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Abstract

I.d :..; I", I .':lIIil;rrJlljl. A rin~ If willi 1\ direct SUI" tlecomposilion II '" "t.. II. such

ll".1 U, N, ( /I" f"r dl:llI<'Jlls .' and I in :..; is called a semigroup graded ring.

In til is 1.Il"sis, w"dcvclo)J techniques for stullyingbllch rings based on the structure

l!w"ry of s'~lIIi~rollps. We apply t!lcse techniques to invest.igate varions ring theoretic

111 1II;(lIy ,·a.ws, WI' rclal<: 1\ property of If lo the componenb /I, indexed by idempo·

lo'llt "I"1I1<:lIls, of !Ill' graJillj.\ sellligroup ....'. If S is finite, then II is perfect, selllilocnl,

or '~"lHi!,rillll\ry if and only if the same is true of each such component If,. We prove

tllai til,· nilfl"t"lIcy of the .IacollsOIl radical of cadi N, is sufficient for the nilpotency

"f til(' .Illc"llSOIi rildiCilI of /( for rings graded by finite semigroups, a.nd obtain n similar

n,ndil,ioll for the .Jacohsoll radical to be locally nilpotent for rings graded by 10ca.lly

Iillilt- s"JIIigrllllp•. We also show that II is a Jacobson ring if ench If, is 1\ Jacobson

rilJl\allol S is liuile.

WI' show that canrcllalivity is a necessary condition on a semigroup ..... in order that

I,ll,' .In.:"hs'lIl radical "f ('ach .....·graded ring be homogeneous. With certain restric·

tiolls un till' graded ring, we completely dassify cnmmutalive semigroups and regular

''<'llliI:TOUI'S for 'I'hich the Jacobson radical or each ....·-graded ring is homogeneous.

A result of '/,,·Imanov thal only finile semigroups admit right Artinian semigroup

i.lw'hra~ is gl'lJernliscll to show that, under cerlain conditions, a right Artinian semi·



group graded ring lll-rt-ssarily has linit,{' SllJlpllrl..

\V(; find Ile<:cssary and su!lkieut ",oll,lili"ns ["r rin~s I1.r,,,I,-d hy "I(-lIl"IIt;~r)' Il,"'~

matrix semigroups to be semisimplc Arlill;all. Tl11'~" rings ar,' "",- "f lh.. ,-s~'-lItial

pieces in the slrllcture theory of Io;raded rillgs thaI, we' II.·\<,-I"p [",r,·in.

Results on nilpolence and pcrfedllt'ss art' g'-1l1-r;11is"d to ~'-ltligr"lll' ~ra.l,<d r;n",s

with finite support.
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Introdnction

Lel S he a semigrollp A ring N WIth II ,lired, SIIIII d"("HlIl'''siti"n It d) I" "f

lhcaddilivcslrudureMlcb lhalll"N, 0; U" r"rall ,_,/, .":iss;,i,l1" 1"'1111 ,.,·t,raol,·d

ring or a scmigroup grachl rillg [rI5].

The nolion of grade,l ring has Ion!> 1"...·11 IIs"d as il h,,,1 ill " wtri,·I.I' "f ar.·as ,,[

mathemalics such as algchmi.~ geomelry, l111ml"'r lllf'ory, t.'II"I,,~y. '"nl rill~ ti",,":;

For example, a polynomial ring If in rumlllilling "r IIffll-l·"nllllllliu).:; Viltiill,I"., ""11 I.. ,

graded by lhe scmigroup of natural 1Illlllbl'rs N 11.1' h-Uin!-\ /1" I,,· 1.1". h"lII").:;"II'·"IIS

polynomials of lolal ,Iegrctl /I. This ohsf'fval,i"l1 was IIs,·,1 L" ~r,·,,1. ,·n;·,'l I,,V (:"1,,,1

and Shafarcvileh [27, Chapler g]ln find a CflUII1."T!·XiUIII'I,· I.., 11,,· lIurnsi,I,· l,r"I,I,'nl

Tensor, symmetric, iLnd exterior alJ)cbras arc nil "xiLltIl'ks "f N"~rn,lo-d rill~s ill wl,i,'lo

the grading plays nn importanl role r~7, dmpl<lr XVI], whil" in l"I",I,,~y, IIll' sill~lllar

cohomology of a spllee can he given il produd '~iLlkd til" '"III' I'r,,<lII,"t wlll"1i m"k,·., iL

a N-graded ring [66, Chapler 5].

Considerable interest in more general gradcd rill~s af"S!' al"'lll2U Y"illS wh"lI ~"JlII'

graded rings hega.n to be stlldic!1. Cerlitill ~roliP p,rad",l rings, tIt<" W""I' ("f,,~.,,·d

products, arise unavoidahly in the sludy or c."ntral simp'" algdoriL' 127[ and g'''1J1'

algebras [59J, and it is oflen easier io Ilr"v" r,:sulh ill til!' 1I1',r" W'II"ml ~"llillJ; "r

arbitrary group graded rings. For ,:;alllllll<:, Irliluy da~~iciL1 r<:slllt.- "1I 1'"lyll,"li:d

rings, skew polynomial rings, alld Crrlss,,<1 prodllds an: simpl,: f~'JIIS"!lll"U""S ,,[ ~""I"d
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n:sult~ I;lli]. III 1I1(~ 1;1~1 10 years, many qlll'>~ti,?ns ahout group graded rings have

h",," allswcr<~d, particularly with the advent of tIle duality theorems for group graded

rifl~.~ 11Ii, f,JI. A few books dea.ling largely with group graded rings have appeared

1:17, f,:I, M, !i!11 alHllIlall~rilOl on group graded rings has becn included in several recent

h""ks "II W~II~'ral rill~ Ulcory 1:18,48, 631.

Alllt"Il~11 til<: Nludy of sCllIigroll1' graded rings has almost as long a history, most

authors lH1.vr~ c()Ill:(~ntrntell 011 certain subclasses of sellligroups, In particular, much

:llll~lIli<J1I has heen paid to rings graded by semilaUices hecause such rings playa

useful rule in tackling prohlems aholll sCllligroup rings of commutative sellligroups

110, :\fi,1i7, (is, 70, 71,7:1]. Other classes tlmt havc been considered arc rings graded by

1:<l1lllllUtl1.tivl: sClIligroups II, 2, 18,19,32, 3:i, 40], hands [39,43,44, :;2], inverse semi·

"rollllS [721, lIud orderl'!l scmigrollps [34]. Only recently have a few papers appeared

whir-I! IIl'al with more gellt:ral seilligrollp grl1.ded rings [011,42].

llt'aSlJ!Js for studying scmigwup graded rings ar", threefold, Firstly, they are a

natural !\"l\l'Ta1i~ationof group pnlled rings on the one hand and sellligroul' rings on

tl1l' "lIlt'r, ,'Iassl's of rings upon which mllch attention has been tavishI'd.

S('fCllllUy, many disparate ring constrlldions, viewed in the right light, are seen to

I", "'WlIIll1c" uf sl'lIIigroull graded rings. As examples, we cile polynomial rings and

"h,w I,olynomilll rings, mOllonllal algebras [551, group and semigroup crossed products

1:1';, !"!I], 1o:('lIcr:l.1ist·lI matrix rings 19J, Morita contexts, structural matrix rings {64],
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generalis~ Reel! rings [<15), Rnd t\lunn .ugd,rR.ll [151. It)" .lu,I)'in~ ""mi~r""p ~rn,I, ..1

rings in general, ilmay be possible to Ilnify rl'Snlt .. whid. JIll,Y,' h...·.. I'n'\·...1""para"'I)'

for these variOIlS ring conllructions.

Thirdly, as the roles of sellu)atticc grad(l(1 rinJo;fi in tI dUlly "f ~'mil-\r"III' rin~"

of commutntive semigroups and grollp gradt"tl rings in tI sln,ly "f ~rnlll' rin"", haw

shown, more genernlscmigwup gr;'\lIct:1 rings serve "" IIl1s('(nll",,1 ill tl,,· inv.",liJo;ali,,"

of arbitrary semigroup rings. As 1111 exnmplt: of thill. we dl,· 'l'h""r"l!I loCI.!'! ill wl'll'l,

graded results arc \Ised to deduce thnt ccrlllin semi/o;rtl1lp nll-\I,bra" art· .1:"·"1,,,,," rill~'"

As mentioned eArlier, liUle work has yet hccll dOlle 011 rillJo;s ":;fll1l<:,1 loy arbitrary

~migroups. This thesil':J ,m attempt to rt'ctiry this l'iLlI1lti"n. W,· 11,·v,·I"I' It W'II-

enJ framework for the inve51igation of "emi~rouJl ~rlldc,1 rin,lVl, all,1 1\1,' apply tll,-",·

:hniques to study variolls ring theoretic pr0J>crliCll IIf ltudl rill~". TIll''''' lI",U""lll

lite particularly !luited to ring!l Stallcd hy finite scllli~rullPfi nr 5t"ui",n,ul' "'Tlul...1 rillll:lI

with finite support, on which wo: concentrAte mod "f our IlLlCflt}ulI. W,· :01..... "I,.

tained some resulb for rings graded by infinite liCllligrr.llp~. Im1 gt,nerally with 11"1110"

restrictions on the lemigroup$ considcrl.-d.

In the study of group graded rings, n common prnbh:m is t" tty t" rdak L1w

propcrties of a grllded ring /l to tile component /(, ojrrc~I"JIldillg 1.) liw j,I':lIlily 1

of tile group. For many of the properties considered h,:re, WI: :lllCIIlI,l il. silllil:.r f"al,

except that instead of relating the propcr1ies of /I. liclIligrplIJl grll.llf:1I rillg /( t"" liillglt:
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IIfJlllogen"'llls <:ompOIlr:nt, we must consider all the cOll1ponents /(, corresponding to

iderIlIH!h;:;t clelllents of the ~cll1igroup.

Till: tedlniqllcs lIsed nrc 'Iuite differenl from those encountered in the group graded

1Ileory. Hsin$; tile strllclurc tht'Ory of semigroups, we combine results fat group graded

rilll;s, rings gradell Ily a dass of semigroups called the elementary Rees matrix semi­

Arou]l.~, and irl{~al extellsions to obtain the general case. This works particularly well

for rillgs /;mlled hy firlite semigroups.

III Chapler I we inhoduce the necessary c1emenls of the theory of semigroups. In

(:haJlII~r 2 we cxplain thc basic notions of the theory of graded rings and define ~omc

lIot.alion that will he uscd throughout In Chaptcr 3, we give several examples of

sl'!lligroll]l gmdcd rings. These examples wHl serve to illustrate some later results.

[11 CImpler " wc show how thc structure tllcory of scrnigroups can be used to

I.ackl{~ semigrouJl graded rings. The technique is illustrated by studying nil potency

{'ullIlitions uf tlw ,lnc01lson radical. We show that the Jacobson radical of a ring 1/

I-:Tallcl1 hy a finite scmigrollp is nilpotent provided that the same is true for each

component a,., where f' ranges over tbe set of idempotents of 8. We obtain a. similar

condition for the Jacobson r/l.c1ieal of a ring graded by a locally finite semigroup to

II{' lorn.lly nilpotent. The auxili/l.ty results proved in this chapter are used throughout

tilt, tllt'~i~.

'I'll{' rrlllaining chapters /l.tl' relatively independent.



The topic of Chapter 5 is the 11OlJlOl,:1.'lIl'ity of UIl' .1:\l·..,hsnn w,li,'al. In l'itrl.il'nl:,r,

we show that eancellativity is a necess:try condition 011 a st-mif;WUI' ...... iu "rokr Ihat

the Jacobson radical of all ...·.graded rings be hO\1lo!lcut'l'US, \V,· :Ils" dwr:,dnis<' th"s,­

commutative and regnlar scmigroups .... for whidl SOIlIt' l.uf;t' dllss,'s of ....... f;T1Uh-d rin~s

have homogeneous Jacobson r:tdic:al.

\!,ie study pcrfcd, scmilocal, and scm;prilllary rings in Chal'kr Ii. F"r a ril\~ /(

graded by a finite group, it is knowll that If is perred if ami <>lIly if "'I is IH'rf,',-L 1:.1.

We extend this result lu a ring If gra.ded hy a finite st'1l1igroHp."i t "htaitlill~ 1I1i' n'sult

that If is perfed if and only if Jr, is perf('cl for ('aeh i,lcmpnl"ut I "f ..... Atlal,,~,,"s

results are obtained for semilocal and sCllliprilllilry rings.

In Chapter 7, we study idcals alHl homogeneolls id,'als of :\ dass "f rill~s. tIlt'

contraded graded rings graded by elementary Rees III1,trix s<:lIIi~r""l's. '1·1"·s,, ri!l~s

are centralia the structure theory developed ill Clml'lt:r~. W,: slll'w tlII,t th"f<' is a

one-to-one correspondence between prime and ~ra,!e,l prime id,:als "r SUi'll riH~s, alltl

obtain necessary and sufficient conditions for these ri!l~s lo lw sl:ll1isillllll.: Artillillll,

Jacobson rings arc the subject of Chaptcr 8. We show t1,aL a rinp; 11 Jtrlul",1 loy a

finite semigroup is a Jacobson ring if /(, is Ii Jacobson rillJt for "ad. id':IlIJ>ht'~lIl '. W"

also apply graded results to deducc that a sClllisroup nlgehra satisryill~ a 1l"lynl>mi;<1

identity is a Jacobson ring provided that the selJli~ruup ,\lId 1I11 ils 11t1li1"III"rl'hi,:

images have finite rank. This gcnerali;lCs a n:sull ofCil"wr f"f <:"lJIJrllltativ'~s,:lIIiJ,wlUp
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alw~hras [:!4],

In Ch~."l('f 9, we gCllcralil;e n theorem of Zdmanov [74.]lhat a semigroup S lI\ust

1", li/lil" if lllf~ semigroup algebra "l"'J is right Artinian. The analogous statement

for J;ra(lf~fl riugs is lhat a ril;ht Arlinian semigroup graded ring has linite supporl.

AItIi()lIgll /lol true in general, we obtain two weaker (orms of this statement and as a

f~""S"'I'I"II"C, I1nd n. new proof for Zehnanov's theorem,

Villally, ill Chapter 10, we try to extend some of our earlier results to semigtoup

graded rillf{s wilh I1nite support, In the ahsence of certain types of principal fadors,

WI' nhtaill ,illliJar re~ll1ts for perfed rings and lhe nilpotence or the .Jacobson radical.



CUAPTEn. 1

Semigroups

In our investiglltions of semigroup graded rings "'., lIatufally rt'tluin' a ,:rt'al ,I,'al OI(

terminolol>Y ffom the theory o( lemigroulls and ""C mak,· I11I...h ",I,' ,,( II... ~Ir\ldur'·

theories of V<\rious c1alllell of ICmigroups.

This first chaptcr is an attcmpt to bring to~dli,-r lilt' J,a.~it- l1..rinili"l1~ atl,l ~l;II,'

the majC'! results that we will need frolll the Ulcory ot' S('lIligrollpll. Otlwr s1l1,~idiary

results and terminology will be introduced throughoul till: wurk as 1Il't-,J",1.

The reader who is familiar wilh seilligro\lp~ eau umit this t'll;\pt,'r, Ollr 1I011ali"lI

and terminology follows closely lhal of Clilforclall,1 Pr.~llIlIll!j1 fr"m Wllio'1l lII"st "f

the information conveyed in this chapler is tnkcll.

Those who are leu familiar with sc:migrollp, ",hfluM fillli ,:Y,'rylllill~ tllal lIlt'Y ",~·,I

to know in this chapter, While some nolions in scllligwull thl.."y ,INiY,' (rHm ~r"lll'

theory, semigroup theory in many ways resemhlca ring lIlcmy lII"re dosc·ly. ~~"'llIi1i;lr

concepts such as idempotent c1emenb, idcals, and r<''I;ularily nrc ,ldill,..1 fllr M'mi·

groups essentially u for rings.

In order to gel an intuitive feeling for sClIligrouJls, it is Ilsef,,1 t" Ili,·lllr.~ ;1 t;<'rni~r"llll

as a sea in which sorne groups float n..~ islands. 'I'bL'SC I;rouJls ,~ncli ""rlb.ill 11 S;II~1r:

idempotent, and eaeh idempotent dclcrmillCS II Wnllll. Grlllll's arisillJ.; (r"lll 1lislilld

idempolenls are disjoint, The structure theory dt:st:rilms hnw lll<~': i:;laruls "it ill

the sea. As will become apparent later. our procedure f,1t inYesli~aliJl~ !,r"[>I-rli,'" ,,r
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M~lllip;r<Jl]p grad(~{l rilll;s often involves transferring the problem from the whole ring

til .'UIHiligs graded Ily the subgroups of the semigroup. Knowing the structure theory

of Ncmil;fUups is crucial to thi~ t;l.sk,

1,1. SOllIe B<'Isic Definitions

A." Wi.'/I."'11 is a non-empty set S with an !l..Ssociative binary operation, We will

Il.,ually wrile tile operation by juxtaposition o( clements.

We begin Ily introducing II. (cw names for certain semigroup elements and some

daNses ofscllIigroulls.

1,1.1, I.d ..... be- fl.liemigrollp. An clement tI E ,"" is a ,.irlh' irlrlllif.lJ of.'i i(.," ;::;.' (or

nil .• ( ....... W" call similluly define I,jl idf'/Ifi/y and II is illl ii/rlilily of S i(it is botla a

left ami right i(lcntily. A semigroup ..... may have multiple right or left identities, but

if it Iins II tight identity and a left identity, they must necessarily coincide and in this

('liNe ..... has n unique identity.

Ld ,.... ll{~ a scmigrollp with Ill] iden~ity 1. Then u is a ";ghl l/11il of S if there is a

l' such UlIl.t Ill' ;::; I. In n similar wny, we can define "f! IIl1il and u is a Ill/if if it is

I>oth n left and a right unit. We write lI(,""') for the set of units of 50',

A ~l'l1lil>rol1l' with an i{lentity clement is called a 1II"'lOid. If we further require ~hat

l'very dl'ml'nt of ~he scmigrollp be a unit, then the semigroup is simply a !I"O'//I.

I( ..... i~ a monoid t1l<'n 11( ..... ) is a group.



1.1. SOME HASIC Og~'INITIONS

1.1.2, An demenl : E .... iJ a ,.iN'" : or ... if ,~; .. : for 1111 .~ ..: .... Si11lilllrlr. \\'"

can define Irfl .:r", and .: is I. :1'1'" of if il is i'\ h,n lIud rif(ht Z"T".•\5 fur i,I'11Iity

elements, .... can haYe fuu\liplt' left or righl 1A:ros. bul ir S hill a I.-ft ;lIul ;'l Ti~1d ~'r",

then they toincide lnd in rad S has a uni'lul' ze-ro C·~'lIl"'ll.

US has a :tetO element, it will usually b., ,tenol,..l n.

A 111111 semigroup is one in which the IltOllncl or Any tWlI ..t'·llll'nb is 11... :f.,'m

element 0, (So a null scmigtoup m\l~l have a ~cro,l

A fi,llhl ;flV! semigroup is one in which evcry .klllcnl i~ II ri1-\hl :f.,'ro. Sildl :t

semigroup utislles Iy = H fOT nil J amlN, 1I1lti i'\lIy ~d ClUl Ill: madc' inll> a ri,L;lll :f.,'r"

l>c:mil:roup by defining the product that way. Simitllrly, n. 'ff! :,m l'wmiJ!,rulII' ,ali"l;,·"

the identity ry = r.

1.1.3. If S is a 5emigroup .ithoul an identity, we n.n adjoin flnt' "imply lIy;l.lltliuJ:,

a. nMI' clement 1 and extending the lIIultipliclltion loy c1cfinin,; I... .~I ._ r"r "II

." E SU {I}. We denote thili new semigroup 11Y ..... 1. If.'i haJI an ill"lIlity ;t1ro';uly, lI"'1I

'" ~ Isree that ,...·1 = S.

In lL iiimilar way, we can always adjoin a zero clement (J, nnrl WI~ writ" .....'. ,'i'llfl!

fOT this new semigroup.

Although adjoining zeros /lnd idcntities in litis way iN en~y, il 1rHll" "lit tl1111 lui·

joining a.n identity il often n01 useful in our inves1iga1ion 'I[ ~cmi~r"lll' ,.;nul,:d riu~~.

Out approath relies on the drllcllUC theory of SCJJli,;tt'llP~ /Lud illv,,!vr:ll fI'.! m:li'I/IN t"



1.1. SOME BASIC DEFINJTIONS

sulJsl,rlliK"lllpS a.nd these snbsernigroups will not h1Lve identities in general On the

"ther IllLnll, adjoining a zero is harmless and often simplifies arguments. This wiD

h"mllu: dearer as we proceed.

I.J.1. The classes of left ami right zero semigroups defined above are eXll.mples of

dasses "fsclIligrOllps defined by requiring lhe semigroup to satisfy certain monomial

id"nti tic~.

Th~, lIIost importllnt cll"ampicorslich a d;u;s is the dassofsemigrollps whieh sa.tisfy

the identity .I'!1 = .'/.1'; this is the class of rMIIIlIKI,,'ivr .,Cl/li.IJIYJII/'S. Note that we

will continuc to usc multiplicative (rather than additive) notation for commutath'e

s"lIlij.!;rOlljlS.

1.1..'".. An demenl ,. E S which satisfies I: = ('~ is called an idrlll/IOI('III. We writc

II'(S) for Ule sel of idempotent dements of a scmigroup ,~'. The set E(S) can be

jlMliil1ly orderetl hy (. :$ f if and only jf f:j =fro =r.,

Ascmigroup in which e\'Cry element is idempotent is caDed a btHul. A commutative

haml is railed a .,,,,,,iff/f/it'f. Note that 'if we give a semilaUiee ,c,' the partial ordering

~iv('11 aLovc ami define Ihe infimum of two elemenls of .'i to be their product then

this ddillitioll agrt'C~ with the uSlIll.1 definition of a semila.lIice.

1,1.1>. An clement rt E :.,'is n'!lldlU'if there is an.r E S such tha.lll = ({.t'll. Elements

or and" an' ill""/'.'f,< if" =' 11/'" and /,= /lIlb.
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A "91l[or ~migroup is one in whicli every dcment is rCt;ul;\.f. All ;11,., ,-,.. S\·mir.wlll'

is onein which every element bas a Iiniquc inYCf'l{'. Nok that unilju,·n,osst,f1l... inv,·r".·

is importa.nt here. Indeed II. regular demcnt "of a k'migroul' aht'a)'~ 11.LS "t \'-"51 "II<'

invene; if tI = rlJ11 then ., a.nd .r,u are c:uily SN'n tt> hi' invl'rs•.". TIlt' r"ll"win~

alternative chara.cterillt.tion of invetSC semigroups i~ on"1] n~t·rlll: ... is ;oll\ illVt'rs,·

semigroup ifand only if ..... is regular :md 1'1 = ft' for all id"1IIJ10Lt'uls '. J' f·:( .... }.

1.1.7. Let" I\nd /I be subscls of it scmigrOlllJ .... w.~ "hull write ..III f"r til<' I'd

ofproducls{lIf'!I,EA,hellj. If one of tlll'sC schis nllillglcloll,lIay 1/ 1"1 w,'

simply write lIb for the set All.

1.2. Subscluigrollps and SlIlIgrolllls

1.2.1. A 1i./).~rllliJrouIJ T of II. sClnigroup S is a non,clllpty 51l11l'I'L wl,irlt is dUI'.·,1

under multiplication. A "'I/£mol/oid is a subsclr1igroup which ha..' an i,lcntity "],·m.."t.

A J<ltbgroll' G of S is a subsemigroup which is :\ group. Nllt'l 1I,,,t lIlt'i.I,·nlily "f

C need not be the identity of ..,. (indeed S need not hil.ve an illcntity); il .:.t.n lK' ;.IlY

idempotent element of 8.

1.2.2. Lei I; e B(S) be an idempotent. Then / ..,', = (, .~, I.' r., Sf i~.~ ~ullltt"Ufli,1

of S. Note tha.t I;,';': = {:r e ..... 1 ",r. = :1'" =.r.}. tile ~cl of d'~IH.~ltt~ "r S f"r whidt

e is an identity element. Let /Ie =U(r:."'/:), the group or llllit~ or tlte m.,n"itl ,' ..... ,..

Then ll~ is a subgroup of ..... and it is the largest sllbgtoup ror whiclt, is lilt: itl,:ntity
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d",w:nt. SlI<:h sulJgroup:l ar<: cAlled the IIl1lcri"",/ subsroups of ."'. Since f. is the unique

idelllpotent dement of II. ,tberc is a onc·lo-onc correspondence between idempotents

allll l!Iilxilllal sllhl;r(Jllps. Di~tinet Illll.ximr.! subgroups arc disjoint.

J.:.!.:~. Jr II is Il nun-empty subset of n semigroup ,(,,', we write (/1) fur the sub-

~':lIIil;ronp gencr1l.lcd by A. If il is finite, say II = {I/hf/~, ."n,,}, we often write

h,<I~.. "''') instead of (il).

A st:migrOllJ) S i~ ,'!/,"li,' ir s = (1') for some ~. E S. An element l' of a semigroup

S is II IIII';mlil' "{nlH'lIl if (I') is finite, A finite cyclic semigrOllp always contains an

itl<:IIIIl"knt.

A scmil;wlIp is II II/.,.im",' sf'mi.'"YIIIII ir every cyclic subsemigroup is finite. A semi-

IW'llll is ,,,,Y,lIy ji"U/· if every finitely generated subsemigroup is finite. Clearly, a

Im:ally finite semigroup is periodic.

1.:t Homomorphisms, Congruences and Ideals

A h"III"""J'·llhi.~1/I of scmigl'OuJls is a function .r: ,.,' ..... T from a semigroup S' to II

~t'liliGroup'" such that I(1'.'Il == f(l')f(.'/) ror all ,r,!J E S.

In \'ol1si(ll~riIlS homomorphic images or scmigroups, congruences rulfiJl the role

play\,d hy no~p' :1 sllbgrollps in the theory or groups. More precisely, the analogue

"r nlllgru"lIrc in the tht:Qry of groups is the e<[uivalcncc relation that is defined by

Ih\' '°"l'l'Ls or a lIomml subgronp. In another direction, there is also a notion of an
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ide1\1 of 1\ sellligrollp, analogous to the sitllation in rin~ lh"or)·. and 111l'1I "f a 'lunCi,'ul

semigroup which is a homomorPhic image of thl' origillal sl·l\1i/1;wlll'. As 11",' shall S'·'·.

an ideal is really a special case of a congrnenCl'.

1.3.1. An equivalence relation I' on a Sl'l\ligroup S is a /"iyhl .... u,1I'1l< un if .1' I' .'1

implies .1'= P,II= {or all ./".H. =E ·. We (Iefine I,f' ,'nlly""""" similarl)·. A ''''''!In" IOn

is nn equivalence relation I' on which is b"lIl ~l 1.,£1 "lid 1\ ri~bl '·"U,l1;r",·nn·.

Since it is a relation, we may regn.rcl It congT1lCIH'e I' as a suhst'l lOr ...... S. This

leads to a natural partial ordering of congruences aile! lhey forlU 1< lattic,' IIl1d"r lhiH

partial ordering. In particular, the llleet uf allY family or eOn~rll<'lI"''S is Hilllilly t.llO'ir

int.:rsection (considered as subsets of ..... x S): thili is easily lif','!l t" 1)(' a ",,"~rll"lI"",

If S is a group with identity (' and (' is a COIl~ruClLC" Illi ..... , it iH IIHt dillklilt t .. H,'"

that the "...class of f is a norlllal subgroup N, flllil thal UIt, utlin IH:lOlssI's ~Lrc·lIll'

cosets of N. In this case, the oon~ruellce is completely rll,I.:rrllilll'<II,y HI" "la"" ,,[,

More general sernigroups do nol exhibil this bchl<viollr. "~v"n if a H('l1Ii~rnllp ..... h'ls

an identity, the class of the idenlity may nol completely ,[d,:rlllilw !I ""lI~'U'·'I"'·. I·'"r

example, if ...,. is a semigroup withoul an identity, thell lUIY ,:"n~rtlt'n,·,· Oll S ";'11 I...

extended to a congruence on Sf by simply cn:atinl; n lIew dass l:<'J1lJlillill~ "Illy llw

identily.

1.3.2. Wrile .c,'1f! for the sel of equiva.lence cll~sses n[ lIle Oltll;rll':JIl:I: f'. W.: rd", t.,

S/ fl as the qtwfirlll of the semigroup .'i hy the cnOl;rllen<:e f'. Writ<:" f',r /H:];lHH "f .~.



1.3. 1l0MOMOlU'IIISMS, CONGRUENCES AND IDEALS

Tlu~1I :..../" is a sl:miJ.;rollp wilh opcration ;; i. =;/, and lhe map 'lr p : ,.,' -0 ....·1 (I, .< H .~

Conversely, if ,f,: ..... --. H' is a homomorphism of semigroups, define a relation (I by

ff'.'lifanrl only if'j,{J:) = 1{'J}, ThenI' is a congruence and t!Jinduces 6: .<"1(1 -t S',

... ,-, 'H.-) solliat ,I, = '~Jr". Tile congruence (I is called the ktT'HI of ¢.

If Wt~ put T = ,M ..... ), then J: SIr' ..... .,. is an isomorphism and lhe laltice of

"'lIIgrlll~l1rcs of.,. is isomorphic in the obvious way to the sublattice of congrucnces of

...... whidl '~olltain I'.

1.:t:l. .Just as in group theory, semigroups can be spccified by generators and rela·

linns. TIl" Ill' ''''//Ii!flllllfJ on a non-empty set X, denoted Fx, is the set of words in

tilt' all'hahcl S with llIultiplication by concatenation of words. We writc F} for tllC

s"migroup :Fl' with an identity adjoincd; the idenlity can be represented as the cmpty

word. Wc c;,11 F.t: the In'f' 1I1f1ll";'! on X. Givcn a set X and a set 11' of relations

of the form "'1 = II'~ where 1111 and 11"1 are words in the alphabet X, the semigroup

gClIcralet! by S with relations IF is the quotient of F.\· by the smallest congruence on

E.\' whirh contains the relations in IF. Similarly we can define the monoid generated

hy .\" with relations II" (here IF mn.y include relations of the form III = 1 for some

worll w) as a suitable quotient of F.~..

l.a.·1. Ll'l I bl' a. non-empty subset of a semigroup .,.... Then I is a 1';!lill ii/nil of .<'"

if J',' t: 1 for n.1l " E S and ,I' E I, 1.111 idflll is defined similarly, and 1 is an idrf/I of
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...,. ifit is a left and right ideal of S.

If ."" has fI. zero clement n, thell Illi i~ alwny~ all i,knl uf .".

If II" I n E ..1\ is n family of itlenl~ of a ~"lI1iV;r(Jllp ."" th"11 U I" ;111l1 Ill.. aT< al""

ideals of ..... , the latter provid"d that it i~ nOIH~I1l]1ly. TIll' Sf. lilt' i" Irllt' f(Or r"1I\ili,,, <If

right or left ideals.

If (/ E H then the righl ideal generated by" i" IIcllol.'·,III,...·I; "I";uly ".,,'1 Ii"" I '1,,1

Similarly, the left ideal generated by" is clenoted .0..: 1,1. 'I'll,· i,],-I\l ~"Iwr:lktl loy " i"

,'.'lfl.~·l = ."·"SUSrJU",'iu {II},

1.3.5. For a non-empty sllhscl I of S. deline ao 1:llllivall'l1l''' r,.[lIti'lll 1'1 hy ,f/'I!/ if

and only if.r =1/ or both .1",.'/ E I. If I is an iflcal tllt:11 1'1 i~ a ,·"nv;rUl'II<"I'. Silllilarly.

if I is alert or right ideal, then /'1 is alefl or rigl,Ll·ollj.\rlll']"-",

For an ideal I of .<.,', write ,""1 I for the scrnil;rollp SI"I. '1'1", s,:lIIij.\roul' SI f i~ "all,-d

a lin .• ff/I'IOI' of S. If we identify the clemellts of S \ I willi thl~ 1'"r~I'hI","dilll: 1'/'

classes, then thee1emenh of SII arejllst {.r! ,j' E S\ 111){/" al,,11 is a1N",·I" ......,t

of Sf I. Intuitively, when we pass from S to SI /, we have id,:ntili,~d all till" (·I"III'·1l1s

of I with zero. Note in particular that the non·zero idc1I1p"tcnLs or SI/ 'Ir,- jllsl till'

idempotents of 8 which are elcmcnls of S \ I.

A5 a sp~cial case, it is convenient to ;"gn.-c ~hat ...../f/! ~~ ..... (~V'~lI 111'Jlll;li \I i:- ""t "II

ideal.

There i5 a latlice isomorphism between the irleals f,r s ~"ntlLi!li"j.\ / "lUltl,,' id,~;ds
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fJf .....·/f. Standard iSfJmnrpllisJil theorems apply, If I C ./ nrc id~als of .... then .//1 is

«u idcal of ....'/J alll! ( ..../ J)/(.I / f) ~ :'''/.1. If 'J' is a subscmigroup of .... and J is an id~1\1

(,f .... which intersects '1', then 'J'n J is an ideal of'I' and T/('I'n I) == (TU J)/I.

I.:i.fl. Lct .... Iu· n sClIli,;roulJ with a ?ocm I\nd let /·1;, I I' E .'\} be II. family of sulJsets

of ..... W"say lind'" is a O.'{i.";"i/ll /I/lim! oCthe family ifT::: U "I:. and ·1:.n"l:i::: {O}
"EA

SIlPI)rJlil~ that l,...·" I " l: :1} arc subsemigroups of S and that ....' ::: ,,~A ...." is a

n.,lisjoint unioll. Suppose also that for <1 oj ,~, ,t..." ....,,::: {ll}. Then each ...." is an ideal

of ..... and we say that ..... b a ()·dind I!/li"/I of the scmigrollils ,("',,.

1.:1.7. Wc will n~{luin~ thc following simple observation about the unit group of [)

I)(~rillili l: 111 (,noid.

LE~l.\l,\ (IrIS, LC11lma 4.12]). 1.11 .... III /1 /" riodil' wmwirl 111111111 (I = U( .... ) hI' Iii,

9/'11/11' ,,/ I",il,~ ,,! :..... IJ F oj ..... II" I! ...; \ F i.~ IItI i'/,,!I 0/ ....

1'lIon .... Snppose that .r.!! E ....· allll r!! is a unit. Then there is a : S11Ch that

.r!F I. Sinn' ..... is pcriodic, there is an 1/ such that (,I}:)" ::: / is an idempotent.

Thl'U I ::: .I'''(!/:)''::: .r"/· <loud therefore I ::: r"f'~::: .r"r = 1. Hence, 1 = .1'''/ = f"

lIml .r is a unit So if.r t.:: ..... \ I ,!l,cn f.ll E ..... \ 1'. Similarly, ,/I.r E ..... \ If and I,hercforc,

....·\/'isauid.·;ll. 0
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IA. Simple .mll O-Sillll:l(' St'llli~rllllps

The ba..sic buildins blocks of the: strucluw Ih...'ry "f _<'lIIi~r,,"p~ art· lilt" ~i"ll'k

and O-silnplc sCllligroups. If Olle: were 10 ('xt('lId till' .I,'fillilinn "r ~il11pl., ~r"lIl' I..

semigroups, ~hen it wonlll be 1I;\lllral 10 rL'fI"irt, Ulnt n ~illllllt· lit'mi!:nllll' II~IV" n..

non-trivial congruence., On the other IIM,d, mimickillg rill~ Uwtlry, om' tI1i~111 liS<'

the weaker definition that a simple 5emigrOllJl have llU prop"r i,I,·aIN. ThiN N"n>lttl

approach is the one taken in ~ernigrollll theory. It Iln~ the ,Imwl,;!<'k Ilmt j;iu'1,I"

sernigroups may hnve non·trivial homomorphic illlil~cj;, hill IIt'v"rlh"It'NN f<'NllllN ill II

nice slrudure theory.

1.'1.1. Let .... be a semigroup. We say thai .... i~ a .~i""" • .• , ",iy,m'l' ifit ha.~ "" i,I,·;,IN

other than S itsclr.

This definition is not very interef;ting ir .... lulS a ~l'1't, d"III""t 0, r"r ill Umt ........ '

IO) is alway. an ideaJ or ..... So we say lhat 1\ liCllliSrtllll' S wilh R IM:r" i_ l\ fJ..~II/II,I.

""m;gm"/I ir ....~, = Sand .... hili no ideals other tlll\n Sand 1/11. TIll' ....... /iti, ...

s., = S make. the theory c1ealler and exclUflcs only un.: ~t:lIliJ;rn"l', lilt, 1.11 ,'1"11",,,1

null semigroup.

In an entirely analogous manner, we can define ,.i!lhl "';"'/'" ... ",i!lI1I1'I'. ,.i!l'd /I.

.,im/l" .~rl/!i.fJI"fHl/J and the corresponding ver~i'lII~ f"f I.:rt i,l"ab. Oron' ill;aill, w"

exclude the lwo-e1ement null seruigroup, These art: slrtlllJ.;(:r C'JIIclilifJlIs.

Note lhat if ..... does nol have II. zero and H is ~iIllJlIt:, tllt:1I ,..... , ij; lI.silllpk ThiN n",:uls
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llillt auy rt~slllls :,hQut f)·simple semigroup5 can be easily applied to simple semigroups.

For this rcaSOIl, we WilluSIHl.lly restrict our attention to O-simple semigroups.

Let 0" he a (J ••~illlplc scmigroup. H fI is a non-zero clement of .r.,' then the principal

id'~11.1 SIII.,,;1 is non-zcro so we must IHWC 0"1" •..,'1 = S. In fact it is not difficult to show

tll ...t SuS = S. !:iillcc a 1101l-zero ideal always ,·,:mta.ins principal ideals, the condition

llHl.l S'" ,0.,'1",..,<1 for allu # 0 characterises O-simple semigroups.

1.'1.2. Let S lw a scmigroup with a zero. An ideal M of .... is a (}-mil/illl/l! ii/all if

th"r.. are 110 non· zero ideals of S properly contained in M. We will need the following

fad 011 occasion: if ill is a zcro minimal ideal of S, lhen considercd as a scmigroup,

,\/ is ('itll(~r IIlIIl or O-simple.

Similarly, if til is 11. Illluimal idcal of S, then SIM contains no non-zero proper

ill"nls nnd th"'rdore, either SIM is f).simple, or 81M is a two-clement null scmigroup.

1.-1.:1. Let S he 11. scmigroup. Define an equivalence rela.lion :J on 8 by J' J II if

and olily if ....<I.,.SI = SllISI. Note that:J is not 11. congruence in general. \Vritc 3(1/)

for till' J-dass of S containing ".

Ld S he a scmigroup and adjoin a zcro to it if it docs not already have one.

Considcr a principal illeal Sl(/SI of .":, with 11 -1= O. For convenience, let ,/" = 8 1,,8 1•

I,d I"~ = 1.1' E .I" I .Ir ~ .I,,}, the set of elements of ./" which do not generate ,/" as an

il1('al. H is I~asy to sec that '" is an ideal of S. Since each element of J" \ '" = :J(lI)

~('nt'rat(·s .1., M an idcal there can he no ideal of .c,' strictly between '. and .J". Hence
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.I~/I. is a G-minimal idt'al of S!I~ and so is <'ilhl'r tI.,imIIK· ror nllli. {U WI' ,I.. n"l

usume that .... has a zero, thC'11 ,~ lIIay h(' elllll\Y in whit-I. ,·:tlle' .J.• / (. i~ simpl,' r"t\,..r

than O-simple.) The quotient .I~/I~ is called a /,rilld/",I Iud,,,. "f .".

1.4.4. Let,c; be tL semigrroup with II. zero. A 'hidly ,1{"("rt:n5ill~ 5,·ri.",

is II. /JI'illf'i/ml .~",·ir.~ if each ....i i~ an ideal of .'i allt! tlwn' lIn' nn ill"als "f ." sl,ri.-lly

between ""i and Si+I'

Each fador .':i/ ....·;+I of a principal series is a O-lI1illimaJ id..:.1 ,,{ ...·/...'.1' ane! i~

therefore null or O-simple.

Note tha.t our definition of principal scrieli diITcu sligllily bUill tll:,t tlf IIr,l. Our

series ends with the zero ideAl raUler than the ('milly st·t. Of "mH'S", lhis r<"lilri"lJ; tim

definition to semigrollps willi ~ros, 50 we will alway. tulj'li" a z,:r<. hd"rt· ",,"si,I.·till~

principal series.

IT S has a principal series as above then tlte 'Iuotiellt....../..... 1. ar.: iSIllll"rpl.i,: ill

some order to the non-1:cro principAl factors of ..... III til': n"lali'lII ftf !jlA.:I, S./....'I.

is isomorphic to ,J~/I~ where 1/ is any clement of H, \ ,....,. I'

Finite semigroups always have principal series.

1.1.5. The bit'urli," iil'miym"ll C(p,ql is the mOrl(,itll;encmt,:d Ily II','I! witl. tIll'

single relation WI = 1. This semigrouJl plays an illlJl"rlnnt r'll.: ill tl." tllt:<,ry "f
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[j.siml'l,: scmi.l;ruups; scc !il.'l.6.

Th" d"I"'~lIls of C(I'.'il arc 11./1 word~ of the form 1f"1"" for 1'1,11 ::= 0 (with the

umkrstItJl(!ifl,l; 11" ,/'."3 J). These words are multiplied as follows:

if III::; k,

if 11/ ::= ~'.

It, is apJlarl~J1t thal C(/"'I) is simpl!', for if '1"/,'" is an e1emenl of C(/"f/), then

1 1'"('1''/'''')''''' and so ..... ',1"/"" ... ' = ......

It is lISt-{lIl to Ilicturc somc further properties or C(/l. ,/) by arranging the elements

ill a tahle:

1

"
/'~ ,':1 IiI

" III' 'll
il '!IiI Illil

'/ '//1 '1'll'l 'lJ':1 '/J,I

,':1 ,i'I' 'ilJ!~ ,i'l''' '/"1',1

'll ,{'I' ,{'IiI ,{I,il ,{'I'"

'I'lli'll tilt' dements below any horizonlalline drawn through this table form a right

ilkal allil the d"uJ('uls to the right of any vertical line form a left ideal. Further, the

1'],-l1lt'U!S "n the diagonal are all i{lempotents and the ordering defined in §l.l.."i is

I ..... 'II' -, '/~/'~ > ,/,I,il > .

If ..... is a sClIIigrollp with elemenls I',/i.,t' satisfying (,/,' = ,1',' = I,', ('1/ = '1'(' = 'I',
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and IIi{ = I, then it is ckar that the' snllk-lIIiF,wup (,/.'1') i~ a h,'m"m"TI,I.i,· im~~,'

of C{P,'/) under the map /, .... JI. 'f .... 1. Jx-,.·:lI1lIt' II"...• r,-lati"ns an' "udly Ih.'S<·

satisfied by the bicyclic st'nligroup. H furth"T. "l I,. 111t'1l thi~ hnlll"lII"rl'hislII is

actually an isomorphism.

1.4.6. A semigroup ... is a n""/,I,-I"if, 1!·.~j"'I'" ", ",i9n'II/' if il i~ (I'Jiml,I.· :1I1t1 iL

contains a l,rimilil'I' it/fIllW,I..,,', thaI i~ n minimal non·1~·fIt i.lt·IllI'"I'·lIt wilh r.'lOp....·\

to thepartilll ordering given in !i J. 1.5.

In fact, if S is completely O.simple, it tllrn~ ont that "v,'ry (lUIH"r" i'!o'1lI1',,1l'1l1 is

primitive. Complelely O.simple 5emigrolll's nn~ rt·f;ulnr.

In Sec:lion LS, we shall give a slructure thcon:1Il fur ....IIlIlI,·I,·l)· (I•• illlpl.. s'·11Ii~r"1I1IN.

Ooee this structure is known, it is rathc!T cuy ltl IlfltVl' mallY lliill~s al,nul tll,'SI'

semigroupli.

Since these semi~roups are relatively easily hantllt.'t:l, it is "r Stolll" inlt·n...1 I.. hnw

when a O-simple semigroup is completely O.s.imple. We stdl' Iwn T1'!illll'l "r 1I1i~ ,..,rl.

1.4.7. The Iirs~ TC$ull teUs us something aholll a.sillll'l,! s"mi~mul's whirh M" ""I

completelya.simple.

TIIEOIIEM ([15, Theorem 2.54]). '.,IS III II fJ·.~im/", '" wi!/"'''I' ~'''i''', ,,~ 11,,1 ,'fI""

pll"lf'/y (}-.~iIllIJlr. If r: i.• II IHllI':' '" ;rI, mimi, "I ,,/ S I/IP,,' i.• II" irl, IIli/!! 01, ,,,,,,1 "{,,
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'J'hiH te~lIlt is less wlcrul tI,an at !lrd it might appear, for there are dn.sses of

/I.simple SCllligroUJlS which contain no non·zero idempotenh.

IA.S. II s('migrollp .,.; is a .~'mll!ll.'l JI"-n'.'lldlll" MtuiY/1/11/1 if for every r. E .<"', there is

iltl /I sud! Uml .r" is contained in some subgroup of S.

TIII':OIlI':M (1J5, 'rl,eorclIl 2.55)). I,ll .'" b,'" ()-,~imJ!1r ."·lIIi!/'YJl/I'. "I'l,,.,, S i., mUl­

1,1"''''." 1/•.,;",,,1,. if /lilt! (JIII.'1 if.'i ;.~ Sl'flll.qly If-n.'I,,I,,,..

Il is ('lilly lo sec lhat periodic semigroups (and hence finite or locally finite semi·

~rollpS) IIrt' slrongly JI"-regulnr, so in many siluations, this theorem will allow us lo

aSSlIllW lhnt O-simplc scmigrollps arc completely O-simple.

1.5. Rccs Mntdx Scmigroups

!tN'S lIHl.lri;p;: sCllligroups arc of fundamental imporlance because all completely O·

sill1111c sCl11igronps are of this type (see Theorem 1.5.2 below). They have l\ very

rigid struclurl' which makes it relatively easy to prove statements IIbout complelely

(I-silnplcsl'migroups.

I.r., L Let (: bl' a grOllp. Recall thal (,11 is the semigroup obtained by adjoining a

1.,'ro ('1t'lIll'l\t (/ to (,'. Let f and II be indexing sets, arId let I' be a II x f matrix with

,'ntril's fwm (,on.
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For .'/ E (,~', i E I, and ,\ E A, wrile L',),I for lll(~ I "A malrix wilh (i,,\)-'·lltrY.'1

and all other enlries O. For all; and .\, (0)'1 is til(' 1,cro matrix; w.' writ<· ll"s matrix

Lel9JtU
((,'; I.A; I') be lhe sel whose clements arl' all SUfI! {llh alltl ,1.'liI" a llll1lti·

plication on this sel by

tlu= tlol'oll

where ,·I.IJ E 9.11<1((,'; {,A; I') nnli '0' denoles ordinary llmhillli"alion of 1IIalri,·"s.

Nole thal this llIultiplication makes SI~lIse ami give!; illl I '< II l11illrilt with ;,t mosl

one non-zero enlry because II and Ii nrc such lllntrircs. 'l'I,is olwralion is ass< ...il~liv,'

since ordinary matrix multiplication is associa.live, Sll 9)1"(U; I.A; I') "wl"w,·,1 wit]'

this operation is II. scmigroup. We cr,ll 9R"((,'; I. A; I') a Htl.~ WIIll"i.l .'·,wi.'/1''''I'. TIll'

malrix "is called the MUlIIII'id, IIIIIll'i.l.

AUernntively, we can take the clemenls (fil,.1 a~ formal symlll':s lIud ddin" IIIHlti·

plication by

where I' is the matrix with (.\,i).entry 1'.1, and the product .'11'.1," is takt:n ill f:'. 1l

is easy to see that this definition is e1luivl.lent to lbe '>!Ie I;iven "hove.

Sometimes when the indexing sels 1 and A arc 6l1ite, we will writ.: 9)1"((,',m, II; I');

in this case the indices arc 1 :S i::; III and 1 :::,\::: /I
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J .ro.:!. Our illl(~n~sl in lhesc scmil;T<mps stems from the rollowing resull. The sand-

widl IIl'l.lrix f' is I'Iylllfll' if it has non-zero entries in every row and column.

TlIEClIH:M (II.'), Theorem 3..')]). A .~I'l/Iiym"11 i.~ {'{JlII/dr/rly f)-.~illl/Jir if (wd ouly if

flwl ..i. f'.

I.fl.:l. w(~ illlrOl!llce some further notalion for Rees matrix scmigroups. Let S' ""

!lJl'l((,'; f. A; I'). Por i E I amI .\ E A, let

....·,.1 = {(Y)il I!I E (,.l},

·...·,·""'U .......I •
.IEA

amI ""'.,1 "" U·...·,.I.
iEt

The following properties follow easily from the explicit (orm of the multiplication

givt'ualJovl'.

(i) ..III .1'"/1'111 (!I),I '# () i.~ idrlll/w/flli if 1/1/(1 (JIlly if 1'.li:f:. 0 l1/1d.IJ "" /!.Ii- I.

(ii) lJi.~/ill'" idol/lNllrlllH nll/lIl11ll,' /lilly If Il!ril' pmdlld i.~ :::rro. Ifn'f" rlWI'y /11111-

;,/\,jd"III,,,,I,"li"'I,,.;mili"f.

(iii) Fill'/' .~d .....,1 i,~ II .~lIb.~(l/Ifrll~11I11 11/ ...... /f 1I.li "" 0 Ihrn il i8 (/ 111/11 ,.'rllliHIYHIII:
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{OJ) llIl Ill/II/(" IIwJilllll/slIb!lmIlI'SI'/.'·:.

(iv) 1:'1/("1I "'r! ....;. i.~ /1 l'iyhl iI/ml ,,/ .... Iwd .'" i.• 1/11 I/.di.•j"i,,' IlIli"" "/1/1< Jilllllly

.'i j •• i E I. Simifllrly. rIlI·1I ....... \ ;.~ II 1,/1 i.lnrl "J ...... (Iud S i.• Ihl (I.oIi.•j"iul lIlli""

oj 1"1' Jllwily "J ,,',/l.1l If/l id",l.•.

8illlilll/'/y, ."'•.1 i.~ Ihl' (J-di.~.i"i,,' Iwi"u IIJ /·i.',hI ;d"rI.~ S,I. I 0: I.

(vi) F(I" i,j E 1 IIml '\,1' E A. /1'1" htll'! ......,\ ......J" ~~ ....",. ','/11'/1" .. IJ ·....·" ...... 11' I 1111.

1/"." (S;, \ {O})(S,,, \ {Ii}l = (S;" \ llil),

(vii) '/ S' i.~ Jillifrly !I"I/l'I'fIlfll. 1/"'/1 , ,""/ A ilIV' jillil,·. ("!/I.~' 'I'" 1I1/!/....... i., l,wl/ll"

}iI/iii i/(: i.• (,JI'Ully}iIli/I.

1.5.4.. A Rces matrix semigrolljl of the forlll ~1)I"( I i I. A; I') wh,'''' I i~ LIll' trivial

group is called an d"/11ll1lllry UII ... IIIIIIriJ SI ",i!lm/ll" UklIrly t111~t~ serni~r"lIl's ImvO'

only trivial subgroups.

1.5.5. Lel .". = 9JtJ(Ui I, Ai I'l and lel 'i': r,' -, If he IL grollp h"lliomurphislIJ. Jr

we define ';'(0) = 0, then t/J hecomes n. ~elTligtollp homomurphism 'i,; (,''' ,/I". As

before, denote the ('\,i)-entry of I' by 11.1,. Let I" he lhe fI / 1 matrix willi (.\, i)"~lIlry

IJ~I; = 6(/1.\,). Then Q induces a semigroup homolTlorJlIIi~lIl

<lJ:9Jl'V:j/,lIj/') ....... 9J1<J(lIi / ,II;I"J
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In parti<:ular, tile trivial homomorphism (; -+ I induces a homomorphism of n

1l1~I'S matrix scmigwuJI !lll"((:; /. A; I') onlo an e1emenlary Rces matrix semigroup

!lJI"( I; /, Aj /"). The kernel of lhis homomorphism is lhe rdation p given by

(.'/)..\ (' (!ILl' if and only if (/ = II = 0 or (i,,\) = (j.'I).

l.rdl. Two other da~scs of Recs matrix semigroups will be of particular int~rcst.

The first is lit,: class of completely O.simplc inverse semigroups. Il is not difficult

to Sl'" lhat the requirement lhat iacmpotents commute (see !il.1.6) means that the

salldwidl matrix of a Rces matrix presentation of such a semigroup must have exactly

orw lIUIHWro entry in each row anti column. III fact, up to isomorphism these are the

S"llligrolills of the form 9JI"«(;j /. Ij 6.) where 6. is the / x I identity matrix.

INt :1 and 11 be arbitrary sets and define an operation on the product ,.\ x IJ by

(,11.1'1 )('12' II!) = (u\.I..!). This forllls a semigroup in which every element is idempo-

kill. Such II M'H1igroup is callt-d a 1l1·/tllI!I"II'·/lIIl1d. If .....e adjoin a zero, the resulting

S"llli/:rOIlP is isomorphic to the elementary Rees matrix semigroup 9JIO(lj /1.1J; I')

\\'Ill'f(' /' is n 1/ " :\ matrix ill which every entry is 1.
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1.6, COllllllntat.iw· SCllligrollps

There is a nice decomposition theorem for ('oml'l\Ita\.iv\~ ~,'mi~r"ll[J~ whidl rail

often be applied usefully in the durly of rings gralLctl by W1l1i1lUt1l1iVl' ~,'migr""Il~.

We present this theory in this section.

1.6.1. Let S hc a semigrollp (not necessarily ('OIllllllltal,;w) lIu,lld ':0 1... II h"ulI'·

morphism of 5' onto a semilaUicc r. loor, E r, Id ....·, =- ~\-1(1).

Note that the sets .....~ and S,f arc disjoint if l' f. it and that ...; ,YI ....'j.

If .r.,y E .'-t', then (1(.,'.11) = 1>{.rh~!I) = II :=", so .r.'l (S.,. [ll'II"" ";,,,11 sel ..... ,

subsemigroup of S. If J' E ....·., ami .II E ....." for some "iJ r: I' tlll'lI ,{,(.r.'l) ,/,(.r)':{111

-yd so that .r.ll E -"),.,.

In this way, S is n disjoint union of suhscmigroups .....~ ill,lex,·.l loy a :<"Illiialtj,·.. I'

such that '...'......·iI ~ /";.. If for nil 1,/1 E r. Such a dec<)m[Jn~iti()ll;s ,:a[h~.1 a '~'lI!d"lIi,.,

rl'f·(JIIIJI(J.~ili(t11 of H.

Let f' be the kernel of the homomorphism "~. Theil .....It, S" I' s" that I' satisli ..s tllO'

condaions

f~ (If and .r!J II y.r for nil .r,.11 r: ,.....

A congruence fJ which satisfies these conditions is called ;\ .~, /IIilllll"., "'HI!!"," "1"1

and if II is a semilatlice congrucnce then SII' is II ~ellliLatlicc. TII(:t" iN a "n,,·t'''''I'''

correspondence between semilatticc decompositions of ...... ;Ln,1 Sl~lTIilatti,:,: '~'mgrlJ""':":<

on S·.
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It iii ,:;u;y to see tha.t the intersection of any family of semilattice congruences on

'" KCllligroul' S is Aglun A IIemil",Uice congruence so laking lhe intersection or aU

st~lIIil;Lllice congruences Oil S we h;lve:

I.G.2. Let .... he n commntntive semigroup. We say thnl.r t!i,'ir!f .•· H and write.r I II

for all r.y,: ..... , there exililli ILn /I ::: I such thal.r I u".

I.O.:~. Let ,...' Ile n comlflutniive semigfoup. Define a congruence 'Ion ..... by .r II !I

ir iI.;1l1 only if there exi5l /11,11 ~ ljillch thal.r I !IN and y l.r"'. (Note that we rna)'

n.lwn.ys takt"" = /I irdcsired.)

'I'll ~:lltll:M (llfl, Theorem 4.13]), 1..-1 S l/r II «>"'",,,/(//;,., .~,.",i.q/YJltjl. 'I1,,-n ,lIr ('(III-

!lrn' '''~'I/ ;." If" ."lIIlIfI,.'" ," fIIill1lf;,.,· ("(lIIynU"""" fJII .'.... I" / r =S/'I. and Ir' S = U .....~,,,
1/1 11" .•nlli/fllli/·, ,llf·"111'/1,."iliml (If .....• f'nrrr"/HJ/I,lill.q !f,'''r /I(I/llmlllllll' .......... r. Tllnl

"f ..... n.·" .•,.,,,i{,,fli,·,, "f ..ln·!u'""d,,/II s"b,,'rmiyllJ"/I.•.

Thi~ cl""ol11p{!"Iiliull or n. commulative scmigroup .... is called the l1,rhi/l/fI/liJ// 11,-
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I.i, The GrOllI' nf I'\'adiolls

One further construction that W(' sllillllH'cfl is tlll' group of fradi"l1~ "f a "lInrdlatin'

semigroup. This is analogous to the ronstrllt'tinn of iL rill~ or 'lllllli"lIt.s f"r II d.Hllailt

I,i.l. A semigrollp ,"" is 1'(11/1/ m/II'tI/II/il" if.,·~ - .II; illlpli"~.1" !/ r"r any..l, Ilwnl~

.1' •.'/': E.":. Similarly, in 11. !ljI "/lIHT/I,,/il" sl'llligroup. :... :.'1 imllli,,~.1" 1/, ;111<1 II

A finite cnncdlntive scmigroll]J is n !;roup

1. i.2. Let be a canrcllative scmigrOllJl. A 11''''//' <II 1'10/'" II'II'-/I"II,~ of ,'.; i~ a j!,r,,"1'

(,'such that embeds in (,' and every delllt:ul oft: '·Hnl,,· wrilkll ill III" f"tlll.,1 I

with .• ,/ E ,f.:, The group of right fractions is 1Illi'lllt' up In is"morl'hi.~111 if il ,·~isb.

and we write (,' = ....·..... _1.

A necessnry 11.0£1 sufficienl cOllllition for a cann·l1aliv,· M'lIIigr,,"1' ..... j,,, I,avo- a j!,r"llp

of right fractions is the right Ore condition:

....... n I"'" III for all .~.I' "i

If ,'" hM a group of right fractions, then till: produd ,,r "J,'lIl1'lIb '''.'/ I ;'1101 III I ill

:........ -1 is (,ru')(,'y't ' where II' Rnd!l' are clernenls "f ..... sati.,fyillg".'I' -'/fI'.

or course, there is also H. llolion of a Icfl gr'JIl]! "f fffLdi'ms. If ..... Ims ;< Idt and rigllt

group of frl\clions then lhey must coincide an,1 Yo rd"r to tIl is .L;TflIlI' ;'s Ill" '1'''1'/1 ,,/

fnll'liml.~ of S.
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Ir ,..... is mrrlrlllJl1,tiVl~ illlll clUlcclintivc, then it dearly satisfies the left and right Ore

<:rm,lili'lIls. Il is "O\sy l,) Sl'e that the group orrractions or such 1\ semigroup is Abelinn.



CIiAPTlm 2

Semigroup Graded Rings

Let ....; bc a scmigroup. A Tillg If wi til a <lin"'1 SUIll d"('(llllp(lsiti"u It ,~l~ il'. "f

additive subgroups such that If, If, ~ I'.., is sni,1 to Ilt' an ...... '.'I,wl, rI ,./I/!I (s,','. f"r

example, IS5, Chaptcr 6]). Thcse rings ar,' the ronls "f OIiT stndy.

In this chapteT, we introducc thc basic terlllil1ol(l~y aull It't'1ll1i,I';o's Iw,'d"d t" ,h'al

with such rings. Decausc Rccs matrix semigroups iU., fuudallll'utall" tl,,· tlll·"ry "r

semigroups, .. .:! introtluc.: sllcc.ial nutation for rin~s grad",1 1Iy sud, ~c'lrli~r,,"p'

2.1. Basic TCl'llliliuloJ.\"y

Let :..: he a semigrollp. Whcn we say t.hat f( is an ......-l;ratl'·11 Till~, il is 1I1"lc'r,I"",1

that wc nrc rdenin., to a fixed decolllIHlsil.ioli nf N, II", "oml'''Ill'lIts "r whirh itT<'

wriHen If. indcxetJ by the c!('lllclils .~ (: ....... Tlirroul-\liouL tl,is sc·,·ti"lI, U will I... 1111

.';"-graded ring.

2.1.1, The components U, arc caJk>fllw'''''!I' 1If"~,' "/llll/l"'" "I.~ :Iud 1(, is ,·all,·,1 tI ...

•'-f·IIIII/IIJ/1f1l1 of If.

Every element ,. E /( hns II. uni'lue ,lccollll'usitioll r = ,r~ r, wilh r,,' II,,; LI ...

element /', is called the .'-f·IIII,/HI/If III of /'. If w,: wrilt~ '-;d r:,~>;1"" I". all ,·I<·IIl1'ul "f

11" it is understood thal/". f:; 1(,. An clement., '" If, is call'~11 a /''''''''.'1' "''''1.' ,I, 1rI' III

of If.

Lei X be a subset or .,,.. We wril(~ /Ix = .t~ II.; in I-\Plwral N,I' is jll.~l au ",ltlitiv.:
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Sllh~r"llJl nf N. If ,. :'0 .,{=~. r. is lln clcmcnl of 11, thcn wc write "x for the sum

"x = )~\' '"•. There is a natural epimorphism of additive groups fl --. I/x given by

'""'·x·

If T is ;\ Silbscllligwup of ...... thcn I/./" is a subring of II. We may regard Il' = HT as

a T.graded rillg by plltting U: = /(, for lET or afi an ,','-graded ring by putting

{

/I,
If" =

o

if 8 E '1'.

if._ E .<"\ T.

rf'" i~ a rij.;ht, IcfL or two-sided ideal of S then "'j" is also a right, left, or two-sided

ilit'al"flr.

If S is a sClIIigroll» with a zero element () and U is an 8-graded ring with 110 = 0

tlll:ll we say that 11 is a /'Imlnld," S-."Imfr,{ I';IIY.

2.1.2. Let,. = .•t,/, be an dement of 11. The sct supp(,') = {.< E -" I r. ; OJ is

"alh'l! tll(: ,~/IIII!1"" or r. or course, SUPP(I') is a finite sel and sUPP(I') = i! if and only

if,·=().

If .·1 is a suuset of H, then the '_"/!Iwrl of J1 is the set supp(A):.: U snpP(lI)j it
~E,\

Tht, supporlof ff ilsclfis supp(ff) = {._ E ," If(,:j: OJ. An ,""-graded ring I{ is said

III hav!'j;II;!.- ."/lfllllll"l ifsupp(/i) is a finite set.
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2.1.3. Let I be an ideal of U. If I = E In 1(, tlll'l1 I is fnllc'd a h""I".'I"'II""" 1""'/
.€.~

of 1(. This condition is equivalent to the assertioll 1ha1,. .~~. ", ( I il1ll'li,'s "., , I

for all .• E ....·.

Note that if I is any ideal of /I, then .E.I n N. is alway~ a 1""Il"~"II""Il~ ;I!c'ill "f

H and is in fact the largest homogeneolls idcal of /I fon1ain,',1 ill ,.

Since this ddinitiull makes no Il~C of the nmlliplica1ivl' .,1rlu·tllrt· "f tl... rin~, w,·

may deRnc hnw".91'I,n'II., Iff! id,al, hO/ll"I/""'O!'" riN"1 irl,tr/, /'''11'''.'/''/1''''' .• ,,"I,,'i"!/

and even hIJIIIfl.t/tllffJl' •• tltltli/i,'j' ,;JIIi!/!" "I' in a like l1lallllCr 'llIll similar Tl'lliarks apply.

If X is a subset of ."" then /Ix is clearly a hOillogCllf,('Il .• ;uldit,iv" slll,)!;rolip of /(.

2.1.4. Let I be a homogeneous illcal of /( ,.mlld Ii 1(/1. Writ,· U", i,nagl'

of.f E II in II/I as Y. For., E Spill ii. :..-: {Ii, -I- 1)/1. WI' haY"~ 1i.,U, I II.,

Suppose that .1'. E H. fot ench .< and Lhnt L;r;; = 0; thclI }>', ,- I ,m.1 h'·'·;JlIS'· I is

homogeneous, cacll or, E I and so each :r; = O. Ilcllc:e, /("::' ,F, U. is an S-/-:rlu!t',l rill~.

Notice that if we write j'., for the .•-componcnt of .r, lhcli .r, .;--.; w" will ""filially

write the former.

In particular, if T is an idcal of S, thcn /I./, is 11 hOIrl"W'IIl~'JlIs id,~"l "f If 011111 N" till'

quotient R = Ii/H-,. is fl.n 8.gradcd ring. Notc that ll." ---' 0 if .• f: t. B'~rrIl'1lI1,,"rill~

tha.t we can idenlify ~he non-zerQ clelllclIh ...! thc IjllOticnt ....'/t with tl,,~ ,·I':"wnts

of .c,' \ '1', we see that n can he rcgarded l~S a c:onlmdl:d SI'I'-~rad,~d rill~. TI,,~

homogeneous components of fi corrcsponuillJ.; to II""-Z'~r() d':IIJ'~lIls of SIT ar<: just
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If ...,. i~ a ~1~rlli.L;rnUIJ with 11 ?,cro thcn ((/ /(~ is a conlracted ."'·.graded ring.

We ~illgh, 11lIt till' followin).; observation as a lemma. The proof is straightforward,

l.uL tlli~ result is thc key to lUan] of our reductions.

1.1':,\1,\1,\. I.rl 'I' III rill ii/,"! IIj II .~, /IIi!llYJlI}I S '1I/,lld Jl b/' " .';llbf'lIIi.IJ/TIIiJI ofS MWIt

1IIfII,l n.,. ",-II. I,d If IIf' II/I S-I/nulull'ill!J. 1..1 if = flllf"/'. f111r1 df"lwlf' Ih,. il/ll/gr (If

"" ,J,,,,, 1I1.r,:: If I'!I.? TIll/! II". IIIr1JI.r ...... :r illd"I"1.'· If I'ill.'/ i.<f1I1Wl'f1hi.'1II 1/,\ ~ [fA.

2.1.:;. It is orten convenient to change the grading sel1ligroup. There arc two trivial

way~ of doil\l; this. (,et II be an ,"".graded ring. If S cmbeds in n largcr semigroup

"1', tlll'1I w(~ can giw II a "/,.padation hy setting IIr =0 ror IE'" \ S. If 0: S' -+ Sf

is a hnmnlllf.rl'hisllL of sC'lJIigrollps, thcn we obtain a natural S' gradation on If by

]lllHin,; /{~, = Elf,.
_E·"

"(~1"','

In lid!' sitllnlioll we sometimes say that an irlenl is S-homogencous or S'-homogen-

(''''11~ to intlicak wliirh sradalion is ucing considered.

2.2. Rces l'\'taldx Scmigl'oups

As tl\('utiom.'(1 in ~1.5.2, llees matrix semigroups play an import<lnt role in the

st.rlll'tllr(' U\('Ory or scmigwups. \Ve introduce some speda.! notation for dealing with

riugs ~rtukd uy snch sC'llligroups; this notation will be used throughout this work.



2.2. REBS MATRIX SEMIGltolll'S

2.2.1. Let ,.,. = ~lJllI(l; I.A; J') be an l'1l'lIwntary Ikc~ m.,(rix ~I'llli~fll\l1' and ["t il'

be a contraetl'd ......-grlldcd ring. Ht'call from !i I.!U that IlOIl",Wto! ,'It'll'''lIt~ "f ," u,'

written (1),.\ for i E I and ,\ E A. To avoill Cllllllll'r~\lll1\' 1I1lli,li,,", II'" ~Ilidl writ,,· tilt'

homogeneous component corresponding to (1)" a~ N". III il lik,' manll,'r, 11',' ~hall

write the (l)".holllogellcous component of an demcut 1"'-:: ". a~ 1",1, so' that,. ~; ,',I.

(The IJ-component of /' is 7.ero hecluise /( i~ a {'ont.rat't,·,1 ,"'"~m,I(',1 rilll{).

Remembering the way multiplication wurkli ill such s"ll1i~rn\lI'~, it i~ il1l11ll,.liaL,'

that

Nole that if fI.I, = IJ ~hen (U, ..)~ '" 0 and otherwisl' (/1...)'1 ~_ If". Supai'll ""mp"""lIL

Hi .1 is actua.lly a suhring of H.

Let II;. = ~ Hi .1 and 1i•.1 = ~ "i.l. Prom the :dlOVI~ it is llIlI11lT'~lIt thaL /f" is a

right idea.l of U for each iE/ and /l •.\ is a left ideal of II for Clldi ,\ (. A.

Note also that /l;./i. •.\ <;;; Hi .l ; in fact for allY snhsd II of II, {("II/(. I' {(d'

2.2.2. Let ..... = 9Jl1J((,'j/,A; I') be :1.11 arhilrnry lI,ees matrix sl~mil;r'JlIr! alull,·t If

be a contracted ."·-grll-ded ring. Recall (sec ~il};'!"j) 1Ilat till: h'J1rI"m"rl'liislII r,' • J

induces a homomorphism S -. 8' where .....' is all denu:lltary HI"~S 11I;~lrix s"llIi~rrJlIl'

9Jt'(1; I.A; I"), Hence, Ii can be regarJcJ as it f:olllradf,,1 ......'.~radl:d rilll; ill lilt'



2,2. kEES MATRIX SEMIc.:nOUPS

lrl'urn':r f,f ~i2.1,r"

If (!I),., r,: ,,,', we wrile "1.1)" for the (.'/)i.l-component of /( with the ,'.'-gradation.

Sirll:~ S' is 'lIr ,.h:rrrcnlary R<.'Cs matr.;x semigrollp. we follow the notation of f/2.2.1 and

wrill~ /1 ..1 fl)r Ure hOlllogeneous components of U with respecl to the .c;,"-gmdalion.

Nol,. lI11~t for cadI i and .\,

/{,.I=L:UI:,),,·
~E(;

If VI, -i- (I, lire sel S,.I \ {O} ;;: {(fI)i.1 I!I E U) is isomorphic to (: by Lemma l.5.3(iii),

:-;" tlr;~l fI,\ is I~ (:.gmded ring. Nole lIHLt the y-component of Ib with this gradation

is /((:"'~.')'" raUrer than Nt.)". Otherwise, if 1'.\i = 0 then lii .1 is 11. ring with zero

mrrlliplicalioll and cau still he considered to be a (:-graded ring since it is a direct

NlIlIl or mlllpontmls indexc.1 by the clements of n.

III lIris way, we c::om,Jer H = L Hi ,\ as a ring graded by the elementary Rees matrix
".1

SClrIi,;rolllJ S' in which every component Hi .1 is a (,'-graded ring.

Our approach to such riugs will be to consider first rings gmded by elementary

Il.-{-S llHllrix sl-rni~roups and then to combine results 50 obtained with results for

groUlJ graded rings to deal with rings graded by arbitrary Rces matrix semigrollps.

Th~- nutation cslaLiished in this section will be used thrClughoul. In particular,

if :-; '" llJI"« ,'; I, A; I') i~ an arbitrary Rees matrix sellligroup and f( is a contracted

."·-I;md.-d ring, tlren Wt~ will wrile H,.I for the componenls of If with respect to the

I;radati<lll hy the associated elementary Recs IlIAtriX semigroup .... '.



2.3. C:ROIII'-LIKE SllIlSEMIGllOl11'S

2,2,3. The following simple r('sult is ('xlr('mdy il1ll'"dalll. f"r "lIr sltltl.r "f rillf;~

graded by elementary Ul'('S mahix 51'1IIigwu]ls.

LEM~I,\. I.d S = 9JIO(I; I. A; I') I", UII dnll.-l!lur.l/ /,'...... m"I,·i..... /H i!!!> "'I' ,ur,1 I, I

If I,,· 0 ,·"/lllYId,.,I .....·-!/IYld,,l,.ill!l. 1/,\ i ... ""il"I</' ... ,14/,' II"" USh'i""J,"W"!I'"I"''''S

it/rill Il/ n.

PIlOO!'. Clearly UX II is n.1l idc:!.1 of II. lear allY i allll .\, lIot" lIml It, . .\ 11'. \ '

I{SUn,,;.\ so

nXII=~It,• .\"/(•.\

~ ~/(.\'/(n/l'1

~ {{Xli

and thcrefore I/X If = '£ Ii.\: /l n 1i,1 is hOlllogcll'-'OllS. U
i ..1

2.3, Group-like SUbscllligr<lll]ls

We present anolher lechnique that will he useful atlillles f"r lrall~f"rrill~ I'r"I>I"lIIs

from a scmigroup graded ring io subring~ gradc:d hy n:rlilill slwl~ial slIl'scrlligr"ups

2.3.1. Let T be a subsemigroup of a semigroulJ....... If "f r: .,. 1111<1 I. , 'l'irrllJly

,< E T for all elements .', I E S' lhen T is called a l'i~I'" ./j'W'I,-fil.·, ._111"" ",i!lI'''~IJ ',f S.

Similarly, if t ... E "I' Ilnd I E 'I' imply., <;: .,. then 'I' b ;, If ft !JI""ff'-fiL', .".f,." ",i'I'''''I'
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TId:. tcrlflin<>Jogy is motivated by the observation that a subgroup II of" group (,'

iN I",tll HI ilnd right grollp_like in (:.

Ld .I.' hI! ;l snhwt <>f H. Define scis X~l X and XX·· 1 by

X-IX .'= I.' '" :"1 S." = S} and xrl = {.'E S I·'S = XJ.

If X ,,-. lrf ill a singleton, we writl~ r-I". and .1·.,,-1 instead of X-I X and XX-l.

'I'11O..:Sl: wb provide exmnplcs of left and right group-like subsemisroups.

(i) If X-I X ~~. Illth X-IX i.. /1 hjl !/m"p_fih Nllb.,-rlll;,qmllj! f'fS.

(ii) If X is II ',/1 .~illll"J' .• ,d"'wm;!/lVIll/' IIf S Ilml X-I x;.• (l lifl !Jmltp-M'f .... lIb-

-,,'m;yru"I'1!f:'" /!IIII X is ,/ ,.i!lh/ illndn! X-IX.

l'nOll!'. SUpfJOliC that X-I X is not empty. Let .•. 1 E X-IX; then Xs = XI = S,

sO S(."f) =(S.,,)I =SI '" X and ,.1 E X-IX, So X-IX is a subscuugroup. If .• E.'"

alill 1."./ES- 1 X,thcn S.,= (X/).<= X(/.• ) = X and therefore,.EX-1X, Hence

\"~I.\" is i\ left group-likc lubsemigroup. This proves (i).

If.\" i~lt-rt simple, 1.hl'I1.\'".,' =X roraU.r E X,5O X £,.\'"-1.'1. By (i),X-IX

i~ 11. II·ft group-like subscllligroup of :.... Thai X is a right ideal of X-I X follows

il1Lllll'diatdy from the deRnition. This proves (ii). 0



2.1. CROUI' GIIADEIJ IlINGS

2.3.2. Left and right group-like SllbScllligrollps ar,' m...fnl b"CilUW "f til<' f"l1"willJ.\

result.

r;Ufl. Orfilll' fI IIWJ! ;r.,.: If ..... If.,. h!lIJl~,jrl'li",,: If!'':: l~ ", " h' 1/,11' ;;r(r) >: ,,, .
.••,.~ ." I'

If T i,~ ri./ild .fJmllJ!-li~·r II"" :f.,. i.<" "if/hl f(.,.-'IJ,~ff'" IJ"'''''//I''J"}''';M'' "',,/ 1t'1' i.< II

/f·r-IIIOt/ufl'.

PIlOOf. We prOve the assertion for a right grolll'.lik.· ~uhs'·lIliJ.\r"lIl' T "f ...... 1,,-t

.' E ....· and t E "1', and let "i E /(, and ", E U~. If.-..: "I' ~hl:1I .,/ ( "I' so ndr,)",

Because /f'[ i" nn additive group homomorphism, we see t1l:,L -.r-,-{I')" If'lf'''') flIt ,,11

r E 11.. nnd It E /l·r. Hence, rrT is a right If..,.-modille h01l1olllnrpllislli.

BeCll-Use 1tT splits the inclusion llIap HI' ..... II, U.,. is a llirl:d SlIlIlIll:LlIIl "r u ,u; a

right Ilo, module. 0

2.4. Group Graded Rings

We end this chapter with a few remarks al>on1 smUll gralled rill~s. W" will ",,:11

the results of this section in l<l.ter chapters.



2.1, GROUP GRADED RINGS

:.lA.I. Ld (: 1,(: f. l;fOllP and let Il he II. (:-graded ring. The grading is said to be

""II-d,!!"" 1Il/" if it slLtisfies: for all!1 E f,' and all .1' E f(.1~" jf .r/{, "" 0 or aT)' "" 0

th,," .r '" 0, This notion was introduced in (17). For our purposes, it will be useful to

/I<,l,~ til<: followinl; snmcicnt condition for non-degeneracy:

r.E~I.\l" (117)). 1.11 f,' III 1/ IIIT"I,! IWllld U Iii" II f:~!JlYld!" ,'ill.ll willt /illif,. ""/IIIl1I'I,

2.'1.2. Non.<!cgcm:fflLc grouJl graded rings are much better behav"d than arbitrary

I;rHllp gr;ul(~d rings. In particular, tbcy have the following properties;

Lr-:~l~l" ([17]). 1.,/ f,' IIf" II !llmll' Il.illi id"lIlil!J 1 tllII/l,., If /if' 1/ 1I1>I1-rl'.'IU/f·ml,

(,'-!!,wl,drill!I,

(i) /( 1!fI,~ IW ifl, /llily if /lm/III"!I'! /(1 IIII.~ flll irl,l/fily, II/II! 11/1",_1' i",.,,'ili,.,~ 111','(',__

'"I'if!l""i/".;,!t.

\,./illillll.

'.lA,a. III [26[, Grzcsl,czuk discusses a more general construction than tbe group

grade'll rillg which he calls a (,'-system. Let (,' be a group. A ring /l is a (,"'~!J.~lrm

if a5 au al!e!it;v{' group, If is the sum of components '(1' indexed by the clements of

(,', and ''''~ iii, ~ Ii"" for all II. II E (,'. This definition differs from the definition of

f ,'-l:r:Hh-rl ring only in that thl' smn If = L: Uq need not be direct,
11:;(1 .



2.4. GROllI' GRADED I\;N(:S

His appa!ent that a homomorphic image of a (;-gra\h~l riH~ is il (;·spk11l. Cllll'

versely, any (,'.syslcm H = Z /(" i~ a homllu"""hi,' imag.· (If till' I ;.~r:"I<~1 rin..
!,El;

formed by taking the direct SlLlll of the ,'OI1lPlllWlIls "'iI'
We require the following result ill Chaptl'r 6.

LE~l.\l'\ ([26]). r.d (,'Ill"" Jillilt' !Inollf/willl ;'/,lIlilll I "lid /,1 {,'I" !I (;·_~!I·~I"OI If

ff IHI., 1111 ilIf'/IIi11/ d.mful l,/hlll E HI'
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