
CENTRE FOR NEWFOUNDLAND STUDIES 

TOTAL OF 10 PAGES ONLY 
MAY BE XEROXED 

(Without Author's Pennission) 







COMPUTATION OF STRESS INTENSITY FACTOR FOR THROUGH CRACKS 

IN PLATES AND BENDING OF SHELLS USING P-VERSION FINITE 

ELEMENT METHOD 

StJohn's 

By 

© Ramalakshmi Pullela, B.E. 

A thesis submitted to the School of Graduate 

Studies in partial fulfilment of the 

requirements for the degree of 

(Master of Engineering) 

Faculty of Engineering and Applied Science 

Memorial University of Newfoundland 

September, 2005 

Newfoundland Canada 



Abstract 

The present study concerns the analysis of bending of plates and shells subjected to 

various boundary conditions and load. Bending stress intensity factors for plates 

containing through thickness crack under edge bending load are evaluated. To 

accomplish the task, hierarchical degenerated plate/shell element and hierarchical 18-

node solid thick shell element are developed. 

The hierarchical degenerated plate shell element has four comer nodes, four mid­

side nodes and one central node on the mid-surface of the shell geometry with five 

degrees of freedom at each node. For defining the geometry, Lagrangian shape functions 

were employed. P-version shape functions upto order seven were used for defining the 

displacement field. Crack tip singular plate/shell element was developed by enriching the 

displacement field of the element with the asymptotic displacement field near the crack 

tip. A hierarchical 18-node solid thick shell element has been developed. Sixteen nodes 

consisting 8 comer nodes and 8 mid-side nodes are used to define the geometry and 

eighteen nodes for defining the displacement field. Each node has three degrees of 

freedom. 

Some benchmark problems were analyzed in order to check correctness the 

elements of both plate/shell and thick solid elements. Analyses were performed to obtain 

the stress intensity factors of plate with through thickness crack using hierarchical 

degenerated plate/shell element. Numerical results obtained from the present element 

formulations are compared with analytical/numerical solutions available from literature. 

It is inferred that numerical results are in good agreement with the benchmark plate and 

shell problems. 
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Chapter 1 

INTRODUCTION AND OVERVIEW 

1.1 Finite Element Method 

The finite element method is a numerical approach by which general 

differential equations can be solved in an approximate manner. It is the characteristic 

feature of finite element method that instead of seeking approximations that hold directly 

over the entire region, the region is divided into smaller parts, called finite elements, and 

the approximation is carried out over each element. As the FE method is a numerical 

means of solving governing differential equations, it can be applied to various physical 

phenomena. Applications of finite element method include structural analysis, heat 

transfer, fluid flow, mass transfer and electromagnetic potential [1] etc. The steps 

involved in the FEM are: the discretization of the domain into a number of finite domains 

called elements, evaluation of element properties in the form of element stiffness and 

load matrices to obtain global stiffness and load matrices and finally solving the resulting 

linear algebraic equations to obtain the displacements at the nodes. 

The discretization process divides the domain into small units, each 

represented by an element. The discretization is suitably carried out to improve the 

accuracy and convergence of the solution. The density of the elements at a location in the 

domain depends upon the geometry and the external load distribution. A sub-domain 

where there is a complex geometry and sharp edges or stress raiser needs a fmer mesh i.e. 
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higher element density. The discretization should be optimal. It should not lead to too 

many elements, which increases computational effort. Once the elements are created, 

element matrices are calculated and then assembled. The resulting system of equations is 

solved to obtain the solution. Since Finite Element Method is an approximate method, 

the solution for any analysis is not exact, unavoidable modeling and numerical errors are 

introduced. Therefore a systematic approach must be implemented to determine the 

accuracy of the analysis in the finite element solutions. 

The most effective approach for determining the accuracy of the solution in finite 

element solution is to perform 'extensions'. Extensions are step by step changes in the 

finite element discretization that cause the number of degrees-of-freedom (DOF) to 

increase at each step, with the goal of reducing numerical error in the solution. DOF can 

be increased by increasing the number of elements or the polynomial levels of the 

elements. Reduction of error can be accomplished in h-refinement or h-extension and p­

extension. The h-extension is carried out by increasing the number or density of the finite 

elements while holding the polynomial order constant. In the second approach (p­

extension) the order of the approximation polynomial for the unknown displacement 

field is increased while maintaining the number and density of element constant. In 

practice, the h-extension process is the least efficient numerically (lowest convergence 

rates) and the most cumbersome to implement. The p-refinement can be done for the 

domain or selectively for few elements where there is a high strain gradient. 
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1.2 P-version Finite Element Method 

P-version finite element refinement can be performed by two methods. In the first 

method regular interpolation functions of higher order are employed by increasing the 

number of nodes in each element. The second method uses hierarchical interpolation 

functions as shape functions. The lower order hierarchical shape functions are the subset 

of the higher order functions. This property of hierarchical shape functions enables the 

enhancement of computational effort. The element matrices required for the additional 

degrees of freedom are only needed to be evaluated and assembled thus reducing 

computational effort. As the regular interpolation functions in the first method do not 

exhibit this hierarchical property, the element matrices need to be evaluated afresh and 

assembled. 

The hierarchical elements [2] have many advantages over the h-version. The p­

version element shows good numerical convergence and the mesh design is less critical 

because there is always a possibility to increase the element order without changing the 

mesh division. In h-version, mesh modification by element division is necessary to 

achieve convergence. Hierarchical shape functions allow more accurate mapping of 

geometry shapes such as circles. In h-version geometry shapes are mapped with quadratic 

functions. The size of the input file is small in p-version, as there are fewer elements. 

These merits contribute to the reduced computational effort and time. The resulting 

matrices are better conditioned and hence they converge for solving. Also it provides an 

immediate estimation of the error by comparing successive solutions. 
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1.3 Plate and Shell with through cracks 

Plate and curved structural elements in the form of general shells are common in 

engineering practice. They are observed in pressure vessels, nuclear reactors, aircraft and 

roof structures. Hence, a significant effort has been directed to the development of a 

suitable finite element procedure for the analysis of general shell structures. Over the 

years, hundreds of elements have been developed. 

A number of plate elements are available in the literature, which does not use the 

concept of hierarchical analysis. These elements employ h-version analysis for 

convergence, which demands more computational effort. Moreover many of these 

elements suffer from a problem called "Shear locking". These elements become too stiff 

and produce displacements far less than the actual value when the thickness is small. This 

problem is overcome chiefly by modifying the transverse shear strain field, which is 

cumbersome and involves additional computational effort. 

Structural shells [3] are widely used in a broad spectrum of industries e.g. 

aerospace, automotive, power generation, railroad, ship building and chemical. Very 

often the usage is characterized by irregularities in the form of discontinuities, complex 

loading and support conditions over the surface and at the edges. 

In the design of such shells it is necessary to account for the aforementioned 

irregularities, which become the source of singularities in the stress field and hence the 

potential seat for crack initiation and propagation, affect the fatigue life of the shell under 

cyclic loading conditions. 

The sources of singularities can be classified under three headings 
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1. Geometric: Re-entrant comers, cracks, cutouts with sharp comers, discontinuities in 

curvature and thickness, presence of stiffeners, mixed boundary conditions etc. 

2. Loading: concentrated sources over the surface and at the edges line sources over the 

surface, and sudden changes in the intensity of the external sources. 

3. Material: Sudden changes in material properties, as in the case oflaminated materials. 

The stress intensity factors for plane extension and plate bending problems are 

often useful in discussing the fracture of various structures. For the plane extension 

problem of cracked plates, many effective finite element codes have been developed and 

some of them are available for engineers [4] and [5]. For the plate-bending problem of 

cracked plates, on the other hand, only a few finite element methods have been published 

[6]. Some investigators [7] and [8] have obtained the singularity solutions for problems 

based on classical bending theory for stress intensity factors. These values cannot be 

combined in plane extension and plate bending problems, as the angular distributions of 

the stress fields in these problems are different around the crack tip [9]. 

1.4 Objective of the thesis 

The objective of this work is to, 

• Develop a hierarchical nine-node degenerated plate/shell element, incorporating 

through thickness crack singularity, with inplane displacement u and v, out of plane 

displacement w and rotations of normal to the mid surfaces as degrees of freedom for 

obtaining the stress intensity factors. 
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• To develop solid thick shell element with in plane displacement u and v, and out of 

plane displacement w as degrees of freedom for the analysis of thick/ thin plates and 

shells. 

• Demonstrate the advantage of the singular element over the existing ones in the 

development of finite element code. 

To accomplish these objectives, the major requirement is the development of a 

finite element program for the developed singular shell element. A computer program is 

developed for obtaining SIF for through cracks in plates and shells. A number of bench 

mark problems are solved to show the effectiveness and use of the element. 

1.5 Layout of the thesis 

The first chapter gives an introduction to the various concepts and terminologies 

relevant to the present work. Chapter two gives a detailed review of the literature and 

defines the scope of the study. Chapter three gives the formulation of the 9-node 

hierarchical plate/shell and 18-node solid thick shell elements. It also includes the 

derivation of various equations and matrices for stress intensity factor evaluation. The 

computer implementation of the finite element formulation using objected oriented 

approach is discussed in chapter four. Chapter five presents the numerical results 

obtained from the analysis of test problems. Conclusions and recommendations are given 

in chapter six. 
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Chapter 2 

BACKGROUND AND SCOPE OF WORK 

2.1 Literature Review 

Finite element analysis is widely applied in many fields of engineering. Almost 

all finite element problems include the following steps: 1. Data input 2. Calculation of 

element stiffness matrix and load vectors 3. Assembly of global stiffness and load 

matrices 4. Application of boundary conditions 5. Solution of equations 6. Post 

processing the solutions and results output. 

These fundamentals are very well explained in the textbooks by many authors like 

Zienkiewicz [10], Bathe [11] etc. The following sections give a detailed account of 

literature relevant to the current work. 

2.1.1 Plate and Shell elements 

Plates and Shells [12] are three-dimensional bodies characterized by the fact that 

one of the dimensions is much smaller than the other two. The various theories of plates 

and shells recognize and exploit this. These theories are useful because the quantities of 

interest in the analyses of plates and shells, such as membrane forces, bending moments 

and shear forces, are related to certain averages of the displacement across the small 

dimensions of these three dimensional bodies. This permits reduction of the dimensions 

in the case of plates and shells from three to two. 
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Usually plates and shells are stiffened and/or joined with solid bodies. If we have 

to ensure the reliability and accuracy of computed data without sacrificing computational 

efficiency then we must be able to model these parts of the structure with three 

dimensional theories while retaining the simplified assumptions incorporated in plate and 

shell theories where those assumptions hold. 

Several plate and shell theories have been developed by two approaches. The first 

approach, favored in the engineering literature [13-15] is by prior assumptions 

concerning the mode of deformation. The second approach is that the solution of the 

three dimensional differential equations of elasticity expanded by power series so that the 

powers of thickness parameters are factored. There are several possible variants for this 

approach [16-19]. The power series expansion can be applied to the differential equations 

of elasticity or any of the variational formulations of the differential equations of 

elasticity. 

The most widely used conventional plate and shell theories are Kirchoff's plate 

theory and Reissner-Mindlin theory. In Kirchoff's plate theory transverse shear strains 

and normal strains are neglected; whereas Reissner-Mindlin theory takes into account 

deformations caused by transverse shear forces. Over the years, hundreds of plate and 

shell elements have been developed. They are put into three categories depending upon 

the mathematical principles employed. 

Bathe and Ho [20] suggested that were three approaches were being 

followed in the development of plate and shell elements. 

1. A particular shell theory is used and discretized. 

2. Three dimensional continuum equations were used and discretized. 
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3. Plate bending and membrane element stiffness were superimposed and assembled in a 

global co-ordinate system. 

The three approaches have advantages and disadvantages, and it is still difficult to 

state which of the three approaches is most effective based on criteria combining 

accuracy, computational cost and simplicity in use. Considering approach three, 

triangular flat elements having displacements and rotations at the comer nodes as degrees 

of freedom are particularly appealing for many practical reasons; for example, arbitrary 

shell geometries, general supports and cut outs, and beam stiffeners can be modeled. 

Alternative formulations of three noded triangular plate-bending elements have been 

presented in the literature vide; a DKT (Discrete Kirchhoff theory) element, a HSM 

(Hybrid Stress Model) element and a SRI (Selective reduced integration) element. 

Displacement based Kirchhoff plate theory element formulation [21 and 22] was 

based on the principle of minimum potential energy, where the compatibility 

requirements involve displacements and rotations. Their ineffectiveness is due to 

incompleteness, incompatibility, and lack of in variance with regard to element orientation 

and singularity. It was then realized that it is impossible to formulate a compatible 

triangular element with nine degrees of freedom with a single-field polynomial expansion 

for w. One of the first compatible triangular elements is the well-known HCT element. 

Its formulation was based on the subdivision of the complete element into three sub 

triangles. An incomplete cubic (9- term) polynomial was used in each sub region for the 

displacement w, and the normal slope along the exterior edge of each region varies 

linearly. The HCT element has frequently been regarded as a reference element for 

bending analysis of plates, mainly because of the extensive numerical results presented 
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with its formulation. However, the formulation involves cumbersome algebraic 

manipulations and the element is rather stiff. 

The hybrid stress method [23] was developed to overcome the difficulties that 

were encountered in the development of pure displacement models due to element 

compatibility requirements. The most effective and also simplest element is called the 

HSM element. This triangular bending element was derived :from Kirchhoff plate theory. 

The element has a linear distribution of bending moments in the interior and a cubic 

displacement variation with a linear normal slope variation along the edges of the 

element. The derivation of the stiffness matrices of hybrid stress elements appears to be 

rather cumbersome, and the evaluation of the element matrices appears to involve more 

algebraic manipulations and computer storage than comparative displacement models. 

The formulation of elements based on the discrete Kirchhoff theory for bending of 

thin plates was obtained by first considering theory of plates including transverse shear 

deformations. The transverse shear energy is neglected altogether and the Kirchhoff 

hypothesis is introduced in a discrete way along the edges of the element to relate the 

rotations to the transverse displacements. This approach has been used to formulate 

effective nine degrees of freedom triangular bending elements that converge to the 

classical thin plate solution. The final result is that the DKT element has not received 

widespread adoption and has also not been implemented in any major computer code. 

Recent and somehow successful developments of a beam element, quadrilateral 

plate elements and axisymmetric shell elements, based on selective reduced integration 

concepts and the theory of plates including transverse shear effects, suggest that a simple 

selectively integrated triangular plate element with 9 degrees of freedom may be 
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effective. Based on the results employing this element, it was concluded that the element 

is not effective when compared with the HSM and DKT elements. 

The theory of plates with transverse shear deformations included (the plate theory 

of Reissner or Mindlin) uses a generalization of the Kirchhoff hypothesis 'a point of the 

plate originally on the normal to the undeformed middle surface'. For thin plates the 

transverse shear strains and therefore the transverse shear strain energy Us are negligible 

compared to the bending energy. 

Cook [24] developed a 24-degree of freedom quadrilateral shell element 

by the very simple process of combining standard membrane and bending formulation 

with a device for membrane-bending coupling and a device for inclusion of warping 

effects. The membrane element is of the isoparametric type and is numerically integrated 

using a 2x2 Gauss rule. For membrane action there is three DOF at each comer i, 

consisting of x and y translations ui and vi and drilling rotation 8zi, positive counter 

clockwise. 

Roufaeil [25] developed three rectangular plate-bending elements. They have 14 

and 16 degrees of freedom and are displacement based Mindlin plate theory elements. 

The shape functions of the displacement and rotations are not completely independent. 

Numerical results were presented for problems involving rectangular plates of different 

aspect ratios and support conditions. The elements perform quite well for the class of 

problems studied and do not show any sign of the 'shear locking' phenomenon for thin 

plates. 
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2.1.2 P-version FEM 

The concept of p-version finite element analysis is relatively new. A large number 

of papers have been published on this subject and its merits over h-version are well 

proved. One of the first works on p-version FEM is by Peano [26]. New hierarchies of 

this family of the finite element is that the shape functions corresponding to an 

interpolation of order p, constitute the subset of higher order interpolation functions 

greater than p. Hence the stiffness matrix of the element of order p, forms the subset of 

stiffness matrices of higher orders greater than p. This development gives rise to new 

families of finite elements, which are computationally efficient. 

The elemental arrays of higher polynomial order can be efficiently computed 

using hierarchical elements with precomputed arrays. These precomputed arrays are 

computed once and stored in a permanent file, which can be used in all subsequent 

applications of the program. Rossow and Kutz [27] showed that the use of hierarchical 

elements with precomputed arrays are competitive in terms of computational efficiency 

compared to conventional fmite element method. 

The advantages of the hierarchical approach are presented by Zienkiewicz et al 

[28]. They showed the hierarchical nature of the stiffness matrices. The condition of the 

stiffness matrix increases because of the appearance of hierarchical variables as a 

perturbation on the original solution. This ensures a faster rate of iteration convergence. 

The perturbation nature of the hierarchical form has a further merit of providing an 

immediate measure of the error in the solution, by analyzing the displacement solutions 

of successive orders. 

12 



A proper mesh design increases the performance of p-refinement attainable by the 

finite element method. Szabo [29] gives the guidelines for prior mesh design for the P­

version FEM. Babuska et al [30] discuss the optimal selection of shape functions for p­

type finite elements. They also discuss the efficacy of the conjugate gradient and 

multilevel iteration methods for solving the linear system. 

The hierarchical linear equation sets can be efficiently solved by using a proper 

solution strategy. Morris et al [31] developed an algorithm, which has the ability to 

choose dynamically between iterative and direct solvers. It can also adjust the 

preconditioning in iterative solvers dynamically. The combination of direct and iterative 

solvers gives an efficient solution path, combining the advantages of both the solvers. 

Woo and Basu [32] presented a new hierarchical p-version cylindrical shell 

element for the analysis of singular cylindrical shells. They used the Legendre 

polynomial shape functions for the approximation of the displacement field. A blend 

mapping function exactly maps the curved boundaries using the exact geometric 

parameters. The Legendre polynomials are able to oscillate with increased frequency near 

the end points and thus are better suited to approximating singular behavior. The 

stiffness matrix based on this element is well conditioned even at higher p-levels and 

hence gives faster convergence. This p-version cylindrical shell element is very efficient 

in terms of accuracy and computational efficiency compared to h-version cylindrical 

elements. 

Szabo and Sahrmann [33] presented a 4-node 2-D element and an 8-node 3-D 

solid element for the analysis of shells. The work done by Surana and Sorem [34] is of 

special interest here. They developed hierarchical three-dimensional curved shell element 
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based on the p-version concept. The geometry of the element is described by the 

coordinates of the nodes in its middle surface and nodal vectors describing its top and 

bottom surfaces. The element displacement function can be of any arbitrary and different 

polynomial order. The approximation functions and their corresponding hierarchical 

variables are obtained by first constructing the approximation functions and nodal 

variables for each of the three directions and then taking the tensor product. Here both the 

displacement functions and nodal variables are hierarchical and hence so are the element 

matrices. The formulation is effective for both thin and thick plates. The usage of 

hierarchical variables in the thickness direction increases the number of degrees of 

freedom greatly, which increases the computational burden. Sethuramalingam [35] has 

used similar concept to develop plate/shell element for analyzing plate and shell problems 

and showed the advantages ofusing p-version FEM. 

2.1.3 Crack tip element 

Plate and shell formulations are widely used to analyze thin-walled structures 

such as aircraft fuselages subjected to bending and pressure loads. Through-the-thickness 

cracks (often called as through cracks) may develop when these structures are subjected 

to cyclic loads, and the determination of mixed-mode stress intensity factors is critical to 

the modeling of fatigue crack propagation. Despite the practical importance, relatively 

little research has focused on developing robust numerical methods to determine fracture 

parameters and simulate crack growth in thin plates. 

The finite element method has been used extensively in fracture mechanics and 

numerous singular elements have been developed. The analysis of plate members 
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containing through thickness flaws and subjected to bending load has been a subject of 

controversy during the past decade. Unlike the case of thin plates acted on by in-plane 

loads, where the use of two dimensional elasticity theory, provides an effective means of 

deriving stress intensity factor solutions predictions of elastic fields for comparable 

structures subjected to bending loads is influenced by the specific plate theory by which 

the analysis is performed [extended finite element method]. 

Ganti [36] has developed two dimensional crack tip p-version plane elements 

incorporating near crack tip displacement field to obtain stress intensity factors ofr plane 

elasticity problems. Ahmad and Loo [37] developed a special crack-tip finite element to 

obtain the bending and shear stress intensity factors for thin elastic plates containing 

crack. The bending and shear stress intensity factors were then used to compute the Strain 

Energy Density factor and the direction of crack initiation. A triangular crack tip element, 

which was based on a displacement function derived from William's expansion [7], was 

developed. The crack tip elements were used only in the vicinity of the tip of the crack 

while conventional 9 degrees of freedom triangular plate bending elements were used in 

the rest of the domain. Yagawa and Nishioka [38] analyze stress intensity factors for 

plates in bending where the displacement field was made up of terms from the 

isoparametric shell element of Zienkiewicz, Taylor and Loo [39], supplemented by terms 

from the crack tip solution of Williams. They employed singular element where behavior 

of the in plane displacements is based on transverse shear while out-of-plane 

displacements were governed by classical plate theory. Reasonable results were obtained 

despite the apparent conflict of physical theories. 
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Chen and Chen [ 40] proposed a hybrid-displacement finite element model for the 

bending analysis of thin cracked plates subjected to static and dynamic loading. The 

variational principle, governing the assumed hybrid displacement finite element model 

for the fracture mechanics of the singular region, is the modified Hamilton's principle. In 

this functional the transverse shear effect is ignored due to the use of Kirchoff s 

hypothesis. 

Y e and Gallagher [ 41] created yet another singularity element based on classical 

plate theory for analysis of plate bending problems. Singularity formulation of a 

triangular plate-bending element is by approximation of the displacement field by the 

combination of the singular solutions of the plate bending equation. The bending 

intensity factor Ks for a rectangular plate containing a center crack and subjected to 

purely cylindrical bending was studied. Singular elements were used only in the region 

surrounding the crack tip while the DKT element was used in the rest of the plate. 

Explicit integration was carried out to compute the stiffness matrix terms. 

Watanabe et.al [42] proposed a new evaluation method using thick shell elements 

to calculate the distribution of the J-integral values along crack fronts of through-wall 

cracks in plate and shell structures. Dividing tentatively the thick shell element into 

several layers in the thickness direction, integral paths were defined at each layer to 

obtain the thickness distributions of the J-integral values of through-wall cracks in plate 

and shell structures. Curved quadrilateral reduced integration thick shell element derived 

from 20-node isoparametric solid element proposed by Ahmad et.al [43] was employed 

to analyze the stress of plate and shell structure. Stiffuess matrix was evaluated using 

reduced integration technique. The distributions of the J-integral values along the crack 
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fronts are compared between the present method using the thick shell element and that 

using the three-dimensional solid elements. 

Go et al [ 44] formulated a super-element for the dynamic problem of a cracked 

plate by considering a geometric series of similar elements. This group of elements was 

generated layer-by-layer approaching infmitely small size around the point of singularity. 

Ehlers [ 45] used eight-noded isoparametric shell element with three translational 

and two rotational degrees of freedom. Due to the rotational degrees of freedom the 

element is capable of transverse deformation; thus its formulation corresponds to a 

general thin shell theory. Results for stress intensity factors derived from shallow shell 

theory are rigorously valid only for very short cracks. 

Agnihotri [ 46] proposed a two-dimensional fmite element model to study the 

stress distribution of a cracked plate subjected to mechanical "mode I" loading and a 

plane strain constraint. The effect of singularity near the crack tip has been examined and 

is overcome by introducing 12-noded cubic isoparametric elements. The cubic 

isoparametric element is collapsed into a triangular element by placing the two side nodes 

of a side at 1/9 and 4/9 of the length of the side from the crack tip. 

Vafai and Estekanchi [47] studied the overall behavior of plates and shells as 

affected by the presence of a through crack in the elastic range. This overall view is 

important if the general stability and integrity of the structure as a whole is to be 

investigated. Due attention has been focused on FE modeling of the problem and the 

significance of various parameters such as the order of mesh refmement at the crack tip 

area and the effect of the boundary conditions on the results obtained from the analysis. 
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The effect of Poisson's ratio and geometric parameters such as crack length and shell 

curvature were also studied. 

Murthy et al [ 48] developed a general solution to the symmetric bending stress 

distribution at the tip of a crack in a plate taking shear deformation into account through 

Reissner's theory. The solution was obtained in terms of polar coordinates at the crack tip 

and includes the complete class of solutions satisfying all the three boundary conditions 

along the crack. Analysis in their work took finiteness of the plate into account. The aim 

was to develop a general solution, which could be readily applied to wide class of 

problems. While the analysis in earlier studies was based on the integral equation 

approach, this analysis used the differential equation approach. 

The complete class of possible solutions was obtained for symmetric bending 

stresses in the vicinity of a crack tip in a plate taking shear deformation into account 

through the use of Reissner' s theory. 

The analysis was carried out for the case of symmetric bending of the plate with 

respect to the crack. Also, the analysis was carried out for the case where there was no 

normal loading on the plate. In other words, the solutions obtained could be used in a 

situation where the plate is subjected only to known edge loads or known kinematic 

constraints on the exterior boundary. 

2.2 Scope of the study 

P-version hierarchical crack tip element and plate shell element is developed 

using OOP concept. The plate shell element has five degrees of freedom, three 

translations in the global cartesian directions and two rotations in the local axes. 
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Isoparametric element is used to define the geometry of the element having nodal co­

ordinates and the nodal vector perpendicular to the midplane. The displacement 

approximation functions are hierarchical in nature and derived from Lagrangian family. 

The degrees of freedom at mid nodes are hierarchical in nature. The degrees of freedom 

at the comer nodes are the displacements u, v, and win the global X, Y, Z-axes and the 

rotations in the local axes. The element matrices are evaluated by using both full 

integration (p+ 1) and reduced integration (p) techniques. 

The element matrices are evaluated using numerical integration. As the order of 

the approximation polynomial function increases, the number of Gaussian points has to 

be increased to obtain the element matrices. This increases the computational effort 

required for element generation. 

Standard example problems from references are chosen for verifying the 

performance of the element. A square isotropic plate subjected to different boundary and 

loading conditions is analyzed. The plate is also analyzed by varying the thickness. 

Results are compared with the analytical solutions. A cylindrical barrel vault under self­

weight is analyzed. This is a test example for shells in which the bending action is severe. 

A pinched cylindrical shell is also analyzed. Bending Stress intensity factor for an infinite 

plate with a through-thickness central crack subjected to a far end moment is determined. 

For rectangular plate subjected to edge moment away from the crack region, bending 

stress intensity factors are evaluated for various crack length to width ratios. The results 

are compared with the reference values from the literature. The effectiveness of the 

element is demonstrated. 
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Chapter 3 

ELEMENT FORMULATION 

The present work discusses the isoparametric formulation of the plate and shell 

element including geometric definition of the element, shape functions, displacement 

fields, Jacobian matrix, strain-displacement matrix and stress-strain matrix. The principle 

of displacement finite element approach is used to determine the stiffness matrix and 

nodal force vector. Solution method involves finding the displacements from the equation 

[ K]{ o} = { F} where [ K] is the global stiffness matrix, { o} is displacement vector and 

{ F} is load vector. The analysis includes development of p-version finite element model 

for the bending of thin/moderately thick plates by enriching the displacement field with 

nearfield crack displacements and bending of shells. 

3.1 Hierarchical Degenerated Plate/Shell Element 

In this study, the displacement finite element approach is used. In this 

formulation, it is assumed that the normal to the middle surface remains practically 

normal after deformation. This assumption permits the shear deformation, which is very 

important in the thick shell situation. The strain energy corresponding to the strain 

perpendicular to the middle surface is ignored for simplification. The element has four 

corner nodes, four mid side nodes and one central node with five degrees of freedom at 

each node. The degrees of freedom consist of displacements in the X, Y, Z directions and 
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=[P]{a} (3.4) 

The displacement components at the nodes are determined by substituting 

appropriate curvilinear co-ordinates of the nodes. At the comer nodes, the displacement 

components u, v and w and rotations of the normal to the mid-surface are the degrees of 

freedom. The hierarchical degrees of freedom of the displacement components and 

rotations used as degrees of freedom at the mid-side nodes and central node are as 

follows: 

By substituting appropriate curvilinear co-ordinates at the nodes, into equation 

(3.4), we get 

{<>(s)}=[C]{a} (3.5) 

{a} =[cr {<>(s)} (3.6) 

where {<>(s)} is given by 
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