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|\ ABSTRACT : K Ve e

e
’me mlin objecnv: of this ches:s is to study the convergence

of sequences of various iterates to'a fixed point in certain Banach

spaces > | o

ok The preliminaries of metric, spaces, normed lineat spaces,-and
basic. fixed point concepts are covered in'the ‘first chapter. Ly

In the second chapter, the first section gives a brief statement”

of 'the problem of convergence of sequencés of iterates.
The second 'section traces the development of somé of 'the iore-
; important results on the convergence. Gf sequences of ‘iterates.. The

concept .of :a demsifying aupping is. then introduced .ahd a sintler
. o 0

development of theorems for these mappings ‘is given.
The last’ section covers a more general sequence of iterates, An

extension of a theorem by Senter [19] is presented and a corrected

vérsion of his original tfeoren is given. The corrected version is then

. showni to be' a corollary of the new theorem.. It is.also shown that a

" condition Z of Rhoades [17] is a subset of one of the Conditions' of :

the new- theoren.  The £inal theoren in this section is an extension of
i . % s : A
5 . one by Petryshyn and Williamson [15] to this more genernl,sequence of

‘iterates.
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{ 1.1 . Introductory Concepts * . }

| P 5

‘In this chapter definifions. and examplés,are guen which have been

used’in the subseque\nt work. ¥ . . 1 el 23
5 el k \ Al B oo . %

Definition 1.1.1 Det\ X be a set and d be.a flmct)ﬂn from X x X
" into’ R such that far every Xy ad zeX, we nm e

i) 4y 20, o « 11
@ 2 P\ .
ii) d(x,y) = 0 if and only if x =y,

'ii1) d(xy) = 40, .
a0sz) < dGoy) + d\y.z) T

iv.

T4 . Then d is called a metnc or, dmmce function-and ‘the pair (X;d)

is a metric spcc A metric sp?cc may be. derioted by X if the'metrice
t o i \ 4 i iy
J dis m_idnstooq. \
3 e g v o\ N % \ 3

Definition ‘

‘A sequénce. of points . (x )} of a metfic space. X lis

A \ 3
said to.converge to a point z 'if given € > 0. There exists a positive
v 4 h .

intéger  N_ . sich that - \ o 2 R Nl

=% e -. o .“\\ . ; _fl

d(x2) < ¢ For'\n> N, )
p \

He denote cnnvexgence by xi- 1 or 1im alx,2) A
" Definifion 1:1.3 A séquence {x}. is a Cauchy sequence if for each =

B i 4 P B B

TaEy - 1 B \ 2




{ W £t 7 oy LN

, there is 'a positive-integer ‘N such that

A’ convergert ‘sequence is alvays a Cauchy siquence but the converse is

Deﬂrﬂnun L1)4 "Ametric space ‘X is mlete if every Cauchy SEqUERCR

The'dimeter - 4(A) Of a non-empty subset ‘A~ of a

: " metric space X is defined by

1) ¢ .

| §(A) = supid(x,y) | x,y€ A}

If the diameter of A is finite, then A is said to be.bounded, otherwise

% unbamdeq.‘

Def‘mtum 1.1, 6 A subset A.ofa matrll: space X ' is totally bounded. bounded

1€ g;ven &> D, there exists a finite nunber of suhs‘ets Al Az, s AL
ot' X -such that

5 o 5 n,
8() <& for 1=1,2, ... ;n and AcU1AiA
(A
s . Remark 1 7 A totnlly holmded set is buunded but the converse ls not

% i + ' true. However, in T womted’ ana mtnlly bounded are. equxvalen:.
“The following chgom i stited without proof.

< Theorem 1.1.8 A subset A of a metric S‘MEE X ls totally bounded if

and_only if every ‘sequence nﬁ ‘points of A contains a Cauchy subsaquence [81.




of X his a finite subcover.’

isuch that the: following are satisfied for ‘all x,y,z€X ‘and

\

A-metric space’ X is compsct if every open covering’ g ;
1
H

&

“linear - spa v’ fleld K- is'a quadruple
Space; P

Ky#,) ] lihere X is nnon-ewpr.y set, - ) 8

"% is a mapping (X,y) .4 wy of Xxx into X,

is a mapping (ayX) -+ a-X_ of Kx'X o %,

o Beki < 3 4 L P R

i) ey moyex, A gt
ii) . xo(yu) = (X*y)éz. 3 G
"'ux) theu exists 0 sx such that' x +0.=x, .-

iv) for ench XEX, ‘there exists x €X " suck that x + X &0,

V) (arB) 1+ x = ax+B X,

We'will write the Hne‘a‘r space X rather than  (X,K+,°). % _-: 4 e
!,ezv X, b lin'e:nAsp‘ace over |l(,' A mapping -
%+ ||x|] “of X' into the set K* iscalled a nomon X if ghe . i
follmﬂnz are, sutidfied for all x;y'eX wd LeK i
D lxl 20, N
1) =il =0 e and only if x>
as1) x| = Al |Is1.

A IIK*YII IIXII + 1l

vi) ‘p-(x;_y) = away, "S : . ; s ) §
- vid) a-fBx) =l (eB)x, !
Viii) 1-x ='x. T .




A-normed 1inearfsg‘ace over K isa phir (X, ||-]|) where X isa-
f . : ., .

Hnenr space over K _and J1-1) is anormjon. X. Wewill write.a

A S space’ X rather tifan (X, \Ml)'. [

“ f

Renark 11,12 voty mored ‘1incss space is -a metric. space with'a metric |

. ; .
d defined on X by | = ’ . . :

d(x..}’) forall x, y& X.

Deﬂnltian 1.1.13 A complete normed hnear space is called a Bunach gace.

Bxample 11,14 ‘Cla,b] the space of contiruous fu‘nctmns on [a, b] with

|1#]].= sup{[£) |- |t € {a,b]),
N -

1s a- Banach space. ' S s .
] ; E 3 E™

Example 1.1.15 .£P f6r p>'1, ‘the spica of sequénces X = ()} for

which 2l [P ¢4 with [[x[] = (xlxil")l/", is a Banach' space.

\ -

Definition'1.1.16 A set C in a Banmach space X is convex if

ux&(l-vu)y €C  whenever. x,y'eC and 0ga gl

!
Definition 1.1.17 The inuxsecnon of all clnsed convex sets containing

a su: B is a closed, convex “set which contains G aid whiiéh is .contained
in every closed, convex set containing G. This set 1s the closed . convex

‘hull, oF the convex ‘closuré of G and is denoted by BE). -

Definition1.1.18 A Banach space X . is called \mlfo-mlz convex if. for

\
A




I

6‘>'l7

every e >0, :here exists a

Remark 1,119 X s mfarmiy convex 1£- for x'my “tio pnints x5 y of”

” thE unit spl\ere Sy, the midpoint of :he sagmen: Jommg x an

close togather (s o (x = x | xH

. . ¢ | . &
Defim.uon 41.1.20 " A E'annch ‘sgace « \15 stnctlz ccnvex xf frmn x, . &
and  [[xeyl]= |1x|}+ |1,y||, it follows mz SN

Romark 1.1.21 ‘X is @ strictly convex’ Bangch_ space 'i£ wneneve‘r -

partial

equmo and in related areas. - They hm‘a Very frui ul agpmacim. i

e;\genvalue pmblens and boundlry value problems i

- g A ‘

5 K De-finitiun 1,2.# Let T X X be a fu-nczwrr on set X. A point £ E.X %
¢ i ixed poin ; that is @ poxnt whien: remains

115 fixed poirlt of T if Thy = xy

invariant wder a ttansfornation

T by F(D).

Examle 1.2.2, Lét ‘T:[0,1] ++[0,1]. be dofined by" T

We' denote the; set, of £ xed pox_‘nis;d}




£y Then .T(0).= 0" and .G 'is & fixed point of T.

Detinitibn 1.2. A'mapping ‘T:X ¥ X is'a contraction map if
AT R e By " . LS T o

o

B

. _dt{xﬁy)‘fld(x,y] 'fm- all %,y € X‘;anvd"ﬂ <kl

The fullwmg well- knoum theorem 13 dus'ta Banach '[17.. We include the *

,proof for the sake of covrplaceness. . R K \*

[

Thearem 1:2.3 Banach cmmﬂnn Prineiple. . .

MLt \T:X + X Be a cunn!actmn mapping ona cam'plgte metric spm X,d).
- ‘man T, ’}35 a umqua “Fixed pcmt

. ’y

© Proof Let' xg be any poxnt in X and let

':yvxnn'rx‘ ,:Tnx. ‘ 3 apid

#H& wish_to show (x . lisa é«uch! segue-ce.

s v Decause T, is a contraction’ rnplung. we }lavu\

g = d(x,. 2) - s /) éad(xoix)

W(xyxg) =A(Tx),Txp) < 0d(x,,%5) &

‘and in ‘general

S vy J(x“,xml)~= d(Tx L Te) < adogxg)

s




e

m-ni-

%)}

.<a(d(x0,x)* rx(x,x)+ ‘.0.:““14( -"1” o

Csincera <1, a0x;x,)  islarbitraridy suall for large’ n.

is .a Canchy sequence.:.
i é N

" T _has a fixed point

< iset thé lim x = 'x.
Mok L T

H ince’ T.is continuops .

TR TR x| s HRTE = linx o Sk
il Rt Dl i Yo

" Thus; T" hgs at least one fixed‘point. . .

PRI

" shuu T has only one fxxed poin

Assume T | has et dig ='i'pnd Ty =y

_where. x #y.

LT Tien deay) - AR < BT 3k P e s D e
3 That'is “a > 1, & cmtradxcnm ‘to thn fact thut & <L 5 hs Ba z
: ' < so 1o gt O i

LAy =0

X% ¥ ;
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- Remark .1

S 1 . I
Remark 1.2.4 Both. conditions of the Theorem are nuess»’;ry‘

1. The mapping 'T:(0, 1] +'0,1] defined by: Tx x/2 isa

contraction map but has nio fixed point, since (o,x] i% not a complete
space. S

2. The mapping’ 1'-/7?-» 7? defined by Tx = x5 1s\gt a

contraction ‘and has no fixed ppmts\although R is.complete..

* Remark 1.2.5° The ;ans:;ucfien of the sequEnc; : (x“) ‘and. the Siay o

. its' convergenée ‘is known as the method of successive approximations:
Définition:1.2.6" A mapping T:X + X is contractive if . s

d(Tx,Ty) < d(x,y) for all x, y & X. where x # v

Remark 1 2. 7 A ccmtucdve mapying is connmmus and clearly is .more.

genetal than a contraction mapping.

.8 Ccmpletenzss of a space aiid a contractive mpp)ng ‘are not.
enough to.ensure the existence of a fixed ‘point..

Let T:R+/R . be defined by Tx= x+ - arctan x. Then T’ is

. » <
contractive, but *. T does not have a_fixed point,’ since arc tan' x <§

for a1l x.

* Thersfore, Fixed point ﬂmnms for cimtractive nappings requir -

‘further restrictions on the spnce or extra :vmhtims on the nppmg or

its range..

=\ M

S T

s o




provided T “has at. least_one fixed point (F(T) #8) e\nd if p Em

‘then'

Deﬂy\zt;on 1.2.2 A mlppi‘ng T X

“ vogular if -

timit poms of 'the saquem:a of iterates - [T”‘x)

'That is the set of all y&X such thlt 2

¥ = 1 T for Some subsequcnce

o6 the nquen;.‘g - (me)m 1




CHAPTER . TT

 CONVERGENCE OF 'THE: SEQUENCE OF 'ITERATES -

2.1° Introduction & / { |
i Let'.T ' be a non-expansive mapping of a Banach Space ™ X into
¢ " ;

itself.' The question we are corcerned with is finding the fixed points .

{
of T\ by an-iteration method
; \

\ Xpp STxy 0= 0, 12 I3 [

where % s agiven initial approxination.

The basic question is whether or not the sequence in (1) cnnvetges.
I£"T is a contraction mapping then the seq\nce g} converges to the
unique fixed point of T. However, if T .is nvn-expansxve then there

is no guarantee that the sequence will converge and gen_erauy it does

Considex tfie Eollmdng 'simple_ examplés  of non- expinsive muppi'ngs oy

which do'fot Have convergerit sequences.
Example 2.1.1 If T is a translation from R+ /&,
Example 2.1.2 If T is a rotation of the plane around the origin.

' C / ' | .
“Remark 2.1.3"In the second example -the sequence {x } does not gonverge

in. general. It converges only if the.initial approximation is the origin.

“We will investigate this concept of convergence of iterates for more .

general. forms of iterations and various types of non-expansive mappings.
E \

B ¢ : ¥




2.2 of ‘a_sequence of iterates

' Consider mappings of the form

T, = AL (AT, u<x<1',”~‘.,'; /

for T:X +X, -and the sequence of iterates ) Undur\certum

réstrictions this sequence of iterates converges, . i

The first result of thi's forn was given by Xrasnoselsku ‘(1] for

A =% and is stated below without proof.

Theorem 2.2.1 Let X bg a unifornly €onvex Banach space,. -C be a closed
convex subset of. X.and T:C +C be a nnn-expin_siye mapping such that 5
3 ‘ T(©) ‘s contained in a compact subset of, €. “Then for an arbitrary

xp€C the sequence ot‘ iterates,

. ' R !f(anTX“) . " e o T

converges to a fixed point of T. ih

’nns result was. extended by Schaeffer [18] for -1, 10 <.A <1 Khere

the sequence of iterates was N
] Xy B X ¥ (I—x)'rxn. - R o

Edelstein [7] further extended Thenrem 22,1 toa strictly convex

Banach ‘space.




‘Theorem 2.2:2 ‘'let ' T:X + X-be'a. continuous. function, and suppose .

ﬂllt \ % :
b TRl EM Y

: Le: T x a&( Then éither {T"x} has no conmgent

_id) | foreach “x.€ X with = ¢ FM, p € F(T),

4T < diop).

lin T'x exists and belongs to Fm.
ﬂ"' o7 ~

Proof. ! z . - o R o

. ‘Assuné L(x) % ¢, otherwise there is nof.hxng to prove.
" Bho

L T"x eidists

lim exists. If ‘T e F(M for sone xntegs‘r N21; then
d belongs to F(T).' ’ - *

Thus the‘ssquenu of Teals is dacrelsing and a limit exists.
Show 'L(x) € F(T). Let 'l' x - p and we w)sh to shou P eF(’l‘)
- Assume’ p ¢F('r) Then for y CF(T) i

M1 1~1

" lim J(T x,y) - an T £y < d(tin gy
i ¥

£ lma(r, x,y].

"’
: R

}" converges.

'ﬂm is a contradi:tiwn since ‘the' sequence (d(’l""




Therefore L(x) ¢ SR, - ‘y s ¥
Show . 109 coftains at most one gom S I
i

Assume ‘to the contrafy that L(x) -contains at 1léast two distinct

pofiits B+ nd d.oiTheN these ave strietly incroasing sequences of |

" m,

positive integers (m )7, and ;)7 such that um T 1x ' P end
vy 1741

LinT x = q. Nowtake a subsequence . (m )Ty of mi)iﬂ1 so that

b5 oof 4,

mi>n‘ for i 1.’2...' Then ‘limT (x] ¢

Furthermorl!. because p # q we have T“(x) ¢ p(-n for m'= 1,2
But condition (i1) implies

m; me oy Looms
{ ST 4,Q) < AT TTxQ) < < d(T Tx,9)

n. ‘m,;
and'since 1im d(T 'x,q) = 0. This implies 1im.T x
: s iy W ive *
This is a diction of the ion p.yq and L(x)

contains ‘at most one point, ,

show _(1"%) converges to .y € F(T).

n, T .
Since. T *x > y _ therefore, for m > n,

lag™xy) < a™ y) e .icar ‘x,x)" <€

This implies T'x +y. . )

Q.E.D.
Using_ the above ‘Theorem nm and Metcalf [4) pruved the following

thioren Which We state without proof.

Theorem 2.2.3 Leét ‘C be & closed, convex subset of a strictly convex




Banach space X, T:C.+ € be a mapping satisfying

-4y |- ay| e eyl for an x, y ec,
1) T(C) is contained inaco-’p-crubuz ¢ of C.

. Then fm- x €C, -the sequence of lt.erlt.e& (T"x) canveu:s toa -

fixed point of -T.

Rematk 2.2.4 We note that the ui;?m—-mum cases.. In
the case that A =%, we getlthe 1t due to Edelstein [ 7]. .In the
case where, X is ‘a uniforhly convex Banach space, we get the result of

Schaeffer [18]. Finally, in the case where' A= % and X isa -

uniformly convex Banach space we get the result of Krasnoselskii [11]. 4

The following. result is' also due to Diaz and Metcalf [4], it intro-

duces a quasi non-expansive mapping.

Theorem 2.2.5 Let X b:lhnachspmlnd T be:?onti.nmws
mapping of X into itself such that \
i) T is a 1y regular, R I

ar ii) T is quasi non-expansive; i.e. whenever p €F(T),
“Jltx-pl < lx-pll foran xex.
Suppose that for some x(€ X the sequence (T"xo) ‘hds a convergent

uri paunch
p n

1 k> 23
ther "z 'is a-fixed point of ’l\-and (T"xn) >z, 4 :

The following well-known zheorel is due’ to lrwder md Petryshyn [3].




Theoren 2.2,
mappiig in. a Baach space” X.Let F(F) bé nou-empty,.and let /T
D) bo.non-apty,.dnd der 21

satisfy the following condition.

(8 . (1< T) mips bounded closed sets into closed sets. ..

- Then for each %€ X

point in F(T);, s

‘Proof 1e yEF(T) then heiktes 8 IR i

lI'r"" ,.,n <[ -yn. wel2.

. mna the sequence n‘"x } s bo\J\ded. Let G be the closure o

[
(x5} By condition () it follows that | (119G is closed: *n-u

along with the fact that T is asymptotically regular pves u in =
(I-T)G.  Thus, there exists a Z € G such that (I-T)Z = 0; i.e.

Z=TL.

Now this i-pxm oither Z.- 1"‘x for some+ n, or.there exists
a swsequnu\ (1- %o } converging.to z._ Since 2 i3 a fixed pojot,’
it can be concluded that: the sequence” (1";0) converges to z‘
Q.E.D. -

‘Diaz and Metcalf [ 4]poved the following. -

Theored 2.2:7 Let T:X = x “béa cantinuous, ghasl nm-cxp-nsiva

., mapping of -a Bnnlch space X in:o itself such thn

A L5 il T



;i i) T is'asymptotically regular,
ii) | the continuous real valued function £, defiried by
I

"for x'€X, maps bounded, closed subséts Gf X into closed sets of

£02) x|

: Tealnumbers.

Then, for x; &.X, | the sequence ‘(T"x;} converges to'some point

(RN 98 [T i
i o 3 . : gt ¥ LS “ ' b

Proof The function . £ ‘maps bounded, closéd subsets of <X “into closed -

. i s 2 2 o A -

B - - setsof real numbers. s e
Let "D be 4 bounded, .closed set’in -X. Then condition’(ii)

1R inplies that - ;
i

£(p) = (!I(x-'r);:ll | xep}

is a’ ﬁlosad set of rell nuni’ers. The norm funchon is c(mtln,ugus und

. therefore the inverse imge of the set £(D)-, uith respsct tu L\\s norm

function, mnely the set4 (I-T)D is a clo,sed subset of X.

Thus, every bounded, closed set D, is.mapped by T-T into a
closed set: ; foe S &
‘\\ Therefore, condition (ii) implies:(A) of Theorem 2.2.6:  Hence, ‘the

. Proof follows on ‘the same lines as.that of Theotem 2:2:6.

3 oo ‘- Q.E.D.

Diaz and Metcalf - proved ithe .following' thesrem,

i Theorem 2.2.8 Lot ,T:X + X.be.s continuous, quasi non-cxpansive



. 3 asymptotically regular ‘mapiing of a Banach spice X into xtself.

: ; Suppose T satisﬁes < O, \

- (M) -(1-T) maps bounded,’ closed subsets of X into close'd s\ibse_ts of X

Then for ‘x €X,  the sequancei {T xo) .converges to-a fxxed pq:ne bf T

. Dotson proved the. Following’ [5].

) b
I.et X be'a \mlfcrnly convex BIn!ch space and. T a

:Theoren 2.2

quus) non- expa.nsive mapping of X xnto itself. Deflnq the mayplnz

AR : .
e T "rx‘- AT + (l'-).)'i‘, 0 <<l 0

v

 Ther the mspping T . is quasi non-expansive and usymptocxcauy rezuhr.

(See atso Yadai's thesis-for the proof). ’ P T

Theoren 2.2.10 Let T 'be a continuous, quast nonvexpansxve mapping of

& a unifomly ‘convex an_d\ space X' into lt!ﬂi. Also if - T satisfies

s %7 (A) . (I-T) ‘maps closed, bounded subsets of X -into_closed .subsets of X.
e Define T:X > X by o %x o 7 .
: T =3I+ (i-'x)r,'ow PR i : b

% T 5 A AP . A 4 i v ) !
.. Then for X, s»x, the sequence (1":0} converges td some point in r(r) e

proof From Theorem z.ztg it  follows that T, s ‘a continuous, ‘quasi .

non-eypansive asymptotically regular mapping, . Also F(T).= F(Ty)." More-
ovér, T, 'satisfies condition: (M. . gt Gy




&
“Definition 2.2. 11 Let <D’ be a hmmderl subset_ cf a met‘nc space X.

““Nussbaum m] for a proof. . 3

S 2 e ah) for a( g,

QE.D, L o dE L 3 B

vle dsfine the ' measure.of rion- co_n_zg-ctness o 2 \ g

a(D) inf {:«D 0 | D admits a Euute .

joxing " T

éansxsnng of suhsets of diameter < >
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‘Homark 2.2.12 The follaumg properties of o’ “are, very useful. - See t

1. a(A) =<5(A) .where 'k(A)' = diameter of . A,

2. If ACB, then am‘ ca®, N

5 ol® = (A where' & is the closure of A, . . - PR

a(A v B) max{a(A), u(B)) %

*Dofinition 2.2.13, Let T Be 'a continuous uwpping of ‘a Banach space .X

into nsglf “Then T'is densxfzi.ng if

1.- et "all bounded sets ‘A X, e have T, Bounded -
“and PR e v i

“The, fnu.uéing Theoren”due ‘to Nusdbaun [u]'.is's:md without 'proof.'.
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»"nneomx 2.2, u Let 1 C+C bea densifyxng mpping defined on' a

closad bounded convex subset C of a Bunnh space X.

_ Then' T- has'at jeast one fixed point. This result was also giver
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