7.atillllf"lllatiorrfur Ihl' "Iher flcp('ndent wlfiahles and a sepaml\? equation

.~ol\"l'r is rrf"'fII~1. Finally. since till' llllt'Cjual·ordcr method uses a much coarser

~rid f"r pfl'SSnr(', it Ill;'}" not hc \·cr.v aCl·UTntc fOT prohlems in which tire pressure

).:"rarlil'nls IIr,~ large.

TIlt' lirst. ,'quill·order ('\"FE:\! witll three-node tri;lll~lllar clements \\'35 pro­

I',~.,.·.I h.1! Prakash nud Palllankar [3D. 31). In this method. pressure and velocity

nfl' "lIlllplll",] nl nil ~rid poiUIs. allll the ,liscretiznlioll of the continuity ane! rno­

niC:ntlrll1 "'1llations ll~'S lhe Sllllle control \"olrrmcs. The velocities uSl'(l in the

lIlo\l11'nlulIl c(lllations nrc il1ll'rpolnle<l h~' the flow-oriented uflwinding type rUllC­

!ions Jlrup(J.~t',1 in [3, 5). Jlr{'~snrc is interpolatecl linearly. llnd the mass flow field

il1l';u'll l'll'llll'nt is obtaincd from lilll'ar interpolation of a pseudo-velocity field and

1'T1'ssl1T1'. Tlw \lSi' of tIll' pscndo-\'f'!oeily alld pressure in 1111' discretization of the

I'OllliIlUit.\· .'qual iun prol"ides the llcccssnry coupling !Jet ween velocity and pressure,

II'lridl ,·If,'l'ti\·I'I.\" prl'\"('nls the lIppcarallee or pressure lrarmonics. This method was
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formulatCiI in the ('OUll'xl of tht' SI\IPLEIl ~ol1ltion all-:urlthlll[::!~}l,and il h;~'i 11l~'11

~'Xlcnded 10 thrcc·dilll('1L~iollS h~' l.'Dain-\lllir alLll [Jalil-:a [:2.\. :?;IJ.

[n an nttt:'111pt to r.. fine his PW\"iOllS "qlwl-unh'r 1I1l'lhud, Pmka:;h 1:1:?[ pl'npllst'd

a seconl1l1wlhod, [n this tlI!'tholl. Illl' intnpolatlllll [1l11l'Ii'1l11< f,,1' tilt' ,...al;\r ,I,,·

rcndent \"(lfinhl~'5 include sonrrt--fl'lnlf'fl l!'f11lS, in "rd,-t 10 prl1\'itl,- rill' ;1 SllIlT""

inllllcncc 011 the l\istrilllltion of the ,1~'Pl'lld,'nt \'aTi,lhl,- within ;11l "I..m"lll. TIlt'

appropriate preSSlUe I-\rndi~-nts ar(' illr.!udl'd ill Illl' SC1lltl'" rl,l;lkd "'l'llIS lls,~1 III

tIle \"elodty interpolation fllndiolls, allfl it is Ihis I'xp!il'it i1l1'lll~iOll or lilt' [In'.~·

sure I-\fmli{'llts tltat pfevents Ihe aJlJlt'Hrtlllee of spllriolls nsrilJ:ltilllls of \".'!ol'il.V alld

pressure. A solution :llgoritlllll sill1ilar 10 SI\\PLEIl is It:-;,,,lt'l s"I\'" Ilu' tlisn,'1 iz, ..1

Illolll'mtum and continuity equations [32).

Hookey and Dali~a [18, 20J lIlodiHcd Iht' illlNllolation rlllll'tll111S ami solulion

al!!;orithms of tlte ~llll\l-onlcr CVFE\\ ill [321. Th..)' l'mllloyl'll all lrnprm'l'd in­

terpolation function which included soml'''' t!'flll ,-Ireds ill t1irt:djolls lUll I. ]1<11"11111-1

nnd normal to tIle mean lIow \l'itllin ,-adl e!t'lll"l1l. fllftlll,rtnlllt~, II SI\lrI.EC' t.vII'-

solution all-\oritlllll was usel!. and rlll? \'"locity-!"orn'ctioll fOrlll1ll;lt.loll WitS llltll"l'

completclysllecificd than in [321. Ho\\·,,\w. thl' f('Sultill~ prlos,'illte-"fJl"rl,,·tinn "'111:1-

tion invoh'c,! up to twcnty-five llt'ighbollfin~ lIodl,!; in lwo-diulf'l1siollal probl"lllS,

and this would make extensions I', r!lr..,,·,lilll"flSioll,,1 1lf!!III"lIIS illl]!r,wtil'aj. Ill"

cenlly, Hookey [21] successfully n-dlll"',1 II", Illllllh.'r of llt~i~hltollri\ll-\nod,'s in tIlt,

discrclized equations, For twu·dilllf'lI~i"lIal!,rubl"llls, thl' l1laxillllllll 1I1'igl1lumrilll-\

nodes W115 eight for hath pressure aud \'"I"dly f~llIatioJls. Tlris JIldlJod W;~'i, therl'­

fore, hetter suite,l for lhrce-tlimcusi'lulIl f":-tllllliltiolis. Tbe (lis<;n~liz':ll trl'IlII.'1l111111

and coutiltnity equations were soh't'll ill ;l "'Hlplell marl/WI' using It Coupl,,1 Equa­

tion Line Solver (CELS). TIlC CELS .~"k,'s til" ':"llpl,~1 ,!,[uati,ms silllllll;Ul'~lI'lsly
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;llfJll~!L ~rid line in tile cnkulation llo!naill. and iteratively improves the o\'crall

,.."llliion hy >;Ilcl:l~sivdy sWe('pih~ tIll' dUItHlin line by litH,. ill alternating directions,

uutil a Ilesin:lllt~'Id nr rXJ!I\"('rl-\elwr· i.~ "ht;lilll:(1 [21].

Sehlll:idu IIlld £law {3!J] hm'e ahmextcndl'll !!leir con\'ection-diffusion CVFE~I

to flow pml!lellls. TIll) key feature of their method is tllat tile interpolation func-

tioliS lISf'd ror (:onvection terms in tlil! momentum equations explicitly include the

I'rt'l;Sllre gradients. therefore. the velocity alHl pressure fields are coupled, In their

IIIdllOd, tIll! calculation (lulIluin is discrelizecl usiltl-\ qumlrilatcral elements instead

llf trilllll-\ulllr l'll~lllents. The lIse ortriangl<.'S is helieved to he Illore efficient for irreg-

!llnr shnpl:fi domains lllHlllllllpth'c grid methods. hccause triangular elements allow

tWin' freednm in til(' placement of norles within the calculation domain. Schneider

alltl Raw l1Sl)(1 n direct l>anded ~ol\'(:r for the solution of the algehraic lliscretiza­

tiOJlI'ljllatiolls or two-dimensional problems. In tllrce·dimcnsions, tile cost of such

a .~nlut.inn mdhod is proIJihitj\,c.

Rn·!·llily. SaahllH [37) has ,lc\'cloped an equal-order C\'FE~I for the simulation

of Lhrl'l'-dillll'llsionallurhulent incol11pres.';ihle fluid flow. To O\'ercome prohlems

with outflow IHflllldaril's inherent with the mcthod de\'eloped by Hookey [21], he

has used "mn.ss conserving" wlodties, llerived from the discretized momentum

1'(lllations, til discrcti'le the conlilluityllquatioll. For eXlllllple. tlle .L'-component of

tIll' "Illass conser....in~ .. \'e!ocity at it nOlle i. ui, call he expressed as:

ni' = Iii +d'i~ (2.1)

wlll'Fl' tIlt., !"l.SI'lldo-n>]ocity. 11,. is the Slllllllwtioll of all terms on the right hand side

(If tlu: ,lisnl'lizl'll .f.-l11omentum t'quatioll, exccpt for tile pressure gradient term,

di\'ided h.'I the coellkicnt nmltiplying II;. The pr('Ssure coefficient term, dr, is the

an'a of thl' nmtrol mlulIll', divided lJy the cocfficient lIlultiplying IIi. A similar
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expression can hc Ilen~lofl'C'l1 for Illl' !J-{·OIllIMlllt'nt. I';". Till' llndal "altlt':' "f Ii, 1\

J" anti rf" are interpolatr!l Iilwarl.\· Wilhill all,·I"lll"lU ill tlTill'r ttl \lTil\'i,lt' :l1~t'hr:lk

approximatiolls to tilt" maM I\IIX at the ronlrol \·,,1111111' fa'·..... AIR'. lilt' ,I- nllil ,I'"

terms :Ire Ilsed in <'onjulll.'tion with thl' dl·tlll'llt:lllln~"llr.~~r:ltlit'llls 10 IlTl"'I'lIl Ihl'

possihility of prl'SSure harmonics. This mel hod form... IIll' 1",...1... fnr till' C\·FE:\ll ..

be implemented in this thesis.

2.5 Multigrid Solution Met,hods

:\Iultigrid methods have hCt.!ll tlc\"dopelluILl}" n·'·~'lllly. luwlLat l'rnhlll.l.v Will' til('

first nJllltil-:rid publication. Fctlorcnko [131 forn\ulrltcd a 1IlItlTip;ri,1 nlp;uritlllll for lhl'

stll.ndnrd fivc.poinl finite differellcc discreti7..,til>ll nf the P..is,';I>ll ,·qllatioll. This

wotk was then J;:encraliwl to the renlral dilrerellrl~ dhwn·tizntiulluf IIII' p;"llI'ml

Iinenr elliptic pa.rtinl c1itrereliliall'l.luatiolls by Dncllvalov [I]. 11,,~ lirst pral'li"al

results were reported II}' Orandt [!J. lUI. ill which III' ulltlilw"llh" maill prinl'il'lt'!'i

and the practical utility of multigrNlllIclhOlls. The lllultigrilllllClhlltl was aL>;l'lli...­

co\'ert:d independently hy Hackhusch 11.1, who laill firm mathematiral fnll11llatiull:.

and provided reliable methods. The common property of thl~ 1lI111li~rid Illl'thndx

is their ability to ohtnin optimal ooavergcllce ratl'S, ill terlllS <If c,uIIJlnlinp; df"rt.

whieh are linearly depem!ent rm lhe nnmh'~r of grifl w,illt~.

:\Iuch work hIlS hecn dOlle in the 1!)80\on extendillJl; tlll'!!l~ Illeth,,,b to tIll: EIlI,:r

nnd ~a"ier Stokes equutions. Studies relnh'll t.o hllninar H"w in simple n~r.tjlilll~ar

gcometrics by Lonsdalc [26], Vnnka [411 alld Decker el al. [8] reported that favoralll,·

convergence ratl'S were reached hy Ilsinl-: TnllltiJ;rid tl)c1l1lifllll'S. III th~e pap'·TN. tlll~

speed-up f:lctors .....ert! oftllc order 10-100, del"m,lillj.\ 011 ~rid ,I,·w.ity, lYI>l~ "f lIllw
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aud Ih,~ pf/~cisp. malln'~r of multigri,1 irnplmncntntion. Although ri,L;:orous proofs of

lilt' rates of l':lJllvp.rll;ence of lllultigriclllJl.'thods ar<- complicate,L there is no douut

Illwut tlil~ ,'!fidClICy of th~" IlIctlJ(}r!s whell cf}mp;'tn~l to iterali\'e solutions ou 0111.'

II;rid . .-\ mllr'.' Ilcl:dl(~,l mlliliwi,\ hihliol;rapliy can be found in [11\.

Of partir-ular i/ltcre~t to r/.'!;earcheN> ill the field ofCVFE~rs is the work oDIc­

ClJrrlJil~k [271, .\lcCormiek [2i) illdependl.'lItly develope,l 11. C\'F'E.\I as he thought

it wnlllll l)(~ the illeaI method for .\IG and mnltilevel adaptive techniques, In {2iJ

.\kCol"mifk dcscribl'S the implementation of a CVFE:-'I for diffusion problems in a

.\IG alJ.;orilhm, Also Ilcscrihl'i\ is initial work 011 the implementation of a CVFE:-'I

fllr vi,~e(JIl1; flows hlL~cd on II stu'am functiolH'orticity formulation of Ihe governinjt

l'tlllatiolls. This work has hecn tIle inspiratioll for the work in this thesis. The SUI.'­

",'ssfu! application of .\IG to C\'FE:-.rs ill (2iJ has lL~l to the attempt to implement

.\1(: ill the COIlLl:Xt I)f a CVF'E:-'I hased on the primitive variable formulation of

1I1l' visrom; fluid !low prohlem. Hookey [221 has implemented a CVF'E·.\IG method

for primitive vnrillblc formulation of \'iSCOlls flows nsing the CVF'E.\I in [21J with

till' CELS, In t.Ilis tlll'sis, Lite C\,FE:-'I of Saahas (371 will he implemented in the

t"Olltm::t of a 1I\1llti~ril( al~oritllln.

2.6 Summary

This l"harL~'r has prt'Sellted 11 hricf O\"('f\·icw of some of the numerical methods

lImilahlt' for tile S(lilltioll of ilJCOIllJlH'~~illlc f10Il"S, Emphasis has been placed on

thl' C\'FE.\.!':; lllat hm'l' lwcll dl·\·c!0lll'd for the simulatiOll of viscous f1Uillllows,

In the !Jext chapter. the forlllulation of tile proposed CVrE:-'1 for steady, viscous.

incompm;sihll', two-,limcllsional filii'll flow will he discussed,
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Chapter 3

Formulation of the Proposed
Two-Dimensional CVFEM

3.1 Introduction

The formulation of 11 CYFE~I for steady, ViS('Oll~, Iwo-diIIlPIlNjulla!. illmmpn'N;'

ill1c fluid flows is presented ill this chapter. TIll' propmwcl CVFE:>.I i.~ ;lll I'{llla]·

order calacMed mcllJOd and it was ori,L;inally Jlr(,Sl'llll~,1 hy Snah:IN [3,1 for 11Jr'~"

dimensional turhulent flows. The presentation i.~ divid,~d into ~;l'ct;:Jm; (111 till' fu\­

lowing topics: (I) definition of the J.\O\·crnill~ 1~llllatiolls: (2) ,lomuill di~wr"liz;\tioll

details: (3) derivation of control volume ilJtc~rnl ftlllscrvntinn ,'<[nations; (.1) :ijU'''-

ification of eJemcnt-1J1\scd interpolation fUllctions for tht' dl~p"1l11t'lIt VllriIlIJ1<'.'i: (,i)

derivation of the discretizcd forllls of the cOIlS(!rvaliol\ IJqllatilllls anrl bUllIltlary

conditions: an(1 (6) algorithms uscd to SUIVl) the Ilis(~rctir:L~1 f'qllatinlls.

3.2 Governing Equations

The partial differential equations WJ\'f"fllillJ,\" stl:ady, lW(HliJTll~llSilm:d, viS('/Jlls, In-

compressible fluid flow arc tht! followiuj.\ [431:
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C'l/lliUllity:

.r.·!JlflllWlll'llll:

~(fllIJ + ~(I'l'j = 0 (.1.1)

f;(f!III1) + ~(f!IJIl)

,lJ'IIl"llll'lltllll1:

01' ° (0") 0(0") •- - + - /1-;- + - 11- + 5 (3.2)
Dr Dr Or 0,11 Qy

01' 0 (OC) 0(0") •- -. + - 11- + - jl- + 5 (3.3)
DII Dr Dr 0,11 Oy

-00.. (puT) + -DO." (pvT) D(k DT) + 0 (k aT) + 5
T

(3.-1)
J. 0;;;:0; D;j;:7i!J -;;

I (OJ! c/Jl) I
+ 0: liD; + "Jij +;: 'I!

G"Ill'ral'·'I1IH·I·ti'lll·,lilfllsiolll'([UaliollS:

o 0 °(0") 0( DO)0; (pliO) + Jij(P"')) = D; ro:; + D;j roy + $<> (3,5)

wlwr<' 1/ all,l ,~ ,Ire the \'l'loC'ity l'flmp(Hll'nts ill the rand y directions. resJlcc,

liwl.\'. II tlU' pn~~Ilrt:, II tile d~'lInlllk \'i.';cosity. T the nhsol\lte temperature, k the

tlll'rlllall'lln,hll'ti"ity, ('" the specili,. 11\'011 al tonstant pressure, <P the viscous dis-

~,il'alion t\'rlll, ,) a scalar d"lwwll'llt \'ariahl,'. r its 1IS..,Ocilltcd lliffusion codlicicllL

alill 5". 5". 5"'. Illld 5<> an' till' \'"lul1wlrit' !-ourcc. or generation. terms for tlte

Ililprulll'int" ('llllation.

1'111";1' partial .litfen'utial ('qualilllls lila\' lw cast in the followiJlI; conservati\'e

f...rulS [:20):

f·J = s

IG

(3.6)



alltl fjis Ihe mass Hux \'t'Ctor "r. E'jlmtiu1I3.G tJ.'J1n'St'11I:i Ih,' r·m<luwnlll1l1 "quatillli

when;

j

S = S" - £!.!.. Dr

the y-lllomentum equation when:

the energy l'quation \\'hen:

.i fir,' - /1(:'-

S" _ !l1!.
0.'1

(:1.10)

j

5 =

k ­pi'r[ - -vTc,
S" 1 (OJ' Oil) I- + - 11- + 1'- + -,I.
r. ,., Or {}y ",

f;I.l:.')

Integrating the ~o\'ernin~ Eqs. J.G illltlJ.i l1\'t'r 1\ l'tllltrol \',,11l1t1l~ \ , wlLi,.j1 is lix",1

in space, ~h'es;

i,f- ..irlV = ISdll

l~·[jd\f = [J
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,\pplyiug Gall.';.~' Di\"'~rgl;llcl~T]I(~()H.'m 10 Eqs. 3.10 an,l 3.1 i. the int<!l;raJ forms of

!!j'~ governillJ.; equations ,:an I,,· oh'aill,~d:

( J.,1<I.•
Jav
f g. fids

Jf)~'

lSdV" 13.18)

13.19)

wlll'T!' OV is tim .~llrfnce of tile cOlltrol VO]UllIe, aud ;j is a unit outward \'{'ctor

Ilormal to the dilfNcnt.ial arca rls.

3.3 Domain Discretization

III tIm propost'd C\'FE)'I, the c:llculatioll domaill is discretizecl by a linc-by-line

.~tnll"tllr"c1 grid. Trkllll;ular elements arc constructed II}' llrawinl-( one of the two

111lssillh'lliagonals in parI! quadrilllteral formel] by the intersection of the grid lines

n'.sllltill~ from thl' 110111ain discretization..-\lJ the depen/lent variables are storC(1 at

nllllJc nodes ill the llumnin. givin~ rise to the so-calk'll colocated scheme. The dis­

l'rl'!i;>:lltioIJ of a Tt'prescnt:llivc irregularly s/Japcd calculation (lama in is illustrnletl

in Fil4. 3.in. An advl\ntal4c of tlsing triangular clemclIts is that they llo not require

isoparanll'lric transfurmations [4-11. which arc IIt'Cllcd hy general qUUllriiateral cle-

Olll'l~ thl' calculation domain is di.~n('tiz('(! with the trianl;ular elements. polyg-

Dual l'oulrol \'O!ll11WS fife constructell aruullll each nolle in the calculation domain.

11.\' jllillill~ tIll' millpoint ufthe longest sidt, of the clement with the midpoiutson the

two n'tl1aillil1~ sides. This r('sults in t\\'o control \'Ohune faces within each element.

'1'11(' pn].\'~onall·l.llItrul \'OIUlllt'S' :1.strllcled ill all irreg'llarly sltap('(1 calculation

dOlllOlin disrn·ti7.''l! hy trian~ular clements arc shown hy dashed lincs in rig. 3.1b.
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These poly~onal rontrol \"OlllIlll" ran'S h;t\'l' Ihl' r"lI"win)l; dlar:wlt'risli,'S: t I) fh,'y

110 not o\"erlnp: (1)1'1.111f.'t'liwly f111'y till llll' "Illirl' "akllinliull c1,llllaill: (3) lIwir

hountlaries do nol ;n\'ol\'l' illfl"rdl'llwnf ''lI~t'S: ;'lull (·1) lht'y "0111 h,' 11:<1;'11 wit h any

triangulation, Th<'!le l'iHl.r:lCft'rislics r;'ll'ilitall' thl' fnrnmlalinll of a ('\'FE:\\ Ihal

possesses the rollscml.lin· proll<.'rt,\' (3. 29. .1.11,

As stated pre\'iollsly, IlLe diSC'rl'lization sdll'lllc l'lIIplll~..,llIrr(IIl)l;''S Hit· n'MIt'S

in a line-hy-line p.1ttern, Such an arrall)l;(,lIIl'lIt tlf flu' llHI!t'S Af"lIlly fal'ilillllt'S lh,'

rulSCmhly of the coefficients in Ill(' tliscn'li7.I't1 l'llnnli"us, nlLlI 1"'fllIi1S s"ln!i"" "f

these equations willi ilcrnli\'(! lillp..by-lill" soIH'f'!;, FUrllll'r, rl slnu'tuIL't1 ult'Sh of

this kind is perfectly sllit,~d to Iht' lise (If I1lI1[ti~rid 11'('huil[111'S,

3.4 Integral Conservation Equations for a Con­
trol Volume

l!sin~ Ihe control \Ulnllll..'S t1dinl,1 ill IIII' pn'\'io1U; :.o,·tioll, till' illt..,.~ra[I·"rl.o;o'nTt1iull

equations. Elfs. 3,18 anll3.1D, ("all III' :-'11l-'{'ifi,'t1 fur 11 nllllrn! \... ,hlllll~ 11.'; fnllrt'A'Ji. Wilh

reference 10 the !>O!Y/,'Ollal t'Qlltrol \1,11llIlC a.'iSOCint\~1 wilh;\ 1:""i"111 nIMII~;} willrin

the cnlculation domain. Fi~. 3,2, ['Is. :U8 and 3.19 "1111 Ill' ,'(,-0;1 ill th(~ funllwill~

forms:

[I.'''' ..' I.""' .." J. 'JJ'1l ds- J,/,-,/.,- Sf/I,.
,\II ,\1J \'

+ [similarC'f1lltrihutiolls from "r ll1'r "[f'IIWllr,'i (L<;'''Of'illt!~.1 wirh w"I,':~]

+ [hollllllnrycuntrill1ltilllls. ifapl,li,'al,I,.] = Il



[L
M• LM. 1g.,j1dJ- !i.;i~d!l

.\1, .\I~

+ I:.imiltlrcontrilmtions from other elements associated with node 3 )

+ Iholludarycoutrilmtions. ifappJicahlej = 0 13.21)

where ,Uk is tile mid[)()iut of the corresponding side of tlte triangular element. see

Fig. 3.2. Till:! timt hracketed (enllS in [<IS. 3.20 and 3.21 represent the contributions

llf f']cll1cnt 123 to the control volume cnllsen'alion equations for the control volume

~urroll/ldin~ nOlle 3. The control volumes in this two-dim(,lIsional formulation are

1ls.~lllll ...d to he of linit flepth, tlJCrefore. the surface and volume integrals in Eqs. 3.20

IlIl') 3.21 ((!()llce to line lind ,'fen integrals. respectively.

3.5 Interpolation Functions

Interpolation functions lire required for all depcmlent \'lriables. source terms,

alltl fluid properties that 1l!JI~ar in the integral ronsemllion equations, Eqs. 3.20

1I11d 3.21. It !ihould be noted thnt all thc interpolation functions are defined at the

.,It'mcnl lc"l'I. Each inlcrpolntion function is discussel in this section,

3.5.1 Interpolation of Thermophysical Properties

Alllh('rmophysicni properties, SlIell ns ,·iscosity II, density p, and all other diffusion

\'twtlkil'uts r an' sllPJlJi~l at thc thnoe nodes of each element. and an arithmetic

1llt':1Il uf tlJt'SC llodal \"fIlm'S is 1ISSUIlletl to prevail over thc corresponding element.
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3.5.2 Interpolation of Source Terms

The source terms. S·. S-. Sr. 1'11111 54 iutllt' 1"\111S('n-ll1 inn l"\lll11tiIllIS llr,' lil\t'ariz... \

S· IS;I, + (S;),'" (3_:!:!1

S· IS.~), + (S;), ", 13.:!Jl

ST (5.:), + (S;),T, (a.:!·1)

S· (~), + (S:),O, (3.'2[,)

where S. repre5entll terms indepel\llt.'nl of Ihe SU!lCThCriptl..1 \"ariabllo. a1111 Sr Jlfll·

vidcs for a linenr dependence of S on 1he CUrrl'ti]lOlHlin!t mrinhlc. Th~' l"allll'S llr 5,.

nnd 5, nre suppliCflnt the three noell'S or cnrll !'lcl1ll'nt. and Ih!'sl! 1l0lIal \":11111':01 an'

nssumed to prevnil o\'er tile corrcspollilinp; :mhl'ontrcol \'uJUlIIl.':'t_ The appruprial"

depemlent \'nriahle, lISClI in the lil1enri7.I.'d SOllrc(' Il'rlll. is :lIStI a........lI11U.. lln I.., 1111'

nodal value a550ciah...\ with tlu:! rorrf'S(lOlldilllt slIllt"untrn\ \-"lllllll".

3.5.3 Interpolation of Pressure

Wilhin an clement. tIle prcssurt' b illll'rpnintet"llincnrly:

p = IIp r + b,.!1 + r,. r:1.2G)

The coefficients a", b" 1111,1 l"" ill Eq. :t:!(j ;Irl' rldine,1 hy th~ nml"J \'lIhll.'Suf prl"s.·;rU!~,

nnd the geometry of the correspollllillJ.; triallJ.;ulnr 11I"I1ICIl1. Till! pr'~"'lIf(~ ~rHllil'llt....

cnn he expressed as follows:

Dr 1 :1

FZ ". J::i~!Jmlll,'I, (:1.27)

op J :1
(:1,2&)oY b. -J,:i~l:lIlul,/JI
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A mmpletc derivation of the fodlkie/lts in lhe ahove equations is j.(h"en in Ap-

Jl"lI'lix A. It shoul.] ]m lIot",] tlml tlie pressure j.\TI\l]ients within each clement nrc

1·'llIslllllt.

3.5.4 Interpolation of Velocity

Introduction

[II the prupoSl'(1 CVFE\I, three .litrerent interpolation functions for velocities are

IISl~d: (1) lII;~~S wcighwl interpolation (\IA\V) is used when velocity is treated

JL'; a 1:l>ilvectCfI scalar: (2) linear interpolation is Ilsed when velocity is treated as

a ditfllscd :o>calar; and (3) linear interpolatiun of II pseudo-velocity is Ilsed when

velocity Ilppl'lIrs ill Ihe mass 1I1lx terms ((J/7. til in the continuity ami momentum

1'(lImtions. The first two interpolation functions are discussed in this suhsection

and the third IVill he descrilJt'd in Sl.'ction 3.0.2.

Mnss Weighted Interpolation for the Convected Scalar

The \IAW scheme is an adnption of n positive coefficient scheme. introduced hy

Sdilicider and Raw [38] for (jnadrilatl'ral elements. to the case of triangular ele-

lll"lIls witll ('untrol volullles lit; (lc~crihcll in scetion 3.3. The essence of this scheme

is 10 I'HSllW pu~ilh'e cOlllrihlltiollS. at an element level. to the coefficients in the

alf.\l'htilic diSl.·tctizatioll t'ql1ations. This will t'lIsnre that tIle coefficients in the

'·lllllp!L'r,'I.v 111>S('mhlt'll alj.\e1ltnic tliscrctization l'quntion for n control volume will

hp pllsitivl'. Tllis will help to O\'etcomc llifficulties with llegative coefficients in

Sllllll' of thc pn,\·iolls CYFE:\I·s.

CtlllSidt'r tilt' l·ll'lIl1'llt shown in Fig. 3.3n. The midpoint of a control volume
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face, or intc/;fatioll surfact' is calk~lllll' illll'lo(ratioll point I:lSj, ilwl i,; fl'pr,'spnlt'd

by the subs<:ript ip, Thl' \'aluc "f thl' Cllllw"t,'d :;<."Ilar al lhl' illll'l::ratillll poillt i:-:

assumcd 10 prevail O\W the surface.

The mass flux across a parlil'ular suilt'onlrol \'lllllllll' sllrf:wt, within 1l1ll'h'1lL,'nt

is taken lIS posilh'c wlit'n the \'t'!ocil\' ,"('cl"r .11 lhl' illIO'~rali"lll'nilil i:-: ill Ihl' salllt'

directioll as the IISSllIllCd llormul 10 llw smfn,"', With rl'ft'fl'!Il'O' 10 Fig. 3.,1;1, till'

mass flux across face I is !!;i\'en hy:

(:l.:!!"l)

A similar expl"ssion can he wrilten for lIlt' mass Ilux ;U'flISS the Illhl'r sulll',lulrol

volume face within all clemellt.

Given the fl.SSIlIllCl! flow dirl'Ction showlI ill Fi,::, :t:Jh, fli,' :-'[,\\V s,'h"1lI1' ap-

proximates the values of n COl\\,ccll'll scalar, ", at Ill<! ;ul"'::f1Ilioli !I0ints lIll ("lIul rol

\'Dlumc faces 1 lind 2 as follows [3il:

f')i~, + 11 - /)'1':1

where

f = mill rlII'lf (~, Il)' I] (:I.:\:!)

all,l <1> refers to the nodal values, mill,) illdklllr:s a valuc at lin illl"l-(ralioll ]Joint.

Considering tlte sllhconlrol \'o]llnlC :iUrrolltldilJ~ nUl],! 3 ill F'il-(, :Uh. tit" iut'·j.(rn]

of the convectivc flllX Olll of the sllhl'fJlltrol \'OIIlIlW I'lln Ill! wriltt:u :L'i follows'
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/:,1' piiQ 'Iii ds _ L\:~ 1';':,), ii.~,l.~ = 'Iii (I - n'h -(11'1:2 - trilf)~2 (3,3-!l

III Ihis "I'M,I",III IIi I 'l/lIllli~ an~ positive. hecause they arc ill the same ,lirection liS

IIw assUIlII"!ll1lit Ilorllwls iii ;I/ld /;1.. rcslll.'£livcJy, Therefore. negative coefficients

dll" tn Ih,· al;J;,:1Jrai,: approximation of till) eonn'ctioll terms cannot occur at a

s,I!"'''Il1.r,,1 vol\llll!' 1.,1'1'1. f,r Ilt the coutrol volulllc le\'(~l. The more general case

wlwr" ,·ill,,·r or hoth rn",~s flux!'s Hrc l1l'gatiw will he sludic,llater. The "price" that

is l'lli,l II' l,avI: positivI: c,,,'ffieil'nts is 1\ less faitllful ac~ountin/-lof the directionality

or till' lIo\\', allli tlJl' distrihution of the sc.,lar over tILe element. This may rcsult in

i111·ft·I~'iI'r1 fals,' ,lifru~ioll in the llullwricnlly pfedictl..,<1 solutions.

Tlw illtl'gratinn point "nllll~ of the comcct"d scalar at iPI, which is assumed

t" pn"'ail owr ~lIrfal'" I. ..-all dcpl'lIrl 011 the "alne of the convected scalar at iP:2,

as \\'l'lIlls the l10dal \'allll'l'i of I). III turn. the iutegration point wllue of ¢'p>' call

rl"lwII,1 "II 111,· \":1111" of ,) at iPI, nllli at the nodes. Co,tsequently, n '2x'2 system

or Si1l111hHlIl'OllS lill('ur illgdmlic ('qllations, within each clement. must he solved

ill "rd"r to l'xpre:-;s the integration point "allIes in terms or nodal values, For the

"ll'tlll'lIt IHl'!lIssoC'iall·l! lIolllcnl'1atllre shown in Fi/-l. 3AIl. the following rules can

!1I' Ilsl~110 dl!1,'r1l1ine tht, illtCogtutiol1 poillt mille 0%, wlwre I.' is the index for tile

l'lllltrol \'nI1l11le ru('(', anti till' snpl'nit'ript I' intlicates a convccted scalar.

For "01llrol volullle fan' I:

If lil 1 >0 '.l~ Ilo~+(l- ftl'h (3.35)

If lil l <() '.l'; ~, (3.36)

wl1l'ft·

II = mill [1I1Il~ C~,O). 1] (3.37)
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F'or control yolulll!.' face :2:

f~Q'i+(I-h)'h

where

h = min [nHI.1' (~,lJ) .11
",~

Solvin;; tiles!.' equations, the integration pnillt Yi\h\l',~fall Il('t'xJln'~~~1 ilS follull's:

.,
,,,t == ~ C.H,~ 'l'i (:.UII

The dt:rinltion of the C.lfi~ tefms is giV<.'ll in :\p[J~'wlix A,

Il should be notNI that if there arf~ oul,\' t\\"o cOlltrol \'OlllllW LIl'l'S lI'itllill l'iH'h

clement, which is the case of the proposed (,\TE~L the C.\fi~ tprlllS ill Eq. :Ul

call hl' ohtained directly from E<IS, 3.3;) l\wl 3.3G or EllS, 3.38 ll1ld :l,a!.!,

Linear Interpolation of a Diffused Scalar

In !he propos~l CVF'E:\I. the r1ilfllsive flux is ilpprm,illlill"d lISillj.( a lirwar illll'r­

polation of tile diffused sclliar ",d. within an d""wIIL TIl<' intl'rpolaliull (1Il1djoli

has the following form:

These coefficients are only fUllctiolis of tile d"llwrlt ,[ll'<Jllldry illtrl 1./11' /lurlal v:l!u"s

of ,p,
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3.6 Derivation of the Discretized Equations

1'" I,t,lnill "lgo·llrair ll[ljIToxilnatl"!IS of tIll' intl'g:ral (Jllsen"atiotl equations for it

'·'Hll,n.l V"IIIIlH:, E'ls. 3.18 ilIl,1 .':\.I!!. l'II)Hnxillllttions of the demcnt ~'olLtrill\llions

III ['IS. :J.20 ;md .1.21 an: ,]l'fin'd illHIIISS<:IJlb](!f! ill :til appropriate llH\IHH.'f. Algeo

I,rait: ;'J!)JrtJxilllatioIlS of til(.' hOllwl:\r.\' l:flllllitiollS arc then deril"cd. if applicahle.

:llltl llllll"d 10 til" ,·I"lIll'llt t:UlllrilJlltiuIlS. These approximations and I\s~mhly pro-

3.6.1 Momentum Equations

Iutegration of the Convectioll-Diffusion Flux across a Control Volume

Face

'I'll '!1'lI'nllillt: till' ,·I"llIt'1l1 ~'JlltrihllriollS to the intej.\ral cOllscrt'ation C(luatioll,

E'l. 3.:.10. il i.~ Ill"-"SSilfy 10 illl"J.;rat" th,' tlllX of lIlotlll'ulllm across the two control

[lllll'l.:ral"dflux'll·rosseontrll!I'ollllllefal'eJ.·] = hOUk i', ,jk rill (3.43)

\rithill "'11,11 1·1'·Ill"ut, tIll' 1"I111billl'll "'llln'CtiOll-diffusioli !lux of .x-momentum,

Eq. :3,8. ;(('mo.;s fan' k ,'all iiI' s"!';lratl'd illto its COlll]lOnent parts in the 1: :mil

.v ,lin"'linns'

p ,;; + J:; 13.4')

II'I(('r,·

.l; Oil
(3..t5)1"111 - jlo:r

.l: iJli
13.46)11/'11 -/1-

Oy
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The unit llorlll"llo the ClllllHll \"OhlllH' fan' k is d,'lin,·,\ h\··

whefl'

ill the proposed C\·FE~L tIll' illlq::rnl of Ill!' "lllllhiIlPd c',lllV",·lillll·dilf\lsloll nnx,

Eq. 3.-13. is npproxilll,ltc,L llSjll,~ Simps"ll·s !lull· Ii"!. Thus.

/'~<~k Jl'.,ikdll ~ [(J.. )~t +·1 (.l,,)~, + (.fr).,/.,! (:t;,l)

+ ~ [(J~)~t +·1 (.I~)~, + (.I~l.\I, 1 (:L"l:.!)

where the subscripts H <lod ,U iUtlieale Ihat lht· sllhsniptl·t! qllalll it)" is,·\"~,lll~It.·d

at the positiulls shown it) Filt. 3..1. f"r fae" ~..

lrsing the tlctillitiollsof till' illl"rJlolatiun fuuctioll i·'ll'f1i..j'·llts~i\·'·ll iu AI1I"'Il,lix

.-\.. the integrated flux across acontrul \·!Illllllt' f;ll:l~ 1.: ..all Ill' wrill ..n ill l.1w rllllllWill~

compact form:

where the suhscriptelllllllllhers f{'f,·r tl) the u",ll~ lllltlllwritll!; sdwnw ill Fil::. a.·!.

The integral of tIll' SOUrt~ tl~tlll ill Eq. 3.:?O is approxilllat,·d liS:

r S"dV = A, [IS;I + (S;) ", - -,' t ""'''''f'.] 1'1';"11lv, J I ff·/ ,,,I

where S" indicates the J:"Il101Jlent\lllISimfl:f~ tl~rlll artlll.JI'~ prl'SSlIfl' ~ratli"lIt Dp/fJr,.

ror a complete dcrh·alion uf E'ls. 3 ..j3 aull a..j". tltf: n~ad!~r is rd!~rr,:d III AIIP"wlix
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fJ. Till' ,jf'I. and !Iff/Ill, IcrlJl~ ill E'I.3.,j.1 T,'Mllt frolll lh~ .L;f'Ollll:'try of the dement.

Fiual Form of the Discrctizctl Momcntum Equations

EXl'n'S~ilJlIs silrJillir to [fl..'3Jj.11:;1Il he dcri\'('d for titl' integrated COll\·cction·

dilfllsiOIl !lllX IWTm;s t.lj(~ two (:olltr"\ vfllume f1h:l'S in c:tch ('lenIent. \Vlll'n these

'·Xllrl'S.~illw; lire added approprinldy willi .~illli\ar expressions frolll othcr c!em('uts

wllidlll1akc a l'Ontrilllltioll to tl!econtrol mlllmeSllHOUndinf: a node i. a\ollgwith

tIl" npplit:lll,ll! ltullIHlltr.\'wlltributioliS m1l1 intq.;r"ted source terms. Eq. 3,05·1. the

Hlw·braic nppr<lximatiollof the iut"~ral cOllscr"ationeqllation for acontro\ \"O)ume.

E'I. 3.2(1, i~ ohlaiUl'd. The wSllltill).\ disrtf,tizcd ,C-1lI0IllcutUHl equ81ion call he cast

in tlil' fullowillgfnrlll:

(3.55)

wlu'T!,t!L,' ,"1I1111lla!inll is II\k('1\ OI'"r all tht? 1l(1l!L-S ncighhourillil nnd..: i. Appendix C

allt) Fill. :}..l dl'lll(J!Il,trntl' tlte colllpll.'t.c :I.~s(·lllh\y uf Eq. 3.55. and the neighbonring

1l11l11'1i lhat arc iu\"oh·t'll illtltl' '''Illation.

.-\ silllilnr prur.:t·tlnrc I'nn he followcd to dl'ri\'c the algchraic approximation of

I hI' !I'llloll\t'1I111Jll ('(jllll(ioli. The /illal form of tIle discretl7.ClI !I-l!lomentum can he

writtl'Ila1;:

1/7/'j = L I/~ /'" +rf (3.56)

TIll' ;\s.~t'll\b\.1" ur Eq. 3.;)() is pl·rfonm.'l\ ill thl' samc ma.nncr as that of Eq. 3.55.
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3.6.2 Continuit.y Equation

Introduction

tcrms (pr· in in the ":Outlllllitr and ll\Ollh'lltllllL l'ql1atitlll:". Th!' ;lpprual'il 100k"11

here is to usc n pnrtic1l1nr form of rhe cliSl,t!'riz,'d 1I1!1I11t'UrUlll !~lll;lliuIIS 10 dl'lilw

four new 1I00lnl fields, which will ht, ll><f'<l in Ihe Pr<'S!'l'ipliollUf1<llitahl,' ilLt,'rl'"ln-

lion fUllctions for the "1ll;lSS cOllsl'l'\'illl!:" wluciti!'S. Til ,It-riw 11ll':-;" f\1IWlillll1' rill'

discretized L-1Il0I1Wlllll1tl Eq. 1.53 l'an hI' writtl'lI ill Ill!' fnllnll'illJ.( fllrlll:

In this expression, the e~ l('rlll uf E,[. 3,,15 hns \"~'ll Sl'parat,'d intu 1\\'11 I,'nlls. Tli,'

first of these terms is rdatt~l 10 Ihe \'Illulllc illtl'J.(rnlllf au ;I\','r;,.L(" Iln's.~l[r" g,ratli"nl

he rcarran/tcd as follo\\'s:

Defininllli; and d'; as follows:

Ii, =

Eq, 3,58 can he written as:

CUll)

where "r is a mass cOlls,:r\'ill~ \'r:lnl'ity ,'OlllPUlLClll, alld ri is a pSl"tr!o-\',:lrwity.



lI~inll; E'l' :L';'J and 3.GO. [t shuuld he llotc.ltl!llt !Ill' pscudo-velocity Rml prt>5sute

,:"dfir:i"lIt lidfls Shfllll,l 1,,~ e\'Hlllat,~1 b.~ff)r" tIll' ,lisert,tiletl momentum equations

Ilf'~ IHlll"f·f,'lax'!f!. Furt!l.!rlllfJr,:,. Ibl' Dirichlet hOllll'lnry conditiOIlS Oil the \"(:,Iocity

""llll"llll'llts (if allY) Olfl! imrl,!mf'lItl~1 as follows: attlte points where the n>locity

is Sl'''Cifi!.11, t Iw appropriate Ii, or i', is sN .1l1ml to t!l(' specified \·clocit)·. and the

,'"m'~pO\lllillV; II: Uf II'; term is set to l,~ro,

Interpolation of Mass Conserving Velocity

Within all ,'I,mlCl1[, each "mllss cOlls('rvinp;" \'rlocity component is interpolated by

n"~lIl1linll a Iillf';lf \'ariatioH of til" r:otrcs]Jonding pseudo-\'elocities anrl pressurt>

('(1I,md"llts llsed ill conjunction with the locnl elemental pressure gradient. Consc-

'1I"'lIlly, 1111,' nlll \l'rit" the followin";t'xpre:;sioll fm the "lIlass conserviup;" \'clocities

(ill tIll' rllin'l'tioll) at ";Ich 1l011t.' within aurlr'llJellt:

13.02)

Wh"fl' lh.. Ii, allli d7 t,'rms n~u1t from thl' ,Iisactizcd momentum eqllation for the

"I'prupriak nodI', The sllhscr;pt. f, all the preSo';ttre ,.;radient illllicatcs that the

l'!"llll'lItlll pr",~sllre Ijradiellt. and not the a\'l'rH~e pressure gradient over the control

mllltlll' Sllft(ltilldin~ node i is being used. TIlis is dOlle, enm though the pressure

"IIf'lIi\'i"llts d}' arc ddlIH'd hased 011 the momentulll fliscretization equation for the

,'I'"t rol \'nIUlIh' .~llrr{l\\lIdi\lllllOdf' i, Ef!. 3.Gl. If the (l\'cragc pr~sure gradient act·

ill!!; Oil tit" I'fHltrol l"olullIe surro\ludin/o!; the no(le were Ilsed in the interpolation

IIr ··Il1;L....~ fnl\s('rl"in~" wlodt.\'. it \l'ollld hal"e two disml\'antagcs: (1) physically

IlIlft'albtk dll'I'kerhonrd type pressure fidlls conld result: mill (2) tlte resulting

,lislTl'lilatloll 11tllalio,; for pressure would rontain a huge numher of neighbours,
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that ('ould It'fUllo all unwi,'llly (11111 m'lI-r"h\lsl ('\"FE~I (3;"1- TIll' I'r"I"lII<'tl in·

It'rpolll.tioll ap{)(',,1':'l inCOlIsis!t·1I1. hili if Ilu.'S nOI sllJf"r frllm Ih.' altil\·.··m.'lui..n.,1

Ilisad"antages. ~lorl'O\'f'r, in lIlt' limil, iL"i lilt' ~rid h,'1'Il!llt'!i wry tin.', th.· a\"o'ra~t'

pressure J;rmlicnt acting 011 the ,'Illltrol ",lullI" an.ltlll' ,'I"llll'lllal\Irt...."iurt' ~rn,li"llt

<\ppro..1ch the s.1mc \'"ll1e {3iJ.

The pscllfl()-\"('lociti,"l\, Ii" and lhl' pft'ssnn' "twlticil'llIl' d~, <1ft' knuwn <II til<'

lIodal points, III order to t1clcrJnillc ,hi' \11111.'S tlflh,'SO, tlUlllllili,'S III Ih,' illll'Krati"lI

l)(Iillts on the control \'olumc ff\Ct'S within Ihl' 1'11'1lI1'lIts, it lilwar inlt'rpulalinnllf

th{" nod1l1 values is lIse,l:

il; = tI~.1' + I,.. !I +1'"

The 11. through r. coelllriellls arc flllWlioliS uf tIll' .'I"lIll'lIt 1;.'tI!llI'lr:--', lllllllll' IIt"lal

pseudo-\'Clocitit'!l. w!Lcrca.'! the (101. Ihrnll~h "~ l'ul·ltici'·llls tl"pl'llti 011 ~.'t'IIl"'r,\'

and the nodal pr~lIre l'UI·lficil..·lIll'. A l'umpll'le '\,'r;\11Ii"l1 "f 1!L.'l>t, "uo'I!i.'i"llls

and similar expressions for "mass t'nll~'n'illl;~ \1,I(witits ill !/ llirt't,tiull i."i ~i\"t'1l in

:\PPCOIlix .-\,

Integration of tbe Mass Flux across a Control VolumC! Ff\cC!

The integral of Ihe lIlass flux acruss a ,"olltrlll n,llllllf! far,- L, ma.v I.., ,'xpro......... 1 :~..:

{Integrated mnss/!ux JlCTOS,,>c:fllllml \'"hlllll'fll1;I'k) = J,'''~k "t, 11k rl,~ (:I.G,'ij

where

it = Ili~
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