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Abstract

L e 1 sermigroup. A sing 1 with . direct sum decomposition = @ I, such
that Jt, 1, Ity for clements « and £ in & is called a semigroup graded rin;;,

In this thesis, we develop techniques for studying such rings based on the structure
theory of semigroups. We apply these techniques to investigate various ring theoretic
propertics of semigroup graded rings.

In many cases, we relate a property of # to the components If, indexed by idempo-
tent elements « of the grading semigroup 8. 1f ' is finite, then It is perfect, semilocal,
or semiprimary if and only if the same is true of each such component /f,. We prove
that the nilpotency of the Jacobson radical of cach K, is sufficient for the nilpotency
of the Jucobson radical of /f for rings graded by finite semigroups, and obtain a similar
condition for the Jacobson radical to be locally nilpotent for rings graded by locally
finite semigroups. We also show that J7 is a Jacobson ring if each K, is a Jacobson

ring and S is finite.

We show that ivity is a ne ary condition on a i S in order that

the Jacobson radical of each S-graded ring be homogeneous. With certain restric-

tions on the graded ring, we completely classify i i and regular
semigroups for which the Jacobson radical of each S-graded ring is homogeneous.
A result of Zelmanov that only finite semigroups admit right Artinian semigroup

wlgebras is generalised to show that, under certain conditions, a right Artinian semi-
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Introduction

Let N be a semigroup. A ring /' with a direct sum decomposition 5 (D /L of
the additive structure such that K, 7, B, for all s.0 ¢ S s said to e an S graded

ring or a semigroup graded ring [55].

The notion of graded ring has long been nsed as a tool in a variety of arcas of
mathematics such as algebraic geometry, number theory, topology, and ring theory.
For example, a polynomial ring /f in commuting or non-commuting variables can he
graded by the semigroup of natural numbers N by letting 1, be the homogencons
polynomials of total degree 1. This observation was uscd Lo great effect by Golod
and Shafarevitch [27, Chapter 8] Lo find a connterexample Lo the Burnside problem
Tensor, symmetric, and exterior algebras are all examples of N-graded rings in which
the grading plays an important role [17, chapter XVI], while in topology, the singular
cohomalogy of a space can be given a product called the eup product which makes it
a N-graded ring [66, Chapter 5].

Considerable interest in more general graded rings arose ahout 20 years when group

graded rings began to be studied. Certain group graded rings, the gronp erossed

producs, arise unavoidably in the study of central simple algebras [27] and group

algebras [59], and it is often casier to prove results in the more general setting of

arbitrary group graded rings. For results an polynomial

ample, many cla

rings, skew polynomial rings, and crossed products are simple consequences of graded
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results [48]. In the last 10 years, many questions about group graded rings have

been answered, particularly with the advent of the duality theorems for group graded
rings [16, 61]. A few books dealing largely with group graded rings have appeared
37, 53,54, 5] and material on group graded rings has been included in several rocent
books on general ring theory (38, 48, 63].

Although the study of semigroup graded rings has alinost as long a history, most

i

authors have on certain subcl; of semi, In icular, much

attention has been paid to rings graded by semilattices because such rings play a

uscful role in tackling problems about semigroup rings of
[10, 6,67, 68,70, 71, 73]. Other classes that have been considered are rings graded by
commutative semigroups |1, 2, 18, 19, 32, 33, 40}, bands [39, 43, 44, 52], inverse semi-
gronps [72], and ordered semigroups [34]. Only recently have a few papers appeared

which deal with more general semigroup graded rings [41, 42].

Reasons for studying semigroup graded rings are threefold. Firstly, they are a
natural generalisation of group graded rings on the one hand and semigroup rings on

the other, classes of rings upon which much attention has been lavished.

Secondly, many disparate ring constructions, viewed in the right light, are seen to
be examples of seniigroup graded rings. As examples, we cite polynomial rings and
skew polynomial rings, monomial algebras [55], group and semigroup crossed products

37, 59), generalised matrix rings [9], Morita contexts, structural matrix rings [64],
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generalised Recs rings [15], and Munn algebras [15]. By studying semigroup graded

rings in general, it may be possible to unify results which have been proved separately

for these various ring constructions.

Thirdly, as the roles of semilattice graded rings in the study of semigronp rings
of commutative semigroups and group graded rings in the study of group rings have
shown, more general semigroup graded rings serve as a useful tool in the investigation
of arbitrary semigroup rings. As an cxample of this, we cile Theorem 8.3.8 in which

graded results are used to deduce that certain semigroup algebras are Jacobson rings.

As mentioned ealier, little work has yet been done on rings graded by arbitrary

semigroups. This thesis s an attempt to rectify this sitwation. We develop a gen-

eral f k for the investigation of semi graded rings, and we apply these
‘hniques to study various ring theoretic propertics of such rings. These methods
are particularly suited to rings graded by finite semigronps or scmigroup graded rings

with finite support, on which we concentrate most of our attention. We also «

tained some results for rings graded by infinite semigroups, but generally with some

on the

In the study of group graded rings, a common problem is Lo try to relate the
properties of a graded ting /¢ to the component /) corresponding to the identity |
of the group. For many of the properties considered here, we attempt a similar feat,

except that instead of relating the properties of a scmigroup graded ring 1 Lo a single
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homogencons component, we must consider all the components /7, corresponding to

idempoticat clements of the semigroup.

The techniques used are quite different from those encountered in the group graded

theory. Using the structure theory of semigroups, we combine results for group graded
rings, rings graded by a class of semigroups called the clementary Rees matrix semi-
groups, and ideal extensions Lo obtain the general case. This works particularly well
for rings graded by finite semigroups.

In Chapter 1 we introduce the necessary elements of the theory of semigroups. In
Chapter 2 we explain the basic notions of the theory of graded rings and define some
notation that will be used throughout. In Chapter 3, we give several examples of
semigroup graded rings. These examples will serve o illustrate some later results.

In Chapter 4 we show how the structure theory of semigroups can be used to

tackle semigroup graded rings. The technique is ill d by studying nil

conditions of the Jacohson radical. We show that the Jacobson radical of a ring /?
graded by « finite semigroup is nilpotent provided that the same is true for each
component K,, where ¢ ranges over the set of idempotents of §. We obtain a similar
condition for the Jacobson radical of a ring graded by a locally finite semigroup to
be lacally nilpotent. The auxiliary results proved in this chapter are used throughout

the thesis.

"The remaining chapters are relatively independent.
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The topic of Chapter 5 is the homogencity of the Jacobson radical. Tn particalar,
we show that cancellativity is a necessary condition on a semigroup & in order that

the Jacobson radical of all S-graded rings be homogencous. We also characterise those

and regular semi S for which some large classes of S-graded rings

have homogeneous Jacobson radical.

We study perfect, semilocal, and semiprimary rings in Chapter 6. For & ring If
graded by a finite group, it is known that /7 is perfect if and only if /¢y is perfect [5).
We extend this result tu a ring # graded by a finite semigroup S, obtaining the result
that R is perfect if and only if ¢, is perfect for cach idempotent « of 8. Analogous

results are obtained for semilocal and semiprimary rings.

In Chapter 7, we study ideals and homogeneous ideals of a class of rings, the

contracted graded rings graded by elementary Rees matrix semigroups, These rings

are central to the structure theory developed in Chapter 4. We show that. th

one-to-one correspondence between prime and graded prime ideals of such rings

obtain necessary and sufficient conditions for these rings to be semisimple Artinian.

Jacobson rings are the subject of Chapter 8. We show that a ring I graded by u

finite semigroup is a Jacobson ring if /, is a Jacobson ring for cach idempotent «. We

also apply graded results to deduce that a semigroup algebra satisfying a polynomial
identity is a Jacobson ring provided that the semigroup and all its homomorphic

images have finite rank. ‘This generalises a result of Gilmer for commutative semigeonps
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algebras [24].

In Chapter 9, we generalise a theorem of Zelmanov [74] that a semigroup § must
be finite if the semigroup algebra K[S] is right Artinian. The analogous statement
for graded rings is that a right Artinian semigroup graded ring has finite support.
Although not true in general, we obtain two weaker forms of this statement and as a
consequence, find a new proof for Zelmanov’s theorem.

Finally, in Chapter 10, we try to extend some of our eatlier results to semigroup
graded rings with finite support. In the absence of certain types of principal factors,

we obtain similar results for perfect rings and the nilpotence of the Jacobson radical.



CHAPTER 1

Semigroups

In our investigations of semigroup graded rings we naturally require a great deal of
terminology from the theory of semigroups and we make much use of the structure
theories of various classes of semigroups.

This first chapter is an attempt to bring together the basic definitions and state

the major results that we will need from the theory of semigroups. Other subsidiary

results and inology will be i duced through the work as needed.

The reader who is familiar with semigroups can omit this chapter. Our notation
and terminology follows closely that of Clifford and Preston [15] from which most of
the information conveyed in this chapter is taken.

Those who are less familiar with semigroups should find everything that they need
to know in this chapter. While some notions in semigronp theory derive from group

theory, semigroup theory in many ways resembles ring theory more closely. Fan

concepts such as idempotent elements, ideals, and regularity are defined for se
groups essentially as for rings.
In order to get an intuitive feeling for semigroups, it is useful to picture a semigronp

as a sea in which some groups float as islands. T

ese groups each contain a singl:

id, and each id d

a group. Groups arising from distinet

idempotents are disjoint. The structure theory describes how these islands sit in

the sea. As will become apparent later, our procedure for investigating properties of
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semigronp graded rings often involves transferring the problem from the whole ring

to subrings graded by the sub of the p. Knowing the structure theory

of semigroups is crucial Lo this task.

1.1. Some Basic Definitions

A scmigroup is a non-emply set S with an associative binary operation. We will
usually write the operation by juxtaposition of clements.
We begin by introducing a few names for certain semigroup elements and some

classes of semigroups.

5 be a semigroup. An element u € & is a right identity of S if su = s for
all 5 ¢ 5. We can similarly define feft identity and u is an identily of S ifit is both a
left and right identity. A semigroup & may have multiple right or left identities, but
if it has a right identity and a left identity, they must necessarily coincide and in this
case S has a unique identity.

Let S be a semigroup with an identity 1. Then u is a right unil of S if there s a

o such that ue In a similar way, we can define Icfl unil and  is a wnif if it is

both a left and a right unit. We write (<) for the set of units of .
A semigroup with an identity clement is called a monoid. If we further require that
every element of the semigroup be a unit, then the semigroup is simply & group.

If 5 is a monoid then ¢{(S) is a group.
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1.12. Ancement: € Nisa right zcro of §if sz = = forall s & 5. Similarly, we
can define Itft zeroand = isa sero of S if itis a left and right zero. As for identity
elements, § can have multiple left or right zeros, but if 5 has a left and a right zero,
then they coincide and in fact & has a unique zero clement.

If § has a zero element, it will usually be denoted 0.

A null semigroup is one in which the product of any two clements is the zero
element 0. (So a null semigroup must have a zero.)

A right =m0 semigroup is one in which every dement is a right zero. Such o
semigroup satisfies ry = y for all .r and 4, and any sel can he made into o right zero
semigroup by defining the product that way. Similarly, a /el zcro semigroup satisfies

the identity 1y = .

1.13. If§is a semigroup without an identity, we can adjoin one simply by adding

a new element 1 and extending the multiplication by defining 15 51 s for all

% €SU {1). We denote this new semigroup by 5" If § has an identity already, then

w2 agree that S
In a similar way, we can always adjoin a zero element #, and we write 5% 511 {0}
for this new semigroup.
Although adjoining zeros and identities in this way is casy, it turns out that ad-

joining an identity is often not usefulin our investigation of semiggroup graded rings,

Our approach relies on the structure theory of semigroups and involves reductions o
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and these ps will not have identities in general. On the
other hand, adjoining a zero is harmless and often simplifies arguments. This will

become dlearer as we proceed.

114, The classcs of left and right zero semigroups defined above are examples of

o of semigroups defined by requiring the semigroup to satisfy certain monomial
dentities.

"The most important example of such a cliss is the class of semigroups which satisfy
the identily .y = yr; this is the class of commulalive semigroups. Note that we

will continue to nse mulliplicative (rather than additive) notation for commutative

semiggroups.

115, Anclement ¢ € § which satisfies ¢ = called an idempotent. We write

I(S) for the set of id elements of a semigroup §. The sct £(S) can be

partially ordered by ¢ < [if and only if of = fe =c.

A semigroup in which cvery element is idempotent is called a band. A commutative
band s called a semilattice. Note that if we give a semilattice S the partial ordering
given above and define the infimum of two elements of S to be their product then

this definition agrees with the usual definition of a semilattice.

LLG.  Anclement « € Sis regularif thereis an + € & such thata =

aand bare inverses if @ =aba and b= bab.
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A rrgular semigroup is onein which every clement is regular. An inrv s semigroup

is onein which every clement has a unique inverse. Note that uniqueness of the inverse
is important here. Indeed a regular element « of a semigroup always has at least one
inverse; if @ = ara then a and .rur are casily scen to be inverses. The following

alternative ch: of inverse i is often useful: S is an inverse

semigroup if and only if  is regular and / = fo- for all idempotents ([« E(¥).

1.17. Let A and /# be subsets of a semigronp 5. We shall write AH for the set
of products {ab | « € A, b € B3}. Ifonc of these sels is a singleton, say 8 - (b} we
simply write Ab for the set A1,

1.2. Subsemigroups and Subgroups

1.21. A subscmigmup T of a semigroup S is a non-cmpty subsct which is closed

under multiplication. A submonoid is a subsemi which has an identity clement.
A subgroup G of S is a subsemigroup which is a group. Note that the identity of

G need not be the identity of § (indeed S need not have an identity); it can he

idempotent element of .S

1.22. Letc€ [(S) be anidempotent. Then «S¢ = {ese |5 & 8} is a submonoid

of §. Note that eSe

i €8 | e =we =}, the set of cements of § for which

e is an identity element. Let /1, = U(cS¢), the group of wnits of the monoid ¢St

Then I/, is a subgroup of § and it is the largest subgroup for which ¢ is the identity
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clement. Such subgroups are called the marimal subgroups of S. Since ¢ is the unique

idempotent clement of /1, , there is a one-t, cor d between id,

and maximal subgroups. Distinct maximal subgroups are disjoint.

1.2.8. If A is a non-cmpty subsct of a scmigroup S, we write (A) for the sub-

semigronp generated by A. 16 A is finite, say A = {ay.ay,....a,}, we often write
(i1, ttas- ..y} instead of (41).

A semigroup S is cyelic if § = (r) for some & € S. An element . of a semigroup
Sis a periodic clement i€ (r) is finite. A finite cyclic semigroup always contains an
idempotent.

A semigroup is a periodic semigroup if every cyclic subsemigroup is finite. A semi-
group is locally finile if every finitely generated subsemigroup is finite. Clealy, a

locally finite semigroup is periodic.

1.3. Homomorphisms, Congruences and Ideals

A homomorphism of semigroups is a function [: § — 7' from a semigroup S to a
semigroup 1" such that [(ry) = [(x)[(y) for all .y € S.

In considering homomorphic images of semigroups, congruences fulfill the role
played by novr sl subgroups in the theory of groups. More precisely, the analogue
of congruence in the theory of groups is the equivalence relation that is defined by

the ~asels of a normal subgroup. In another direction, there is also a notion of an
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ideal of a semigroup, analogous to the situation in ring theory, and then of & quoticnt
semigroup which is a homomorphic image of the original semigroup. As we shall sce,

an ideal is really a special case of a congruence.

1.3.1. An cquivalence relation p on a semigroup N is a right congrucuee if v py

implies = p y= for all .y, 2 € S. We define Ieft congrurnce similarly. A congruonee

is an equivalence relation pon & which is both a left and a right congrucnce,
Since it s a relation, we may regard a congrucnce p as asubset of S - 8. This

leads to a natural partial ordering of congrucnces and they form a lattice under this

partial ordering. In particular, the mect of any family of congruences is simply their

intursection (considered as subscts of & x §); this is casily seen Lo he & congrucnee,

If 8 is a group with identity ¢ and p is a congruence on S, it is not diflicnlt to see

that the p-class of ¢ is a normal subgroup N, and that the other p-classes are the

cosets of N. In this case, the congruence is completely determined by the ¢f
More general semigroups do not exhibit this behaviour. Even if a semigroup S has
an identity, the class of the identity may not completely determine a congruence, For
example, if S is a semigroup without an identity, then any congruence on S can he
extended to a congruence on 5! by simply creating a new class containing only the

identity.

1.3.2.  Write S/p for the set of equivalence classes of the congrue: sfer Lo

p. We

$/p as the quolienl of the semigroup S by the congrucnee p. Write s for p-class of s.
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Then S/p is a semigroup with operation 57 = sI, and the map 7,: S — 8/p, s = &
is a homomorphism of & onte §/p.
Conversely, if &2 § — S is a homomorphism of semigroups, define a relation p by
s pyif and only if é(r) = (y). Then p is a congruence and ¢ induces é: S/p — &,
&1 4h(s) s0 that ¢ = dr,. The congruence p is called the kernel of .
If we put 7' = ¢(5), then d: S/p — 7' is an isomorphism and the lattice of
congruences of /' is isomorphic in the obvious way to the sublattice of congruences of

S which contain p.

Just as in group theory, semigroups can be specified by generators and rela-
tions. ‘The fie scrmigroup on a non-empty set X, denoted F, is the set of words in
the alphabet .\ with multiplication by concatenation of words, We write F} for the
semigronp Fy with an identity adjoined; the identity can be represented as the empty
word. We call £y the fiee manoid on X. Given a sct X and a set IV of relations
of the form w; = w0y where w; and w, are words in the alphabet X, the semigroup
generated by N with relations IV is the quotient of Fy by the smallest congruence on
Fy which contains the relations in 1V Similarly we can define the monoid generated
by X with relations 11" (here IV may include relations of the form w = 1 for some

word ) as a suitable quotient of F}.

134, Let [ be a non-empty subset of a semigroup &. Then [ is a right ideal of §

ifrs € [ foralls € Sand & € [. Lefi ideal is defined similarly, and [ is an idcal of



1.3. HOMOMORPHISMS, CONGRUENCES AND IDEALS 15
S ifitis a left and right ideal of 5.

I£ 5 has a zero clement 0, then {0} is always an ideal of 8.

I {l, | a € A} is a family of ideals of a semigroup & then U1, and [}/, are also
ideals of , the latter provided that it is non-empty. The seme is true for familics of
right or left ideals.

Ifa € S then the right ideal generated by « is denoted a8'; clearly a8' w511 {u)
Similarly, the left ideal generated by « is denoted 5. The ideal generated by u is

Sl = SaSUSa Uasu {a}.

1.35. For a non-emply subsct / of ¥, define an equivalence relation g by oy y il
and only if . = y or both .y € /. If  is an ideal then gy is a congrucnce. Similarly,

if [ is a left or right ideal, then p; is a left or right congruence.

For an ideal / of &, write §/1 for the semigroup 5/p;. The semigroup S/1 is called
a Ries faclor of §. 1 we identify the clements of 5 \  with the corzesponding pi-
classes, then the elements of §/1 are just {u |+ € S\ 7}U{1}, and [ is a seros clement
of §/1. Intuitively, when we pass from S to S/1, we have identified all the clements
of / with zero. Note in particular that the non-zero idempotents of S/1 are just the
idempotents of § which are clements of & \ /.

As a special case, it is convenient Lo agree that §/0 = & even though § is nol an

ideal.

There is a lattice isomorphism between the ideals of S containing / and the ideals
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of S/1. Standard isomorphism theorems apply. If / < J are ideals of 5 then J/1 is
an ideal of /1 and (S/1)/(./1) = S/.J. If T is a subsemigroup of & and / is an ideal

of & which intersects ', then 7' [ is an ideal of 7" and T/(T'N 1) = (T'U1)/I.

1.8.6. Let 8 be a semigroup with a zero and let {7, | n & A} be a family of subsets

of S. We say that 7' is a 0-disjoint union of the family if ' = U 7., and 1,07, = {#}
e
for all .3 ¢ A
Suppose that {8, | o € A} are subsemigroups of S and that & = | &, is a
A

0-disjoint union. Suppose also that for a # 4, .5, = {0}. Then each 5, is an ideal

of & and we say that S is a (-dircel union of the semigroups S,,.

1.3.7. We will require the following simple observation about the unit group of a

periodic monoid

LN (55, Lemma 4.12]). Lot S be a periodic monoid and I 17 = U(S) be the

group of units of S U174 8 then S\ U is an ideal of 8.

Proor. Suppose that r.y € 5 and ry is a unit. Then there is a = such that

rus 1. Since S is periodic, there is an n such that (yz)* = ¢ is an idempotent.

Then | = «"(yz)" = a"c and therefore ¢ = +"¢* = +"c = 1. Hence, 1 = a"¢ = '

and . is a wnit. Soif+ € S\ (", then vy € S\ (", Similarly, yr € 5\’ and therefore,

S\ isanideal. 0)
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1.4. Simple and 0-Simple Semigronps

The basic building blocks of the structure theory of semigroups are th

and O-simple semigroups. If one were to extend the definition of

ple group to
semigroups, then it would be natural to require that a simple semigroup have o

non-trivial congruences. On the other hand, mimicking ring theory, one might use

the weaker definition that a simple semigroup have no proper id

This second
approach is the one taken in semigroup theory. It has the drawback that simple

semigroups may have non-trivial homomorphic images, but nevertheless results in

nice structure theory.

1.4.1. Let S be a semigroup. We say that & is a simple s migroup i

it has no ideals
other than & itself.

This definition is not very interesting if & has a zero clement 0, for in that case
{0} is always an ideal of S. So we say that a semigroup & with a zero is a O-simple
semigroup if §* = S and 8 has no ideals other than S and {#}. The condition
S§? = S makes the theory cleancr and excludes only one semigronp, the two element
null semigroup.

In an entirely analogous nanner, we can define right simple scmigronp, vight 0-
simple semigroup and the corresponding versions for loft ideals. Onee again, we
exclude the two-element null semigroup. These are stronger conditions.

Note that if S does not have a zero and S is simple, then 8" is 0-simp]




14. SIMPLE AND 0-SIMPLE SEMIGROUPS 18
that any results about O-simple semigroups can be easily applied to simple semigroups.
For this reason, we will usually restrict our attention to 0-simple semigroups.

Let & be a O-simple semigroup. If « is a non-zero clement of  then the principal

ideal S8 is non-zero so we must have S'aS' In fact it is not difficult to show

that SaS = 5. Since a non-zero ideal always contains principal ideals, the condition

that & = S%S" for all « # 0 characterises 0-simple semigroups.

1.4

Let S be a semigroup with a zero. An ideal M of 5 is a 0-minimal ideal if
there are no non-zero ideals of S properly contained in A/. We will need the following
fact on occasion: if Al is a zero minimal ideal of 5, then considered as a semigroup,
Al is cither null or O-simple.

Similarly, if Ml is a maximal ideal of 5, then S/Al contains no non-zero proper

ideals and therefore, either 5/A is 0-simple, or S/AM is a two-clement null semigroup.

1.4

Let S be a semigroup. Define an equivalence relation J on S by « 7 y if

and only if 581 = SYS1. Note that 7 is not a congruence in general. Write 7(a)
for the J-class of & containing a.

Let S be a semigroup and adjoin a zero to it if it does not already have one.

Consider a principal ideal S§'aS" of S, with a # 0. For convenience, let ./, = S'aS".

Let 1, = {w € J, |1 € J,}, the set of elements of ./, which do not generate J, as an
ideal. It is casy to sec that [, is an ideal of 5. Since each element of J, \ I, = J(«)

generates J, as an ideal there can be no ideal of S strictly between /, and J,. Hence
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J,/1, is a O-minimal ideal of 5//, and so is cither 0O-s

le or null. (If we do ot

assume that  has a zero, then /, may be empty in which case .1, /1, ple rather

than O-simple.) The quotient ./, /1, is called a principal fuctor of .
1.44. Let § be = semigroup with a zero. A strictly decrensing series

S1 D828, D S = {0}

is a principal scrics if each S it an ideal of & and there are no ideals of S strictly
between 5; and iy,

Each factor ;/Sis of a principal series is a 0-minimal ideal of 5/8,, and is
therefore null or O-simple.

Note that our definition of principal scrics differs slightly from that of [15]. Our
series ends with the zero ideal rather than the emply set. Of course, this restricts our
definition to semigroups with zeros, so we will always adjoin a zero before considering

principal series.

If § has a principal series as above then the quotients 8,/5, , are isomorph
some order to the non-zero principal factors of 8. In the notation of §1.4.3, 5,/5,,,
is isomorphic to ./,/ [, where « is any clement of §,\ 5,/

Finite semigroups always have principal serics.

1.4.5. The bieyelic scmigroup C(p.q) is the monoid generated by {p.q} with the

single relation pg = 1. This semigroup plays an important role in the theory of
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O-simple semigroups; see §1.4.6.
The clements of C(p,q) are all words of the form "™ for m.n > 0 (with the

understanding ;) = ¢" = 1). These words are multiplied as follows:

ke i < K,
S =

el itk

It is apparent that C(p.q) is simple, for if ¢*p™ is an element of C(p,q), then
Lo (g p ) and so Syt = .

It is uscful to picture some further properties of (. ¢) by arranging the elements

ina table:

a apoapt at g
U
P

ad'p oa't ot gt

Then the elements below any horizontal line drawn through this table form a right
ideal and the clements to the right of any vertical line form a left ideal. Further, the
clements on the diagonal are all idempotents and the ordering defined in §1.15 is
U gp s gt > gfpt > e

[ is & semigroup with elements ¢ )/, ¢’ satisfying cpf = p'c = !, eq' = q'c = ',



14. SIMPLE AND 0-SIMPLE SEMIGROUPS 2

and ¢’ = ¢, then it is clear that the subsemi (WYisah hic image

of C(p.q) under the map p— Jf. ¢ — i, because these relations are exactly thase

satisfied by the bicyclic semigroup. If further, ¢/)f / ¢, then this homomorphi

actually an isomorphism.

1.4.6. A semigroup N is a complelely O-simple st migroup if it is O-simple and it
contains a primilive idempofenl, that is a minimal non-zero idempotent with respect

to the partial ordering given in §1.1.5.

In fact, if S is completely O-simple, it turns ont that every non-zero idempotent is
primitive. Completely 0-simple semigroups are regular.
In Section 1.5, we shall give a structure theorem for completely O-simple semigroups.

Once this structure is known, it is rather casy to prove many things about these

semigroups.
Since these semigroups are relatively casily handled, it is of some interest to kuow

when a 0-simple semigroup is completely 0-simple. We state two results of this sort.

1.4.7. The first result tells us something about 0-simple semigroups which are not

completely 0-simple.

TueoREM ([15, Theorem 2.54]). Let S be a O-ximple semigroup which s nol com-
pletcly O-simple. If ¢ is a non-zcro idcmpotent of S thew e i the identity o nt of u
subscmigroup T of § which is isomorphic o the bieyelic scmigronp, Conorrsely, o 0-

sinple semigroup which contains a subsimigroup isoworhic 1o the bicgelic s migronp
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w5 nol compelely O-simple.

‘This result is less useful than at first it might appear, for there are classes of
0-simple semigroups which contain no non-zero idempotents.
148, A semigroup 8 is a strongly m-regular scmigroup if for every + € S, there is
an n such that " is contained in some subgroup of 5.

Turonks ([15, Theorem 2.55)). Lit S be a O-simple semigroup, Then S is com-
pletely O-simple if and only if 8 is strongly x-regular.

It is casy to see that periodic semigroups (and hence finite or locally finite semi-
groups) are strongly 7-regular, so in many situations, this theorem will allow us to

assume that 0-simple semigroups are completely 0-simple.

1.5. Rees Matrix Semigroups

Rees matrix semigroups are of fundamental importance because all completely 0-

mple semigroups are of this type (see Theorem 1.5.2 below). They have a very

rigid structure which makes it relatively easy to prove statements about completely
O-simple semigroups.

1.5.1. Let (7 be a group. Recall that (% is the semigroup obtained by adjoining a
sero element 0 40 (i, Let [ and A be indexing sets, and let I’ be a A x / matrix with

entries from (",
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For g € G°, i € I, and \ € A, write (¢),\ for the / \ A matrix with (i, \)-entry ¢

and all other entries 0. For all i and A, (0),. is the zero matrix; we write this matrix
as 0.

Let M(G; 1, A; 1) be the set whose elements are all such (¢);\ and define a multi-

plication on this set by
AB=Aolol}

where A, B € MO(C41,A; 1) and ‘o' denotes ordinary multiplication of matrices.

Note that this multiplication makes sense and gives an | « A wiatrix with al most
one non-zero entry because A and 13 are such matrices. This operation is associative
since ordinary matrix multiplication is associative, so MY(C; 1. A; 1') endowed with
this operation is a semigroup. We call MO(CY; 1. A; ) a Revs malris semigroup. The
matrix P’ is called the sandwich malrir.

Alternatively, we can take the clements (4). as formal symbols and define multi-

plication by
(@Das(h)y = (aprsh)e

where I’ is the matrix with (,i)-entry py, and the product gp, b is taken in (%, 1t
is easy to see that this definition is equivalent to the onc given above.
Sometimes when the indexing sets / and A are finite, we will write (€, s 1');

in this case the indices are 1 < i < mand 1 A< n.



1.5. REES MATRIX SEMIGROUPS 24
1.5.2.  Our interest in these scmigroups stems from the following result. The sand-

wich matrix /”is regular if it has non-zero entries in every row and column.

T

onEM (15, Theorem 3.5]). A scmigroup is completely O-simple if and only if

it is isomorphic 1o a Reos malviz semigronp SMO(C; 1A; P) with regular sandwich

malrir I,

We introduce some further notation for Rees matrix semigroups. Let S =

M1 A P). Fori € Land A € A, let

{(9)ar | 9 € (),

=J Sa

\eA

and Sao=

@
The following properties follow ensily from the explicit form of the multiplication

given above,

LEsMAL Lot 8 = MG 1LA; P) be a Rees matrie semigroup.

() An clement () # 0 is idempotent if and only if pyi # 0 and g = py~".

(i) Distinet idempotents commule only if their product is zcro. Hence cvery non-
sero idempolent is primitive,

(iid) Fach st S,y is a subsemigroup of 8. I py = 0 then it is @ null semigroup:

atherwise the map (a)is = gpyi is an isomorphism of Siy onto GO, In the latter
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case, S\ {0} is 1 marimal subgroup of S and these subgroups (logether with
{0}) arc all the mazimal subgroups of 8.

(iv) Each set S is @ vight ideal of S, and 8 is the O-disjoint union of the funly
Sia i € 1. Similarly, cach S\ is a loft ideal of S and S is the 0-disjoint anion
of the family of such Ieft idvals.

(v) Each Sy is a left ideal of S,. and S,.. is the O-disjoint union of all S, X1 A.

Similarly, S.y is the O-disjoint union of right ideals Sy, 0 1.

vt af &

- W/ 40)

vi) Forij € I and \opp € A, we have SpS,, ¢
! I

then (Sis \AOD(S2 \AOY) = (S \ {0}).

vile. Consequently, S is locally

vii) If S is Jinitely genevated, then [ oand A are
LB

Jinite if G is locally finite.

ial

1.5.4. A Rees matrix semigroup of the form M(1;1,A; I’) where 1 is the tri
group is called an clementary Recs malvir scmigronp. Clearly these semigroups have
only trivial subgroups.

155, Let § = O(G; 1, A; ) and let ¢ ¢ = 1 be a group homomorphism. 11
we define $(0) = 0, then ¢ becomes a semigroup homomorphism ¢: (11", As
before, denote the (A,i)-entry of /* by py,. Let [ he the A~ 1 matrix with (), i)-entry

i = 6(pi). Then & induces a semigroup homomorphism

B2 MO(C4; 1,A; 1) — MO 1A 1)
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defined by

(@) = (D(9))ir-

In parf r, the trivial homomorphism (i — 1 induces a homomorphism of a

Rees matrix semigroup MM"((/; /. A; I’) onto an elementary Rees matrix semigroup

W(1; 1,A; 1), The kernel of this homomorphism is the relation p given by
(D p (), ifandonlyif  g=h=0 or (i.A)=(j.p).

1.5.6. Two other classes of Rees matrix semigroups will be of particular interest.

The first is the class of completely 0-simple inverse semigroups. It is not difficult

to see that the i that id

te (sce §1.1.6) means that the
sandwich matrix of a Rees matrix presentation of such a semigroup must have exactly
one non-zero entry in cach row and column. In fact, up to isomorphism these are the
semigroups of the form MMY((S; 1, /; A) where A is the [ x [ identity matrix.

Let A and /3 be arbitrary sets and define an operation on the product A x 5 by
(ar.by)(waiby) = (uy.by). This forms a semigroup in which every element is idempo-

tent. Such a semigroup is called a rctangular band. 1 we adjoin a zero, the resulting

semigroup is is hic to the el y Rees matrix semigroup 9M°(1; 1. B; )

where I”is a 12 \ A matrix in which every entry is 1.
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1.6. Commutative Semigroups

There is a nice decomposition theorem for commutative semigroups which can
often be applied usefully in the study of rings graded by commutative semigroups,
We present this theory in this section.

1.6.1. Let 5 be a semi| (not ily commutative) and let o he a homo-

7).

morphism of § onto a semilattice I'. For 9 € I' let &,

Note that the sets 5, and S are disjoint if y # 4 and that § - U 8.

I,y € 8, then ¢(ry) = ¢(r)d(s) = 17 = 50y & 5. Hence each st 5, i a
subsemigronp of . Tz €%, and y € 5 forsome . e Pithendlog)  #)bln)
31 s0 that 1y € Sy

In this way, S is a disjoint union of subsemigroups &, indexed by a semilattice 1"
such that 5 C S, for all 4,4 € I Such a decomposition is ealled a seumilultic:

decomposition of S.

the

Let p be the kernel of the homomorphism . Then S/p ' so that p satisf
conditions
o and wypye foralley S,
A congruence p which satisfies these conditions is called a scmilatlicr congrucuce

a one-to-one

and if p is a semilattice congruence then S/p is a semilattice. There

cor dlence between semilattice d itions of & and semilattics congruences

on .
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It is easy Lo sce that the intersection of any family of semilattice congruences on
a semigroup S is again a semilattice congruence so taking the intersection of all

semilattice congruences on § we have:
LEMMA. Every semigroup admils a smallest semilallice congruenee .

1.6.2. Let & be a commutative semigroup. We say that . divides y and write + | y

4. We say that S is an Archimedean scmigroup if

if thereis a = € &' such that

for all .y € 5, there exists an n > 1 such that r | ",

1.6.3. Let 8 bea i i Define a yon Sby.rnyy

if aad only if there exist m,n > 1 such that r | 4" and y | . (Note that we may

always take m = n if desired.)

Turonem ([15, Theorem 4.13)). Let S be a commutative semigroup. Then the con-
grucncey ix the smallest semilattice congruenee on 8. Let T = Sy, and let § = y g
be the semilatlice decomposition of 8 corresponding to the natural map S —=T. Then
cach subscmigroup S, is Archimedean. Furthermore, this is the only decomposition

of 8 as a semilattice of Archimedean subscmigroups.

This d position of a i i Sis called the Archimedean di-

composilion of S.
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1.7. The Group of Fra

tions

One further construction that we shall need is the group of fractions of a cancellative

semigroup. This is analogous to the construction of a ring of quotients for a domain,

1.7.1. A semigroup & is right canccllative i rs = g implies &+ y for any cloments
sy € S Similarly, in a lofl cancellative semigroup, o <y implies .+ y, and a
semigroup is cancellalive if it is both right and left cancellative.

A finite cancellative semigroup is a group.

1.7.2. Let § be a cancellative semigroup. A group of right fractions of S is a group
(i such that & embeds in (7 and every clement of ¢/ can be written in the form of '
with s,/ € §. The group of right fractions is unique up to isomorphism if it exists,
and we write ({ = 5571,

A necessaty and sufficient condition for a cancellative semigroup & Lo have a group

of right fractions is the right Ore condition:
SENLS £ D forall s.0¢ 8.

If S has a group of right fractions, then the product of clements #y ' and we ' in
S87Vis (ru')(ry')™" where o' and y are elements of S satisfying ny’  yu'

Of course, there is also a notion of a left group of fractions. 168 has a left and right
group of fractions then they must coincide and w refer to this group as the gronp of

Jractions of S.
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If 5 is commutative and cancellative, then it clearly satisfies the left and right Ore

conditions. 1L is easy o see that the group of fractions of such a semigroup is Abelian.



CHAPTER 2
Semigroup Graded Rings
Let & be a semigroup. A ring [ with a direct sum decomposition /7 O H, of

additive subgroups such that K./t S Ry is said to be an S-graded ring (see, for

example, [55, Chapter 6]). These rings arc the focus of our study.

In this chapter, we i luce the basic rology and techniques needed to deal
with such rings. Because Rees matrix semigroups are fundamental to the theory of
semigroups, we introduce special notation for rings graded by such semigroups.

2.1, Basic Terminology

Let & be a semigroup. When we say that /¢ is an S-graded ring, it is understood

that we are referrin, to a fixed d position of 17, the I s of which are

written /f, indexed by the elements s & 8. Throughout this section, /2 will e an
S-graded ring.
2.1.1.  The components #, are called hanage nions compone nls and 18, is called the

s-componcut of I,

Every element » € It has a unique decomposition r = 37 r, with r, « i the

element r, is called the s-compone nt of r. If we write “iet r 2 hean clement of

R" it is understood that r, € /f,. An clement .r & K, is called a homoge ncous clemenl

of R.

Let X be a subset of S. We write [ty = 5 /f,; in general Ity is just an additive

Sex
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subgroup of it 1f 1 = is an clement of ¥, then we write ry for the sum

. There is a natural epimorphism of additive groups # — Ry given by

If 7"is & subsemigroup of & then /7 is a subring of K. We may regard ' = Ry as
a T-graded ring by putting 1) = It, for / € 7' or as an S-graded ring by putting
i, ifse.
=
0 ifseS\T.
I 7"is a right, left or two-sided ideal of § then Ry is also a right, left, or two-sided
ideal of 11,
If & is a semigroup with a zero element 0 and 1t is an S-graded ting with Hg =0

then we say that [ is a contractd S-graded ving.

202, et £ = ¥ r, bean clement of K. The set supp(r) = {x & & | r, # 0} i
called the support of r. Of course, supp(r) is a finite set and supp(r) = @ if and only
ifr =0,

16 4 s a subset. of I, then the support of A is the set supp(4) = U supp(a); i
need not be finite.

The support of I itselfis supp(/t) = {s € & | K, # 0}. An S-graded ring / is said

to have finile support if supp( R) is a finite set.
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2.1.3. Let / beanidealof . If I = & [N K, then [ is called a homogenons ideal
=

of 1. This condition is equivalent to the assertion that r = ¥ r. ¢ [ implies r, |

forall s € 5.
Note that if / is any ideal of £, then - /1 [f, is always a homogencous ideal of
s
R and is in fact the largest homogeneous ideal of It contained in /.
Since this definition makes no use of the multiplicative structure of the ring, we
may define homogencous Ieft ideal, homogencous vight ideal, homogencous subring
and even homogencous addilive subgroup in a like manner and similar remarks apply.

If X is a subset of & then [y is clearly a homogencous additive subgroup of /7

2.1.4. Let / be a homogeneous ideal of ¢ and let [~ /1. Write the image

of r € Rin I/l as #. For s € & put Ry = (K, 1)/1. We have 180 I,

Suppose that ., € K, for each s and that 3° 7 = 0; then )2 r, ¢ [ and hecause /s

homogeneous, cach .r, € [ and socach 7 = 0. Hence, It = 32 It is an S-graded ring.
s

7y iy we will normally

Notice that if we write 7, for the s-component of , the
write the former.

In particular, if 7" is an ideal of S, then My is a homogencous ideal of 1t and so the
quotient B = R/Ry is an S-graded ring. Note that /2, = 0if s ¢ . Remembering

that we can identify the non-zero elements of the quoticnt 5/ with the clements

of &\ 7, we see that / can be regarded as a contracted S/7T-graded ring.  The

h of It ding to non-zero elements of /7 are just
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the homogeneous components /#, of i with s € S\ 7.
If S is a semigroup with a zero then /t/ /2, is a contracted S-graded ring.
We single ont, the following obscrvation as a lemma. The proof is straightforward,

bt this result is the key to many of our reductions.

LEMMA. Lt T be an idval of @ semigroup S and let A be a subsemigrowp of § such
that ACVE = 0. Ll B be an S-graded ving. Il R = R{Ry. and denole the image of

1 by i Then the map r v F induecs a ving isomorphism R4 = Ry.

an clement .«

2.1.5. Itisoften convenient to change the grading semigroup. There are two trivial
ways of doing this. Let /f be an S-graded ring. If § embeds in a larger semigroup
I', then we can give /# a T-gradation by setting £, = 0for 1 € T\ . Il §: § = &'
i 2 homomorphism of semigroups, then we obtain a natural 5" gradation on it by
pulting Ry = 5 e

#a
itnation we sometimes say that an ideal is S-homogeneous or -homogen-

In this

cous to indicate which gradation is being considered.

2.2. Rees Matrix Semigroups

As mentioned in §1.5.2, Rees matrix semigroups play an important role in the
structure theory of semigroups. We introduce some special notation for dealing with

rings graded by such semigroups; this notation will be used throughout this work.
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Let S = M(1;1.A; ) be an elementary Rees matrix semigroup and let i
be a contracted S-graded ring. Recall from §1.5.1 that non-zera elements of 8 are
written (1);) for i € [ and \ € A. To avoid cumbersome notation, we shall write the

ho corresponding to (1)1 as . In a like manner, we shall

write the (1)\-homogencous component of an element 1 C Fas ryy, so that N

A

(The 0-component of  is zero because /1 is a contracted N-graded ring).

Remembering the way multipli works in such semigroups, it is immediate
that
Rl € By iy, A0,
and  Hyh,, =0 iy, =0,

Note that if py, = 0 then (/#,1)? = 0 and otherwise (1,\)* © If,\. $o cach component
Riy is actually a subring of /2.

Let Hie = 3= Hix and oy = 3 iy, From the above il is apparent that .. is o
right ideal of £ for each i € / and [t. is a left ideal of ¢ for cach A ¢ A,

Note also that R [{.y C Riy;in fact for any subset A of I, It Alt ¢ Ity

2.2.2. Let & = M(C41,A; P) be an arbitrary Rees matrix semigronp and let
be a contracted S-graded ring. Recall (sce §1.5.5) that the homomorphism (/1
induces a homomorphisi & — S where " is an clementary Rees matrix semigroup

MY(1; 1. A; /). Hence, It can be regarded as a contracted S'-graded ring in the
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mannor of §2.1.5,

I (g)s € S, we write ft,, for the () of It with the S-grad
Since 8" is an clementary Rees matrix semigroup, we follow the notation of §2.2.1 and
write If,y for the homogencous components of /f with respect to the S'-gradation.

Note that for cach  and A,
=3 R
L=

IF py, 7.0, the set Sy \ {0} = {(9)ir | 9 € (¢} is isomorphic to ( by Lemma 1.5.3(ii),

so that f,y is a (/-graded ring. Note that the g-component of /;y with this gradation

s Tather than iy, . Otherwise, if py = 0 then Miy is a ring with zero
multiplication and can still be considered to be a (/-graded sing since it is a direct
sum of components indexed by the elements of (/.

In his way, we consiler /= 3 Iy as a ring graded by the clementary Rees matrix
semigroup 57 in which every col;xponcnt Riy is a G-graded ring.

Our approach Lo such rings will be to consider first rings graded by elementary
Rees matrix semigroups and then to combine results so obtained with results for
group graded rings to deal with rings graded by arbitrary Rees matrix semigroups.

The notation established in this section will be used throughout. In particular,
if & = MO(C 1. A; P) s an arbitrary Rees matrix semigroup and R is a contracted
S-graded ring, then we will write f,y for the components of R with respect to the

gradation by the associated elementary Rees matrix semigroup &',
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2.2.8. The following simple result is extremely important for onr study of rings

graded by elementary Rees matrix semigroups.

LEMMA. Let 8 = 911 A; 1) be an clementary Bees malvie scmigroup and Iel
R be a contracted S-graded ving. If N ix ang subsel of B then RN K is a homogeneons

ideal of R.

Proor. Clearly X R is an ideal of #. For any / and \, note that /1,,.N /.y ¢

RX RO Ry so
RXR =3 R.N Ity
=
C RN KN,
.\

C RXIR

and therefore YR = 5 RX [0 Ity is homogencons.
=

2.3. Group-like Subseniigroups

We present another technique that will be useful at times for transferring problemns

cial subscrigroups.

from a semigroup graded ring to subrings graded by certain sp

2.3.1. Let 7' be a subsemigroup of a semigroup S. 105/ ¢ T and £ ¢ T imply
S € T for all elements s,0 € & then 7" is called a right group-likse subscmigronp of .

Similarly, if £s € T and [ € 7" imply s € 7 then T"is a lefl group-like subscmigionp
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This terminology is motivated by the observation that a subgroup // of a group i
is both left and right group-like in (i,

Let X be a subset of 5. Definesets X=X and XX ™! by

NN =fxe S|Xe =X and XX ={seS[sX= X}

LEMMA. Let X be a non-conply subsel of a semigroup S.

() UXNTVN AW then X=VX s a left goup-like subsemigronp of §.

(i) N s a bt simple subsemigroup of S then X=VX is @ loft group-like sub-
semigroup of 5 and X is a vight ideal of X=X .

Analogous statements with vight and left inlerehanged hold for X X,

PrOOF. Suppose that Y=' . is not empty. Let 5,0 € X~'X; then Vs = X1 = X

50 N(s/)=(Ns) = N1 =Y and sl € X~'X. So XX is a subsemigroup. If s € §
and £5.0 € X7UN, then N = (Xf)s = X(is) = X and therefore s € X' X, Hence
N7 s aleft group-like subsemigroup. This proves (i).

10N s left simple, then X = Y for alle € X, 50 X C X~'X. By (i), X' X

is a left. group-like subscmigroup of . That X is a right ideal of X=X follows

immediately from the definition. This proves (ii). O



2.4. GROUP GRADED RINGS 3
2.3.2. Left and right group-like subsemigroups are useful because of the following

result.

PROPOSITION. Let T be a subsvmigroup of a scmigroup S and et B be an S-graded

ving. Define @ map wps B = Ry by projection: if = 3> r,¢ 1 then 7 (r)

T s

ight growp-like then wp is a vight By=module homomorphism and Ky is o
dircet summand of ] ax a vight Ry=module. Similarly, if T is It group-like then
i is @ lft Rey-module homomonphisin and Ry is a diveel sunmmand of B as a bt

Rp-modulr.

PROOF. We prove the assertion for a right group-like subsemigroup ‘I of S, Lot
seSandl € Tyond leta, € Mand v, € I, s € 1" then sl ¢ T so (e, )a,
rty = ap(rya,). Otherwise, if s ¢ 7' then s ¢ T and mp(r o 0 wp(r,a).
Because 71 is an additive group homomorphism, we sce that wp-(r)u  y(ra) for all
r€ R.and @ € Iy, Hence, mp is a right fy-module homomorphism.

Because 7 splits the inclusion map Ity — 2, Ry is a direct summand of ¢ as a

right Ry module. O

2.4. Group Graded Rings

We end this chapter with a few rematks about gronp graded rings. We will need

the results of this section in later chapters.
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24,1, Let (! be a group and let # be a (i-graded ring. The grading is said to be

non-dgone rale if it satisfies: for all g € (7 and all . € Ry-1, i o, = 0 or Ryr =0
then = 0. 'This notion was introduced in [17]. For our purposes, it will be useful to

note the following sufficient condition for non-degeneracy:

LinMA (7). Lot G be a group and Il R be o Cgraded ving with finite support.

I 1t has wo won-zero nilpolen! homogencaus ideals then the grading is non-deg nerale.

2.4

Non-degenerate group graded rings are much better behaved than arbitrary
group graded rings. In particular, they have the following properties:

Lensa ([17)). Let ¢ be a group with identity 1 and let R be a non-degenerale
Clegradd ring.

(i) K has an identity if and only if By has an identity, and these identitics neees-
sarily coineide.

(ii) 1 supp(R) is finite and By is

misimple Artinian then ] is vight and lef

Artinian.

In [26], Graeszcank discusses a more general construction than the group
graded ring which he calls a G-system. Let (i be a group. A ring R is a G-system
if as an additive group, I is the sum of components ,, indexed by the clements of
Gy and By Ry € R, for all g.h € G, This definition differs from the definition of

Ci-graded ring only in that the sum f = ¥ R, need not be direct.
it
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It is apparent that a homomorphic image of a (i-graded ring is a ¢

em. Con-

versely, any (‘-system B = ¥ if, is a homomorphic image of the C-graded ring
d

1€

formed by taking the direct sum of the components /7,

We require the following result in Chapter 6.

LEMMA ([26]). Lel G be a finite gronp with identity v and 10 1 be a Gesystem

R has an identity element 1, then 1€ By,
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