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ABSTAACT
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. In ,thh tilc~i:;' ~e study the' twisted poi'ynpnl1~l rings"'and llete1'lll1nc ~ >
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several, ~ their .!ntrlnS'ic proper.ties. : -
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INTRODUCfrON •

'I'llri;ughout' this lIoi~ the '''~rd ring ~i1I, mean sssoci.at1v,e ri~g. .Mo'st of

· the not ~1ci~' ~ed' ~~ t~1~ t~Sb i~'es.~:~·fi~hed~in the~.be~1nn1n~of '~a~~ei: 1.,.'

!'Ie do'Bine' tl'l.c' twisted polYnollial "ri~;' R " Ix]: w~ere' ··R ~S'8 dng; (I -1lIl '.. .' ,; '. '_ _, -.<1., . : . ~ _, .' ' .'_', " . '."
Ilutomorphi 'of R, ,,'an ~.derivat1on'c1Il R:,-and, x an indeterminate. :'.'

Twisi'ed. pOl~a'm~al ~.~.~gS ~~y' be ,de,fine~. SIs? lI~en .-: ~ ~iS' ~ Z:iri~.-endomr?~i~ms
,Gf R' '~ut ~herl some,.'l'e.'sn.ic:ti,ons" -a~e ~5l!al1y 'lade pn .R an'd so~eti~s qn" 'IJ [~~.

~~e ~~Udr':'~;ieflY id,e~ls ':n~~ ~U;t1e~~ .r~ngs in', ~~.'4\ ~xj' -fJ\~ i'iv.e a

I:Ompl~ie ,~eserhtiori. '~f ,the :eenter: o~ 'Rci.,·!~J~~ 'When •R j.; S _He~,d'~ not'

~:~~s~ariJr' 'c~~utl!:tiV~" th.~··~el'ltcr:,'o'i: .Ra •• ,[X? --:'?,8,S ,b~:en"d~~i:rib'ed'bY 'J .• B. " ...

· Ga·sti.llo.n i~'-',[~l'" We ',aIs?, ~.~se~ss _t~e unit~ of .R~I'[X] tn' somfl $pe~~~1 c:ase,S .. , .. ·
:~~

1~
,,{~

'rings'~ ....~or, ~·~~_t~tive. d:11:~5: ~.?: %01'9 '~~~~~a.t~?~~';, ~~ '~~ve.'''~h~~~ ,.~l~~~, .R. ):~
.}laS id~~titr~ Ra,(x) .c~.~t_ be·l_oft',{rig.~t) ~o~~herian ... Thi·5''exten~.. a·.resu~F / i~

•0l R; w~ ,Gi-llAer [6], ',. For rlngs -wfth.1del).~i'tY ~d:' iii s~m~' lIthe;- c:ase~;" \,~.[~] Th~

";~ot ;;il~i~. f
~:F2sE·:}gg~~E~~t~ ~

;-, .. ." '. : ..,':.'.'.-. : :','. "-, ": ."', ". - .. ::"'" :, ',: '. " .
-:'" • ~'~-('~a ~~)) n:.R?a[~_) "'~'.,~.(.~(J [~~~_'.- ,~~~~e.~~~ ..~.~~ota~ ..~~, ,1.S .•m8~~~~~~1.:,.: ,con,s.eque~~~y ••.

.•.. =:t:::t~: o:,::;>'::~:;::;::::. :;~;~::::2:::tt::t::::r':::::;. :'r~· ..; .

: >
(
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4~~··
. ,", "in ~p~'er:~v~';;'e {re concem~ wi~ t~s~. end~~h~Sl'~'~Of Ra ,'40,{i)

'1hich restrict 'to ,the identity up on .R, Le. the R.en4a.orphiSllS. We
o I '".. .. ".

· find ~i£ic ~onditjons i~ ~pfcial Clse's for s~bstjtlltiOJl uPs: In

<.[ii., to 'be R.~ndo+:hiS.S~ We ~hen ISS~~ ~. o' ',1ft!! d,~~er.ln.~.·'~l.
· R-endollOrphis.Sc:'f. _ Ra ~.~ . when R •.i~ _cc::-ut~~i~e .n4. has .. regular.. el:e.ent ..:

Thi}--..as·done by R.W. GU_'r for .~he.uSu~l ·pol)'iJo.lIl. ri~l.ln '·l7].,"·

, ..•... ~o, th.. ·,-.utO~O+i'~' ;1 .~ot,J ... f~r~, .;"i,,,;; 'U~~'I'" io"
,colll!'utative ri~is w~th"" regular elellleot •. l'Ie n9te that if

i'.. .t
o

"'I·x.+ :.: -+ Jxn i~dllces' an.,~-e~domo~hb. of R [X"] ~.t~cn
.Jl"o ~ . . . 0 .

.t' .:.t1,'tt;x+·. +\tftxTr-l COl1llluteswithevoryelcilentin R. Moreoyer. if

,induces an R...~to.Jrph~SIll ~i R :r:j; ." t'.. ill 'a unit botli in . Ii. ixl 'altd in

• - ~ .Rlxl. Using t.he:fe falts :"e ~rl! ab':e"to' f~~~.n"e~~ssa;Y-and ~~ffi'e~~t. .~ondit.i~S" ,.: I· .. · , ." . " " '. ". ',.
01\ t.h.e ~ffiden!-s Of ~ pol~~ial ,;1. :01' the' \nd~e~ sulis-~~·t.u~ map t~ .

be-&n"'R-aut.omorphi5. bf -R (~J- For the.~e 0 ';~I. theoreli V:7 _",as proyed~

,~:~'~,~l:Z;~:~::;f' ~7.;:;v~:;:,;:::.:;:n~7~;::r:~ ::::~;;7 '.','
{not. necessarily ~o_tative)'ring.lfith identit.y_ Here ·we us_e SOH results ,

···'.~;ftt~~:fi~~fftt@\·
. :iatlY .,~. ~ _~'- .Me ~~tt~~t. t,~is' ,.is .~~t :lv'Y~' t.Tul1' /~~." >c~~t~e~p.le:.w~~. "

· ai.!-:n by M. ·Hoih$~.er.ln [9]-.• We. ~es~rye OI.p.t.er·YII f~.~ _'14~t.ai:led,st.udy- .of

...:..:~I;i:5.:~~t~~~U:Ple'J, i.-: .,:" .,', .....•• .• .,.'
".'-

,',';

"



.CH.A.PTER i:
,II

Defini tions and' Pr'cl ininary" Resul is

. " ".'.! ":. " .
"!"e begin this ch,apter by ma~ing SOIlle definitions..and proving .simple!

. . ,.' .
~es.Ul~.S' I?ri der~,v.ation,:', ·In· doin~'so, lie. establi1.h. il.O,S.~'.,Of t.he. notati~n used'

tlfroughout this, thesis.' I'•

,_:. ,~~ /. ,., ~ .
Defin~t.ion: Let R, ·be ar,ing and (l ar;irli}l~tomOrptlism ,9f, R. An cndCl- '

.: [SJ.

:',

mo~hi~m .' o/t.h.e.underly.~ngaddi,:'ive group,o~' R is an o-d.er"ivation on R

i.; it ~.atis~ies,.the prop~r;y:·. 0)"'" /". . . .. 1f'1
" t ~~~.~ E: ~ ' .. ' w(a~).= ~(a)~(b) 't ''i(a'}'b

"
Let' (I E 'Aut(lU ~Il! a E;R; we define.' frol' . R" ·into 'R by:

. . . a.(l .--.. ....; •

..~7i}::3~:§:~"~~:;~;~:~r
.TIll( derivations 'are c'al1t;ld inner der~~ltl:ms [S;'pg., ~95):.· If

iden~i.~Y•.

The ~um of t!'f~·.a-d.e~ivations,o~ R 'is an lI-der~vatio;' • .'AlSf.:'if 'c E R,:'

...••: ''lind V ·isan·II""deriva'tionon- R, ,c'l'. defined' by (c.'I')(r),"c)II(rj;. lsan.:

. ~~~eri~aHo~' if· c .e· c~~'), ~he: center' Of .R":
. . ". .' ',.', '\

.•. _ We d~note -the. gTO~P of. the ring, a~tOll!.otphism:S ot: R' b~ Aut'(It); l,f Y

is' in' e~~otloq,"~S'C1~f the ad~it~~e gi-,u¥' ~f,' 'R, we>~s:e.eith.~r ..'y'(~). O~. {

;.. ]~ ·f~~.~'~'te the, .~~.~~~. und~r "Y ·:of.~n eIe,men.t' ~ E' R.·· Also. 'if ~y·~~6.. E' Aut(R~'

'~:'.~--::;;~d r "iE'1I, ·(:r:Y).~ .~. ~y~6.: .'
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~i":'im'~o:,~
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:::C:~or;:::~:i: ~::;O \Cb:'b~t:,:~~ b~ ~b:~::;~:~~~:: ~;,'i::' .
.:,~::. s~: ;:.p~:'.:;~1::C:i:b::i::;i~:~::' O;:r'~::';:J ::ovo,

i t~ R.endoJ:l)rpM5~ ,re. co:n(:e~ed:

. .;

." .
De,finition:·· Let R' be a ~inl" 1:1 "an '1rU~~IaO-xphhll of R•. '" an(1-.d~rlVtltion.'

:::.:,:: f:,,:~::i!~::;i.~;,~:~:::::::'=~~~l:~:~~.~ ['I.5'" ,
.\,jI{~}~' (i~OliX::'I:~~' 0 and, 'a1"£·R _\II ~ 0l ,

/. t~gethe~_ With' th~ opera;lons.;·

\:;' ::~. r . ~ . !' :.u{••n}.··· "~r
,1) i~oaix:.:.l~O~ix .~Jo .. (.i·\)x.."':n:_?:O, Yai:biE.R· ind

.... fi.ll.ing up w~~ 1.~MS the pl~ces of .the .1I1'~ini c~e·fficJ..~t5; ,

k,.
I

. ......

.......

'.
2) (ax-°)(lllr;-nj. abXU'~. •

(ax~(bxii) ~ (u;"'1)(6'xn ) ," (ax·-l)(b~n·+ll. V- > 0;

.. ':tII n.~ .~, Va.~ 4,r'· an~ ~~~~~inr t:~s ·~~~.i~l.j.5"'tiO~·to.'~~ n:.~. :1,.nt:5. o.~/.~..
. r. '. Ra;.(~l ~ Ibttl&fi~Y~. ' ....

." \~X·;~::;:~: .:c~~:~::5::'::~I:-::\t:Pl::i:::·.~:I·R;:[:~I' \'
:rin,s~with "i~e.ntity ;'tJ:le ~tipU:~atiof1"i"~ d,efined lIbrpl~".p>: ~efift~ri" "

Xa ••>f t, .ax· ~.in '(:l), lsi. 'and. [12]; , .:" .:. "
. '. , .. .

".' ':

r·
' ..

/.



~:. '~'~' :'.~'. :, •••• :':. > ',' '~= - ::_ . ~~;·~'"f:i1:~, )F~Y\~~\:-,: ~': ... '~~' ~"~', ~";';':~'~/;';.~?~::~~~

~'<"'h;~.::--~'«i:.· zA.;t! n ~~... , : <....
. ~5~' ."

''!;'. ".,

I':' ..'~~..
;.....,,: .

1·:
. .'~~" .~.. j; &nd.·.-i,~) .;~~ s~' tt:..t:·. f l.:~ ~e '~efine '7S~(i" to be·,the', .~~.,

··f~;~':?;:~?f~i:~.~ttr;~(. <'
..v;.~~~:the~'~~,i~ilO~lng'~.l~tlfl;: ... ,,'.

::oJ,' ._ ..

, .'(1) S"J.(n:.··{~t :o'.lt i'"s~~)'l.U ft· 0 ~i~~ ~.~1:':!)}~. i;'~ tIt ~ S.il;:{ 0'
-.. ,. ,; ;{.~~::'I;I~ ~·~S.·(l.:.,l)'~'''<.~i:.'~;'Z.:;'. .... ,..~..,. ".

'-:(2) "

.......
~ We~U$o ·ifl4uCti~J:l.on·~.~ If ~". 0 C2} Is. ObviouSly trUe 'W;"

."'l'P'''~''~t i:JWl';~O~ .~~ '~.;'; w.:~""to" q.io~' ~~'i:·';·~,.",:· ,'".
t~'for '••',i •. -:!fe'u.v_.: . ',.. , .~.~ .. :.~.. :.- ." ~.. " : .: .

. C\ '. (~~.lj(i,~~;:'1~:(b·~"J}(j(b·;tj~·.U;;~((~/~~;~;~:'; .... :"
.i'fti + a: r.... r . ~ bBOtx~+n+l .. a 'II, r ,: b.~t.?::.- .."", - I . " .', .:~', \.:; ': .•

i-O tES (1) - 1-0 (eS (i)" - j' :"~ .. ;:.. .. ,~'; :,:,,~ .-
~i~"'..-{:·~",:,(~~""l:."'"'" '. ':~ ~fIt , "~~'::'" ,.," :.~;"'~":1.. :,::<''''

+ ~',I .r: '" ·..b .f~,,!, and,' b.etause ~fl~l). ,his equals ;~

... '. J~a' t. 5.(1-11 : ~,j < -,' .~ I .' I, '> .. '. .;~)'~:>/~};.~f:..~~<~:~;~'...

.~.... .:1:5t~;'~~~~~~1~C'S0ti~i;;.!~~~;~%
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i

i'."

7.

. . .. , ,
. we,wa~t to sho~ tllat·'the.:~ght hand-side of (4) equals the. right hand-siae,

'.£ (5). We"fir'st noie"~hJ~'b,l;",",:R, ....... n. i·;:, 0, . ,~
\'\ .

{b~} I"" 'r cJ;x~~~ a b nt' I .. Ctxi +t ,(6). . ."
~.=O f;ESnCq i-0.(.'5

n
+

1
(1) In. fact, by the definJ.tion"

of.multi.p~~catioTt, . (bx) r t· /.~1~ .;b r.r (6f;O~·xi+.f. + CI;00](1+1:1);

• ',"" ~=~.f;E=n(i)" "•. _~ i.O f;ES'1l(i) .

tlle.-pro?f of "(6) is then siTpnll.r to,that. of (2) •

• .'F-i~aily,. we·may:wrhe.

:0 .. ~ ~-- n -;~';.,
,,(a;J(P1)[(b' +.oox). I I 'ct x1+1 ) ';0 (axlll)'[b'" r r Cf;Xl+t.~

'-i_O tfS (1)' i-a I;ES. (:i:')
.. n • ": tn.·

~. '.

·tt~~,;~.~·~;':""":;+~;~.~r~~;:"'w~,~""",""",,,,~·.
~'. ",

':.,

• "bo ~i~};I ·cE;xi +1j ~ (axin) [(bfixn)(cx!.) .~ {bClxn+1)(CX.")J ,;.

~ i"~: t:Sn+1 (1) : ,_ .. , '. .

. ,_a ·(a~m)(b"'x(\.ibaX~tl)·(c:"fi.•: q·"e:d.. ~ .

. ' ·\;~'~:';'~;~·".I ~~,d" ,.,O.';'h~VO <h,u,~:~p:l~;mioI dng ~:t~J.
,,,:~.'~his ,case;...!l.[xj l~ cO.IIUll':!ta~ive. if a~ only, ~~R is 'co~i1t~~.ive. The;

. '"bxt," t~~·.pr,?io~itiOpS .sho~ .th~~ if"eithe~)~ ,~·;i. ,'"or' .~}. 0;. '~a.~[x]. 'is. '

and ,;R



~" .
.J:: :i~~;~"'1',\~~tf\-.~",","

s.

Propositlon.I.3. ~t· R be (I ring with a .;e~lar el~nt, Then ~II •• [X]

. is co~tativ~ if.and. Only ,if ~ ..1~ eo~tai~ve. (I. 1 and 0:, .

Proof •.~. ~f, '1(' i.~ co1ll:lUtative. ·:R.[X~. is cOl!l:lUt~tive. Corive1,"sely.·if Ro,.[:'J.

. is cOl:lllUutlve.. it 1s ..i~edi~t.e~th.at R is,co~tat~ve.- 'Let d £. R be

reg\,ll~r: for ,e~J:h Ii E 'R j 'dxa '. ~(at + all,;), by t.he defi,nition of .ulUp'lic~

'1,
. l i~

~

-S!
. '.
.,

.f t

a(l.,

ed.'d":·J!.~i~n .in. RII.,(x]-.. ~il\de RQ,,,,{X] is c01llllutative. dxa· adx and

.. Hence~·. dax .. dat + dea; and: becayse d is reaulllr• ."at '•. 0 and

: for each a E R,

'. cOllUlutative. tHen ~a;t[x~,,, ~[x],

; - ". _....•:
.p~. Since 8(1 •• [!!] is -c:ollllllUtative •. f~r each a.b E R.. axb'" b~x . ~~d· .• , '.

th.i:s l~Plie~ abt,·.'O and .al!°. ba .·ab. Th~n' Va.bE.'.R ... '.'v'~~~ io.

u"bx".•• ii ;'x'~n •;br". . '.'r
k-O f;~SII(k).· . _. .

The. ~PPlng . 0 : .Ro ...[X)·.... R[~J .. '. !eiined bY' o(laii
i

) ·;~r~ixi. ·is
e~early 1 -.1. goto lU,'4 addit.i~e. ~r~v~r.

0« r It x
i
)( f bixi)) • o( lit· a b x i

+
j } - o( r' alx

l } ~.( f' b.x
i
).

1"'0 1 i-O l+j.O 1} i~O ...1=0..1 .

"Thi~S proves. t~~t fj· is aOdng iso-?rphlslll. q.e.d.

. If R ~s ~~Y.'~inll:· a~ • t- ~5' a 'ronel\j)t~ ~ubset ~f ,R. we know that' I . .,

~~ '. left (right) 'ide.~ 'in R i,f and only, if I[x] is' a left (rlght) ,ideal,

in,' R[x].· We IO:t.' n~ i~to the ~~e ·que.stion· fo~ ~the '~re .generai case"

Ru;;[,xl.

I .

. ·>r-



. ,~.

Proposition r:5.: ,Let. I be a: no~elllpty.'subse~ of R~. The, subset

. 5.·.. {Ia;i . R~.~[xJla{E '~, 'Yf ~O} o~ .. I!.(I;":",[Xl' is a right'ideal'iri I,l.CI,~[x]
'i.f and only, it" I' i~.a'}J.ght ideal in" R.

Pro.of,; ,,!a·~·I•.~re~ ll1Id.'VIl~.n!.o., axDlrxn"'a r r . ·1'txi:nE,.~
. if, ~d only if Va E I 'sltd': ''1/.1' e. R•. a1' E. L 1"'0 (EStl(ij I

Proposition' 1:6.~. Let,:r.· ~e.a .nonempty 'subset Qf· Ii, Tho ·subset. ,.

, 5'· (raiXr €. R "<11 t~ll~. to I ... V i ~ OJ 'is a "ieft ideal. in . R . [x') ~0d O~lY
if 'y ~?. 0 ;~ 'Vi lSUCh:,~~t '0 ~ i ~ m,:. then, ~[( r o'~)(I)]' I.

" . ," ~Ul : .
Proof. Va IS. I .. '''11'1' E. R and " .. ,n ~ 0, rx'l1Jaxn ';"r:r r , stx1+n 'e S

i;and.onIYif,VfJ.€I, VrE.-R, Vil~O ~d. ~.i ;~~t~~f~i)O~i~Il'.)
then r ·X •. at E.I.

·'teSm(i)

. ~elllBrk. If w? set .... 0,. the ~ondi~ion in propositio~ 1.6, reads: I is.a
left ideal' in R. ~re gelJ.erallf. for ,each' ..'.?. 0 ''tI~ h~v.e" R,m(I) ~ I, 'lind"

~III(I') ~ I,' .bY setting i'·.. 0 . ~d i~ m, '1'espec~ive~y.

Let S be as in proposit~on '1.6 .. Theri:;

Corollyr·I.7, If ,R has identity', 5 is a le~t ideal in R~,,,,{xl .if ..~d'~~Y

if 'I' ~s a le~t" idea~'in R., '(1(;) ~-I iIJId oW ~I'

,Pro"af., if' 's 'is' a':le~t idea\ in ~B,~ [x)" .'w.~ app:;y p~op~~tdon' I.~ se~.;
rin·.g, r .. "t ~d consider~g the ~'ases,whim' D1. ~ .'.0, 1Il."l and '1 .. 0

"'and m,. i • 1.. ihe. co.n;'e;~e" is, ~e for ~y r.i.n~,"
.0>

. Let I be i. nonelllJl.ty.s'Ubset o,f a ring" .R' stable,unde.r the.auto.orphism

'u ,..~~ wi~e1j't~~:~.,deriya~i~n'· ,. and iet_ '.5'. be as"above;:'prO~O~:itiOnS 1.'5','



between

10.

'. a;-d '1.6 toll us that oS :is an ideal in .~a.",[x] if ,and OnlY.i( 1 is an

ide~l in R.:tf .~h·h·iS. the. c&S'e.. ,w~ f.!a<f~n ..th~ quotiery.~ r~ng' R~.,[X]/s~ ..

and we ....ould Itke t,o, find some rol8tl,OIt.b,:tween this dngand the qu.otient

ring iio'; R/ l , If ~e.llIake t~e .additional hypothesis that" ,.:i(l) .; I, 5. is

.then'the ring i a ..", [xl .8Jld we can. defi'ne 81s~ th~ Dlllppings '~ .'~ : ii. + it

by oCr)" a{r) and. Hr) .. 'Hr), 'Vr E R. ;;. and. t. a:re additiVe mappings;. " ... -,

a: _is al.so·~ltiplicative~d onto and;- sinca a(I) .. t, . ii. is injoctJve~. I;

is etsy to ";.or1£1' that ~ is an ii·derivation on R. W.ith tho'so no.t~tion,s in

mind, 'we IUy 'st~te 'tho £0110w1hg proposition:.", .

ProloSition i.s..Lee· R .be.a ring, 'a an aU~OJOOrphislli of, R, '.(1

·derivllU~.on R'.and' 'I 'a'two-side3 ideal "in ,R' such tha't' 1I(1).~' 1 and·

w(I) £'1; .The~· 'RIi;~[X] "~~a;,[X]/I:.• [~l·~ . . '

I, 1 1- 1 ,"
Pl'bof. ~e il~fine' 0:.= '~Q,'~.(~J +.ii.Ii.~(xl ,~by ~(rix) .": rix. Clearly, 0: ~,.s;' •

~eWitive. we' ~ow prove that 'it is also lllultipHcati.ve and again. it is enough'

to prove't.t on ir.onoIll1al~. We ha~I?' Cl.crXIll)Cl(6Xn; .T~~;~n ~.·T t· ..(.' ~~t·x~
. .' . . '. i-O /i;'ES' (i:)

whe,ro .s'1I. 'is the ~~t of a~l POS~1ble.:.pem~t!lti~n~·.of .' i copies, ~f ,"~ ,and'

. m -·1 copies '6'(~, .on the" oth~r' hand,

Sm(~)'4',~!i' 5':,(i) •.. ·we.'iDa; "'rite'

o:,(r~...."O'(s~n) • o:.(rx,IJI~,X~),'

0, '1.,5 th~·" ;ring, epi~%p~~SJl',~it~ .k~~el .



11.

"

Ie",

, ,
.~: .'

,,,.

".:I'f.

'wo study ,now' the 'cent,or C,'of Rli.~(~]; lfR. 1,5 a field,"!10t necessar­

.ily cOllDlutativ:e, "J.B", ta5~H~on- used a diff~re.nt llPPllOac~ in [2", pg:.28] to

.,find· C;, w'e' c;.OJ.loct SO~ le~s ••

Lemma 1,9.' If raix! is':centrai in.' R~,1/I[X:l ·then R('fI(8.j ) - 8«'(81,_1)",)~'
. 1"'0

",0-. ~.i!.. 0.," ~

, :Re~~k·.·. As "~sual~ ~e. s.ot· ~i:" 0 V 1 > '11" and- o.lso a_I ., O. ·Then the ~o~a~:I,on

above i~ clear and the le~ "impl~es RH~o)": 0 . ~d R~~m ,•.a: ) ,," 'O~·.·

.Pr·oo~.' . ~ot' b Eo .R; since t aii· is central we~'have'
II -.-\ Jli" ~ ••~ i~O '. k m m

o I It.x .. ,I a x.b';' 1: -r,r b~:x .. I I a .r. btxk (..'
i-O 1 1,,0 i ".: .~..O·k..O (iSi (~) k..O i ..k { ~~Si (k)

L':,. b~k' J. :.' '~Sl(k((:J. '1~~~b." ,', ' -', "

. We Illiast al~ h~YO if9-BiX bx .. bx if
o

8i x ; thi~.~quality may be reoir;'ltt:~~. ,"

," m, m. . (;k"'l", 'm': :~..:.."{ ill:. lIi+'~' .

.k~~ .i~.k \ tI,Si (k) b. x: .. .': b i~O ~i x + ,b i~O ,~i ,x. I ... i.e. I,: V k ,\.0

J' a' r· ,bt,,;,",ba' ·:+ ..b~ (2).:':.

i_k i 'tJ5i (k) " ~+~ "'_:'; .

'Sr co~~r~~g'(11 anci:·(~"'~.e_obt~~ ·bak· bat~~·; b~ .

. 'b(H~+~) ~' e~.(ak) .' O::V ~~, R,. ~.~:~- 0; ~'this i.~ also t~~ i6; .~ ..',-1;' !ill, :

~n~ludo. ~ha.t R·(. (ai )· :-' e' ''cai ...i}) Ii! 1\' Tj'i:·~~.· .
a " , "," '~.



j,"If j·.k'~·Q•. t_~e.n i;''',,1 ~~_~.~ds---,---

..~-'--)'Y. its hypothesis.
""

12,

~, ,
Corollan; 1.10: If R ·is a ring.with ,a regular element and

cen:t~al in- RCl,,[xl,.t~en ~(ai)" ~~(~i.;i·) Vi~O.

Proof. By· lellll\8. "I.,9, RCteai) -eo(a~)j .. 0 V~ ~ o~· ~'et d ,be a :regll)~r

. eleDle~t in R;' th-en d("(8'i)·-e(l(ai~·~» .. ~.V i";:' 0, in;pl.ies

,Clli ) .. a;" (ai_l~ Vi'::' O.

\ , Lemma I.~I. Let &O,a,1 ':';..&mE. ~ be"such;that: "b-e-./l." ,rmd. Vi.!.O. ~.

ba~" bai \". -then Vi .::,0. V~_~j VJ;ESj(k}.".nc\ Vbe'_R~

bart .. b~~~fl~ .'

'. ,.";'., ",'",:"
Suppose it is ,true f~r,any. J/ Jo • Jb:' ,0, .and.l11~· 'teSi~.(k). Either

. E io t~~a.*lth\·.(' E: Sj _l(k ·'1) 0; E" ('0'11 with t' E. Sj ~l(k). "In 'the'

', ..." . I> '0 "0 '00' :';
.fir~t case,_ we have bal .t .. b~i t ". ~ •

; (bQ;~\}iot'~t .. (bo -\i~:~Cl~t' ).~ ,,'"ba
i

_
1
fJ,lt,'oa " bal_/o0~

"In th~ ~ec~~d" case" w~-have '(bo-i~"..,o.i;j'. ba ."ot'o~ ._b(l-'101/t:a .~'~'
. . ,i 1 • 1·.·

,'hence. I

: ,'ba/O~ '~. ~b~~\ito.ti)"4' ;. bCl-l~'4'ai~,ll~" '. '(brJ·~i:li~'/ClO.t:.)".,ba·19'~i:_~e~;t,1.- ..

"L_' ... fJ;pt.'o~'. b~-\t.· fJ~oti o~l~ fJaot' fJrJot
.....'1-1,. ',:. .' :.1-1· ~ b :ai~l .• ~~i-l

.. ' '" ; fJd
~. Let ao ' 11.1 , ... , 8l1 ER'bosuch that bai"bah1 .V.·~e;·R.,

aiid :V-l ~ 0.': ~~.~. ,'lib, e"R: ,and': {l,t'·, ~U,?h' ~~~t· "0 ~ j'-~ ~ ~,llI,

,
, ,

'.[,



13.

P~of. By indu,ct'ion ,O~_. t', _.l.et._ t" 0; then j" 0 'arid.bI· I at"
, . io:O.f;fSo(i).

" baa ... bll
t

_r : S~POSQ b til; r. 8,1 .. ba
t

_
I
_, where. j. ::. t - 1;

t 1"t-:l- j f;ESjO;·l~~

con~ide'r' b i.,Lj t!S Ct-!} ~l ·wit.~ j::. t .• "As l:!efore. we o1;lbin

j .

"b f,: I ", i/· .. b I L a ,of; + b! r r,.. ,a
1
aot. ; by

.~..t-j tfSj (~-i) i 1-t-j f;ESj.i (t-i) 1 1=t-j te.S
j

_
1

(t-1-])

l~rnma I. iI," . th~5 eQll8.1s

r, .. - ,. ,".... :
Th.e last. two terms add, uP to zero:, since Sj2 t (J}." ~j-l (~lY "'. to? :.

·";"~ba..~;'"1 I" "•. '.," b t· . ~ 1 .
• !' 1 .' -b" r! a'.'}:t- j (€Sj(t-~) 1 r'" i-t-j te.$j':t(t-i) 1,-1 ,:'i•.t-j';'l·t~Sj~l(t-l:'_~)· i

··.·t-l : ," .

":,b'L "-'" .aIi since j<t illplies j~'l·::'~_'-l.'·~.. lIlay,~:e
~.",t-j t Sj~l (t-l~i)

our hYPothesis ,for: ind.Uc~ion ,to.C;o~clu~e that

'~';r _'I- at .. ba
1..t,-j ~E~j(~-iJ i, ~-j

Lomma 1.13. Let &0'"&1' ·...:1 llm:,E.'R ··be S.~;h'thllt ,bllt ,.,blli:_l&~'
and Vi! O. "Then '"in ~ 0' ,~tl~ .. vp~.bi; .•.. ,bn'£· R. .

'\ ' ,

,. pr~~~~,.; Acc:.~.~n~ .t~:,~~P:~i~iO.~.~ t:,l,.,." (J.bJ~')(.!,.ix·).

'. ~"·l 'r:6j' { r'·" a~~k+~·'~,wh~·ie
:'-i~O.'j~o. 'k"O tESJ{It~. " "'...:

.an~,.put ,together Si~lar ta",,;·.a"b.i"~"' .

".\



~~::' /~~",2~·,;;ti~i.Y/·J:~;';';~2,': ,,.

r '14.

I'

m+n ~, t· m+n n • t .

··Fl b 1 1 . ,'x' .• 1 ..p'. 1 1 . ,'x' ",
.. ~=o' )j.p., j. i"O tESJ (i-i) ,~ ..,..~=O j-O j ~,,:t~j .t,ES

j
(t-1) i

la'st' equal1tY"b~ing justified by' the fact that' 5.(t -'i)" {Or if i < t ~ j.
~ ," . ',," " ,J' ':

Then, by ,1ellllll8 ~~:12;

n' j m' 1 ' lllt-n, n ~ , t ,m+n' t . . t mi1l.', 't
(E .bjx)(.I'·ll.iX ) -;I I bj 8

t
"{( ·'·r I b.at·x .. r, 1:- b,II.X

j=O". . i-O.!" .. ,~. t.~O .j.o, -.". e-O .~ ..o /, -J. e-O l+j-a:t J 1·

We now prove otrr.main theorelll describing the'center of Ra.,[x],
; . .

Th~re.lll I:i4. Le~ '. C .b.e, t):ie. ce]'rte~.of: Ro.;t[xr:. The:n

.oriiy if \f,b e R. .j

':1) 'ba/" bat_lea Vi!:. 0 and

2~ . r· (ll !: ", "btl .. ~ V"k 'sUch that .0 ~_ k ~ m.
;~k ,iCES! (k) " . ' .

~•. '~uppose ,r 8 i x
1

GC." ,_Br·1~~·!.9. Vb eR'" bat... bai ..1

6
o. r"or

each. i !.'O., ,1,,0. " .......
n ~. .j _

Let "p~.bl"'" .bn·1: R an,d consid(jr tp!, p01Yl:10mia~ j~O ~j~ •

. SiJice' r.a:xi E C.. wo have

i~ f i'Or" 1 ..... ~;:~: T t 1.'I;<.t ;b.t,..,O£
. ~~,O:j.O· 1_t",:j":1 ~~S1 (~-j) ~_ :. t-O i~ j.~~-i) '~ESj (t-i) ~. .

l';uu' I.I3;.~e ,conCl~dll' that"



r a .~ ':bi;: ~ b a Yb E R"; hence:.2) ht\..lt £.~r: Ii; " o. ~uppose',
i"O 1.1 t".eSi(O)- Q ,0..0 J 0 "

it J101ds for any, g, sueh that 0 ~ t < k.~'m. In ,(1)_, tak:- .t .. k. Then

. l' I" '.' 1 '. bt ,. 1 . b" - £ . d .'
j"O i=:k-j :I ~.Si(k-j) j 1+j'"'k bj~i ; Y the hypothesi~ . or In uctlon,

f"r ; r .. b" h ~ ..
j_l 1..k-j.]. ,~esi(k-j). j j_l j ~J

By subt1'8c.ttng t.h~ .lp.s.t equa'Hty from' the prq,vious one, we obtairl

r a;-r~ - .'bt'·"'·b ~ V'~ E: R. H~nce; '."2)'holdS for:wi.y k such 'that
i=~ . tE,Si (k-j) (,I • (,I (,I

• 0 ~ 'k~m.

'Conversoly, sujiP9se ';o-.0.~ s~tisfy. 1). and 2) J '1~~' r· b ~j be
-III ·j~O. j ..

'('f' bf,h(r'ai~h =.1n r', b.8i X
t

.J on'th~'othl;lr·.hand.
j_O, ~..o :~=O Hj ..t •. J

:'C-f,a·~i)(r 'bXj) .. lDr·X r a . ," bj~~."
i=O i . '.~";O j , .tRO i"O ,i-t-j i ~.E.~i (t-:j) .

r -'r b.ai,·xt • by··'l). :Hencc.:C,r ~jxf)( r- a.,~~l) - .
·.t_.Oj_O J. -J, . .' j-O' ';"'0.

(r"a~i,,( £ b~x1) V'jE", 'J.'~' ~_ ~!I"'['X]' ~nsequill'"!tiy •.
. 1..0·· j_O,.

J~..a1i.E:·.'c.· q.e.d':

',(.,



. . .
~:4j~'·*',(1:'.,:~'",m.~:~;,?'$!:~,~'· '

r:"
<~

..

In' .UlC ease whea ,R. \ i~·. a fi"Ijl:'n~t_.~ec:essa~il1 c:'iautative: :hi~ ~$
proyed :~y J.B. Castillon, in [2].

. .' . \ . . .. .' .....
The next co.rollary is also proved in [2] when R is a field, and • '. 0.'. ..... d . '. .' . ..... .

Corollary; 1.15. Lef ,R tt a comMItadye int,ogrd d0&3,in. ·,, __ an.aut?~rphbll

of. ~ such tha,t . ok ~ I Yk'). 0 an!!:. '. an OI.-deriyau'on on. R. ':Then .Gt~
'. . • I . ,": .

c.e!l~er of .R~.;~X] is eqi1 ~o. Iter t[' ~er ell'

," ~. . JlI i l . . m
P~f. Let' ~!~ al" bo 'Cicntra.l ~ :y thco~m 1.14," 'ambo ...b~m \I be .R •

Since R _is ~o~utat~~e, i~(b - bo.. );." '0 "J ~ ~. R~. ~i.nce ',~k ,;.. I , V, k. > 0

and sine" - R is' an: int'oKul do..ain; a.'. 0 ."r/!II >, O•. Hence the cent,rd

'e1e~ntsof Ra •• £X). are.i
t
· R; 8ycO.roll~I.10 ••~f.'·~E.R.iS.cent~~l

in.RII •• ~xl.then',(a).O\!Jld e~(a).:t(o):,o~. ", ' .... : ...•( .

f~r. the .'~:onv~';Se we nOjO, tflat.th~reJII 1.·14 i-.plies ,t1lat ,.ker-_..,:~.fe-r eo~CC~)

. i.~ l;onuined in the.C:.~t.er o~. Ro •• [X] 'in all ~ses. '. ,. ..'

~':::::~I.~·~.I~~i:':: ~n~:·:·i~ :::~:; ::-::~..:.: .1.V ...
for each i" '0.

;. 'Proof. Let, d be a re~ar ~le1lent. ~f R. ·S\4lPOse·. r ae:i is cenirai~

, B~' t~eorem I~i4.,' dC+Ca i , -: 6a'(a1_~» '" O. ~d:.lIince··.:·~·~. ~e hav~ .... '

e~(ai_~).. ~ 0:: '~ndition' 2~ :1n theore~ I.·14.and ,11'.,0 ycld .ai'o~i'· 0.,'

TJ:I~ convefs~ is a"di~eci c:ons~u<!nc:e ~f"thOo~m I; 14.•

:~e,~sider,now ,t~Il.,c,a.~e,9i'~'rin(,with, ide~t~~'r. ~d ~t.·ud; Ra •• [x1· •

~e'.se~ O.f,'~l ~~tible :~le.n~~ b R(l·•• [~l.· on~y .very P~~l..~~~s.

are. ~b'faiJ!Cld h~.

,,~.:

"
'~~..

t ' :~ ....-. ',' ,



Propo$ition 1.17. If. it
.\!

17.

;'-

'.;",t

,Proof•. O~ C:OUTS.e, R* =.' R~.*{xl*. -
".' II • n •

.Le.~ m> Q and let i~O :iX~. ~ i:vertibie. Then, the~e ~xists j~O bj~J

in R
Q

"", (x] suC;h. ~hat ( r .a ..xh·( I :b.x
j
) ft, 1; 'since m> 0"

• alii ". ""~ i:O' 1 J"O) " '. •

,'.8
mbn

- 0 as the coe,fflden,t.' of . x~n. Hence :bn'" O' Vn.~ O•. COnt'inuine: .

we g~~ bi -= 0 "'I \0 :and ~hUs. (L8{ho ''':l~ 'This .contra~iction came frol!l

sUPP9sing m.> O. Hence,

R [xl"" R".
'"

Deftu.,1~on. Let R: be ,8 ri'ng and :0 an ~ut:0lXlrphi5l11 ~f R: ": el,ement a of

R is a-nilpotent if t~~l'O exists n ~ 0 such,that aa
Q

••• ar:J = O~.

Th,a ne~t, ,Pl'(lp~si~iOn ~as proved ',in [4] fO~ ·R{x]._ whe:a:c R" can:~e. any ,ring'. ':

. . , . -' ~

Propo_ii.t10~ I.18~ , Let" R.,. b~ _,8 f~llIIIlU.tlltivo ring ~~th identit)~ and Q.' an auto-

·1lIO:J'Ph.i~~'o~' R. CThen R" = ',eRa [xn~ if ~d onl>: 1f . R . haS no llontio)"<!'­

nilpotent clcmcnts;

."Proof. ·suppos'e- R has no'nont'~ro ~-nilPotent elea~nts. Let f(x) II. ·-r aix~,
'~cX) =0,' r ~iJSi .lie such·that f.cx)&,Ci) .::1" in.~J[~J. . i ..O

~O' '. ". "f

Th~ '; 'T :aib~i x1;j.; '~,~, and 'this ,implies' 8~bo'" I~ Hence, 80 '~ Rt

.' and if .m ~+~:o 'the;_, ,'~ ... o. B~,s~etry).~,' 11,::-')' . t.hel} n?. I: In ,this

~se, we J!l"Oce'ed by inducti~n to rtI.8Ch. a contradiction. We have . ~l1lb~OQ '" 0;'

supposo"thJlt for each' k' SUCh\~8t ,0'< k!. p "'~' ; ~
Q':k 'lI~k+1 ·11 ",r;.,' "." , a-I

. a.lll_kb: .'bn~ bn~ .. o. ·Since ajJl~;~~_l +' a~_ib:_p ......;+



is.,'

m-p m-p-l . ....m..n!p-;l
~iri~pb~_l .. 1\II~p_lb~" = 0, as the CliIe"ffi:ient of ....

'-.' , , m-p ..m.y+1- m
by }l1UltiPlrinli:, _~~is_..:cquation: by." b~ - bn

Cl
,,' . ~.' ~~, ' w~ ~obtai~

alll~~,~~;~-p·\nam-p .•. b~m a 0, 8y ind.uction" aojj~b~ .... 'b~m = 0;

, "~;~" ","

ao" €~..bn ,is a:nilPbtcnt;,_hCllCe '~e~. We have_t~,eTl... ~~ ~ 1 . ,lUId

~n'''' 0 Vn.?.~. Hence n: O;lUId Rll[X]-" R:.

for ,some'- a '~'R

:1

and'soille n:> o. Then,

(I --'-'~X)(l +~ax + '~Clx" + ':._. ,~a :~•• ~~n-lXn) .. 1.

W!tidl.~lD}il~·es a" 0:

Hence,~ 1 - 'ai e -R..•·

','"
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CHAPTER II

Chain: Conditions

In thi~ chap~er. w~ deal.,lIIainly.~ith'rings with iden.t·ity. We e~iend~he:'

HilbC<1:t baS~S :theorem' and' alsol i esult by, R~l'I. Gil~r, J;~ 1n r61..~ .'~, " :':­

co~sequ~n~& we s&e,t~at ;ia.jiJ R' is,.commutat~ve. ri~ tWiSt·;o',P.~l~~inia1.rin~
" .', ',I . , .', '~ ',' ,':" .' "

with cO(lfficients',in R ana zero derivation.is left' (:righ,~) ,Noetq!-!rian wi-tho~t

R. ¥I~ eve~y tWist'~'d poiynoml!ll dng with', c~effidtlnts''1ri R ,'bei~'1i5th- 'l~'ft. " , . . ,

" ,and'right Noetherian (incliJd~ng Kilt]). '-Fi'nal1y.we prov'e that n~ t ..li~ied ,poly- '

4,_, :



.':'.-"
...~; .



.:> ·.~~~p:cviou.5, P~<i~ IMJcli'·t.ht~ame a.s t~at.ii~e~~~. ,£1,1),£01' ~liht· ..
Noether~a,n in the c'ast II.' f ¥J1d· ... O•. To. COlllPlete .the. p~(.of proposJtion r .'.

~.~~:l:...we.:~rt'~till ~~ow ~hat·1£ R is 'rig",t N~t~'erian. Rm",,[x,i. also .is.

ri'ght NOetherian .. ~e' :do th~t. by foliowing exactly the.; ~roof given in {ll]'. ,.'

l.' ,,;A ;-A.'. and Ra •• {lt} i~:theref.ore left ltoet.herian. / .

.'.

~ith two ch~ge·s:. .,
. '. . . '. '"I .

. In' oraer ~~ sho~, thB,! tpe\!I.e~s. '~i ~, .~r € RI' ·3' J ajx
j

e· A' with- ai'· ~}

.' ~~"clo5ed.lin~e~· ~i~~ lIlultiPli~~~ion by .,'leillonts· 5J·~l .~.. we' lIIulii;iy'
:i.: 'p •••• '.1

r a ~;J' by Gi", Cln.th~ rlght-and :Ob~a1n the.po~~O.ia:

.:: ;j:L(!:j(k~ ./~:'/,,:A' ~t~ .;'!iD. ~tffiti.n; ~.- ' .
. .To obtain the contradiction aft::" ~SiD~ ../(X). in ..t' ~t n~.t in A.'. ,.

.:,' ·;·'·:::·:i::~~::::~;: /~ p::(:)::~~,,~,~~t:'R(;J :"
..•Noethe,rian. then'R eont~ins an~<id~nti~ [6J. We e.xt.en4o~his.:a:e5ul~. to

'. '. / illlsted pOiyno~al:'rings lIi~h: J:e~ deriyition:.. .';

., :' Proposition· II. 2, ·If. Ra[X~ . ~s I.eft'· (ri.&!,tr~~e·theri~~ . R 'is lei~ (rhht)

Noe~her~·~. •

:R [xl
..a .•.:

:'.

.. P~OOf,""C~riiide.r t"e J:l,1p.~inJ ~";~(~~ +'£(0) :~f <\,[x]' onto R'~ It'·is··'. '.

£,. rinl·~~rphislll. foli.' t~e canstan.t' ten of t~e' Prod~t.of" tlfO·.J!C?lynollillls, i~ .

,is ~e p~uct .of the constant _tems'.~f·~e$e POI~lIial.S,

....,. ...

',.' .,'
1:. ~

·• ..._t.
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