ALGEBRAIC PROPERTIES OF

TWISTED POLYNOMIAL RINGS
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ABSTRACT B ety Ew e ¥ B

tn ms thesis, we study the twisted polynpmlal rings “and {tsrmlne"

saveml sf thmr zn:rms-m properties..

"In chnpter 1, we define thc twisted polynumnl Ting Ru v[x‘), prové

is.it a nng and ostnblishsome prclimmury x‘esuh.s . R .

In chapter II, we study the chain culviﬁluns' heré thq “llilbert basis

theoren” is exteﬂded to thisted 'polynumiﬂl rmgs‘ ¥

“In chnpter LI, we are “concerned with the Noether radical ot' twlsted

pn:ynnmm rings with zer0 derlvmm. ‘ .

\n ehapter’ 1V, we. describe the’ endonorphiiéns of o twisted potynonial

ring which lenve tha coefﬂcients um:hnnged

- I chapter-V, we consider nnly twlsced po1ynnma1 ting: wu:h 2ér0 detiv-

ation.” Here we study the- aucomorph:sms vhich rastrict to the idencity man]
on the ring of caefﬂ:ien!s. complgte results ate obtained for comutative
‘rings witha regulur element. . . 2 o

1€ tio twistod polyuomm rings aro isomorphic, vhat can be saw about

their ringﬁ of coefﬁcxentﬂ We lnok into this uestion in thﬂpter vi lnd,

in chnpter vn we study in detsu the example. given by M. anhstet shoydng

that not evory Ting is infariant, ’ AT T e
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He aeﬁna‘mo msced polynomial r:h\g R, [x] where R ;sa nng. a m_ .

Rutomorphl af R 4 an g- deuvauun ‘on R and i an 1nde:eminate.

Twisted pnlynmnml Tings may be deﬁned also when a is a nng endnmorphxsms

of R but chen some ustucmons are usunlly ‘made pn R and sonetimes on w[s]

e study briéfly ideals and quotient rings in n [x] and give a

mmp"xeee déscription ‘of the centex’of R Lol When R g5 gield, nott oL

necessanly cominu:anvo the center .of R v[x] has been descxihed by J.B. .
Gastillon 1;1 [2] _We Also discuss the units of R [x] in’ some specisl cases,

1n chaptn 1, yre ex:end :herHilhert basis, t'heormn to :msted-polynnmal
rings. For commutauvn rings and" zero demvatmns we prove that, wnless Il
hns 1demty, Ry [x] "cantiot be ‘Left (ugh:) Noethenln. m@ extends-a result
of R W..Gilmar [6]. +- For rings with, identity and m somé btl\er cases, Ru, W-[i]

not Artnuan. " o L -
G . : p .

=
In Ch-ptex Ill, we ponsider only zstc dsﬂva.tmns a.nd assm thut l? has ¥

" dentity - Even index: such restnctions, Tadicals such ‘as ‘the Jacobson radical,

ens. mlr.h more dxfficult r.h vﬂ,th emnuy poly="




* cases by J.B. Castil).on [2]: ¥e close Chapter V by cmsidﬂrln{dﬁe casé of

- Gﬂpter 1v e are concerned with those mio-m-phms of R ‘,[x] 2
which xestnct to the xdentny map on R, i.e. the R-cndmrphxss l_e

find sdpecific tonditions in specxal uses for substitution maps in

to be x-endn-arpmss. We then assune ¢ = 0 and determirie all

- Rendonorphi sms of R [;1 whén R _is commutative and. has & regular. elzlent.

m\m “done by R.W.

mm for -the- nsual polynomll nn, in"f7].,"

' For the R-lucmnerph)sms of Ry Bl » we fust restrict mlrselves m i

.cmmunnve ru!gs vuth“n rezular elemeut. We note that 1f i e

IR SR E‘ni" mduces an Rrendamarphism of R[x] thn .
= T x4 ".lx""‘l commuites wnh eyery clemént in R uoreoui-. if

t induces an R-nutmrphism of Ry ot isa unit both in R [x] and in
Rix] " Using these f.m we are able to’ £ind, necesmy and suffn:ient condusm

on the r,qefﬁcunts of a polynmal it for t.he induned substx \IM Illp to

be'an’ n-mo-orpms- of Ry [xl. For the case &= 1, theorent V.7 was plvvod-

by R.W. Gilmer in [7). m&nn V 7 has also been prvved in certain speciu

(not necessanly ee-)tltxve)'ri.nz nrh 1d-ucy. llsre ‘we use some x-:snlts

proved in [5] ¥ *5 5 * LI -

In:Chapter VI; -L consider 1so‘-n:ph1c tuisted poly'nonill ;ygs. Most of
At

the" resilts in nng 1 eory- used here vln'e nken fron [13]. We provée that if

Riand § are l:ammut[:ive “Artinian fings mh igcnt;ty‘und R [x] }4 5 150-5 .
‘mrph.ic to  §[x] " then the rinzs “/J(R) m) S/J(s) g

Genatauy. we could ask whether a rifg isomrphisn R, [x] = S;[x] would
i1y R='S. We know that this is not aliays: trug, for'a cuuntereun?la was

;ivan by M. “Hochster in [9]. | We reserve nnptar VIT Eot etailed stvdy of

tlns cumteraulple. l e Loran 4 R




" isan endnmorphism of the additive growp of R,

. LCHAPTER 1°, ©- : !
. § PN ¢ ' PO i
Definitions and' Prelininary-Results .
. b

o
] E
"We begin this chapter by making sone deflmtmns ‘and prov)ng smple

Tesults: on derivations. m doing'so0, ve estahllsh ost ofthe ‘notation used

titroughout this. thesis.” LAY

ion.

Lét R bearingand a a ringg} u‘comoxphism of R.. An endo-

murphlsm v of the undex'lylng nddxtxve group of R

is an o-derivation on R

if n sansfxe.the propeuy-' 'W- v .
L B _x'{_a,!;ex 4 w(ub)=ri(a)w_(b)¢_‘w(a1b §0 L B

The sun of o -a- derwat:ums on R is an a- denvmon, _Alsg, if ce€R:

defined by (cy) () = cy(r), is an’
" dmvanon xf cE cm, the center of R.
2 e

and w +is an u~der1vatwn on R, wch

_ We dcnote the graup of . the ring automoiphisms af R by Aut(n), if y
we use- s:ther RIOC I
o'indicate the inagé wnder v ‘of an ¢lement e x

Alsn, if 1,6 € Aut(R)

and TER, (¢ )"""‘
S . ¥ 5
fron R dnto R hy

Let o € Aut(R) it €R; we define v" .
(o5 g 1T, :
V) 5 ab < b

for each b in' R, Then * A _xs an u-d‘erxvn:mn on. R,

'In fdct, Yg @ =0,

[b&*z)-u(bm)-fmc) a,b-h?s+l -
ac-‘o“-u o ®) 30, (c) -nd\ i, B

(bc)=abc—(bc)l'abc-bca #bac-bac=

(c) g8 MO
v, u e vhbru 1 the identity au:oemphm of R.-
mq;denvmons va,

I A cw®,

“are cslled ‘iriner denvat:ums [5, pe- 2951 lf R’ has
identity, Bu{' =1 - As ;hen nn xmm' derivation on )

I, R has no idenuty




o

o f

. het, a (bc)- e - (bc)“-hc -h“c“ e st = n ©

no imner dmvluun cquals g but even so g is m'.-dérivaéinu"an Reomt

(b)éI Later

on , we shall see that 9 md all inner d:r;ntims are "tr)vnl" However

, trivial, t}hy do puy an ilportmt mle where t]u camcr of * u_'[x] or

its R<endomrphislu are concered. E

* Definition. let R be .mg,' & ‘an auto of Ry y m

on R ‘and’'x an xndeigmmc’e.. The " tuisged polynomial r‘lng ‘R [x] is the :

set of a1l finite syns 21 » with coefficients in R, ‘d.e. T .

[x]—({-x ;ql-u ud_'iia-ll Vi> 0},

u.‘P

Mnne20, Ya

.. Filling up vith zeros the places of the sissing cosEficignts;

2) @)™ = e - T ey

f“-)ﬂ'l)f( )(t )~(u“‘)(b“x"" Va> o

V 020, Vabe R and gxtending ﬂus -lltipuutim “to nny m elezents ul

) ﬁylmemty‘ ) R :
simply n;ens the element u,n: [ o u:ed-it i ¥
étive adfbnition of miltiplication in Re o],

. q . ’nm s’ynbol

\2) o emphasis the’;
rings-with identit) ﬂ\. mupnmion s deﬂm simly.by doﬁninl

saxdl e’ as i [2), [5). and. [12]. .

Inurdermpxovaf_\ut R [1] sndeﬂndi.sruuy a ring, mstshow
)

- “that llxlti]lhclum is ;sgm:l_a.ﬂva. Todd thh, we. dn‘lva a fo_llxﬁm the




. g . 7

multiplication of two. mononials. ®

>.0‘be such that' m

5 47 We define 7§ (1)' to be.the +1n -+

- let m>0 ad

"set of all possivle pe‘rmunzibns of i cvpi-s hf @ lnd,m Z 1 coples of ¥

If e s {4 ‘and b e ROV i :he imge 6f b unden the nompcsitu .

n). if ms i u<o.

.(-o:l:e s(:-n) V:,-e z., .

m m be ncm-l\ezitivn i.ntmrs and. 4,5 €

product (lx ('bx ) 15‘ d.ﬂned as Iw!ere, then

B o (nx“)(h.)- g
Gl .- 1m0 tes;(t) Q

Proot, Wo'uss indunitm onim If mE0; (2 is ohmmsly e ,Ie
suppont.lntlthldafors_ =20 ndpmcoodto‘yma:hnitisllso‘
true for m+i. ¥ have bt 3




It fenains to prove that the
- and 3t i3 enough to .show ‘the 5
V a,blee R -and- ¥ mn,

on gn 'm: .
'_tli'eh. :[:(I‘_:x';‘))]'(c‘xi]v

. inducti

by proposition 1.1,

b ¥ 5
“On ‘the bther; haid, a[(BXN(cx




L . . i
A & - :
i 5 LUK B 1
.7 on the\other hand, by propos:non 1.1, [hx )(cx M o 1 .o
= @™l I £ 5% Tand this, product is, accordmg tor (%), 1
4=0 k€S 4:) < -y s %y
n - s V
@™y § St hich ‘equals [ )(b“‘ + %01 { 1
i=0' gés, (1) =0 £€S (1) :
because of the definition of mileiplication fn' R, [x]. *He now “nake use’of o
th= hypothgs.u for mducnon to-conclude that . - B
: s .
(ax'““)ltnx Yt = (a Jl(h'“ 800, Z DG | B T
0 gés; Sl .
' it  He want to SRS nght ‘hand-side of (4) equals the right hand- side "
PR o (5). We" first note thl B,ee R, Wi 0, T o
Pyle v 7 “ R
3 R T i1 P oed x LT
. . [ R I SR c&x**% (6). In fact, by the definition
. W i i20-g6s 1 (1) ‘ v -
2 1 . YA ;
SERGTEpTIEaEtoR, TR T Z £ L DR G Bt
. . . i%0 ges (i) - . i%0 ges (1) L :
5 r.he.proof of (é) is thén sinfler to. that of*(2). .
N s aty B . v
K ‘anlly, we'may: write - ) . X
o v B v 3 ,
. Lo e %) z ] L) )
x B o T i=0 £és (1) L i=0 gesﬁ(i'A
el . . . #
) e (ax'")[(b“x )exh) + o x“")(cx_*)] R B
, A0EES @ X i oy B

antl ol N T

nx)((b“x #bx )(cx Caed,

# \In the case &=l and w =0 ve hnve the usuﬂapolyhomu] ring Rlx]

e In-this case;. R[x] s :clmnututivs if dunly 1f % cnmmutstlve. The:

_mext. twa propo:itmns show that ifreither ~a # t or w # 0. R, w[x] is

v, e . commutative i’f and m!ly 1; 1t 4s" 1somorphit_:_to ,R[x] and R is commutative.




gl s 8. )
k. " Propositional.3. Let R be a ring with a regular element. Then,. Rﬂ *[ 1

is commutative if and. only if R is comutative, a=1 and ¢ = 0.

Proof. - If. 'R’ is ive, R[x] is Corversely, if R, ,[x] K

* " is commutative, it is -imediste’that R is commtative. let d € R be

o

regylars for each € R, ‘dxa’= d(a* + 2%, by the definition of miltiplics

ation in R, "[x] smca R, y[x] is commtative, dxa = adx and ad =da,. .

: Hence, _ dax = da’ + da% md, because d is regular, a’ =0 and a®=a
. for each a€ R. - :

Proposition I.4. If the.ring R has no regular elerient and- R, lx) is T ey

comnutative, then Ru;w[x]ﬁ' R[x].

Proof. Since B ', [x] is commutative,.for each a,be R, axb-= bax and”.

this fmplies ab%= 0 and ab® = ba = ab. Then' V

h‘xk'.", = abx™",

{ ' 4 kza ges (k) .

The -ppinl ot R '[x] > R[x], defined by u([- i) : Ja

clearly 1-1, onto and additive. nm-mex,

a 5 n
oC( ) -'ix‘)(_z »‘x))-o( Z nbx“’)-a(i -x)«(i box).
©d=0 *i=0

“This proves that ¢ 'is Py Ting ismrphisn. q.s.d.

If R is lny ring and f isa nonempty subnt of R, we know that I
is a left (right) ideal in’ R if and only if 1x] is a left (right) ideal
in®R[x]." Wa Took now into the same question fof the moze genernl case

LV A : .




“and m.= 4= 1: The converse is true for any ring. ' g o

Proposition I.5.. Let -I beanonemp:y»subset 6f R.° Thé, subset

5 = (Ja;x Ru,w[x”‘ié I, Viz 0} of R [x] is a right ideal in R . [x]
‘if and only if I is.a right ideal in,-R. 4 : . T

T moan_ . R £.im
Proof Vaerl, Vre'R and- an>0 ax'rx =48 X €S

iZO césm(ij .

Jif and nnl.y if Vael aﬂd VreR, arel
roEasitzon s 6.0 Let I+ be a nonempty subset of. R. The 'subm \
. 8= (fa e R w[x]ln €I, Vi 0} isa Teft 1denl in Ry [x] if ghd only

if Ym> 0 and Vi such,t.hnt O:i:m- -theri, RIC T ;)(IJ] e 1.
Proof. Vael, vreR ad Vmn»o0, mfal ') Ex"“ es

i=0
if and bnly if Vae 1, v:e\n, Vin2 0 nnd Yi suc'h :hh icm,

Ko

then r f  afel P
gésw) ¢ e E .
o

" Remark, If we set == 0, the ondition in proposition 1.6 reads: I isa

left ddeal in R. More generally, For each: m > 0 'ws have Ry (I) &1 and |

Ra™(I) €1, by setting i"= 0 and i™ n, ‘respectively.

,.let S beas in proposifion L.6., Them:: . T
A G

Corollary L7y 1f R has ddentity, S is a ot idesl in K L[] 1f andonty
1€ 1 is a 1ef¢ ideal in R, (D €1 snd oD) SL-

Proof. If S is a loft ideal i R o[x1,, o apply proposftion L6 set-

ring r=1 and considering the cases.when m=1=0, m=1 and i =0

Lat 1 bed onempty. sibset of a ring R, stable undor the sutomorphism

“a “and undbrr the u-dnrivatinn w snd lac S be as nhuve, ptopositwns L5




and 1.6 toll us thet $ is an ideal in- R, w[x] if and only if , I “is an
idenl in R, -If thls is the case, .wg msy form the quotient ring R [x]/s,
and we would ijke’ to, find soie Telatiom het.ween this ring and the quotient .
ring, R = R/ If we make the additional hypothesis that a1, 8. is

the the ring 1 w[x] and wé can define also the mappings a , § : R+ R.

by &() = 3 and, @(;) =J0), YréR & and §. ave additive mappings;
a . is also multiplicat:wa nnd onto and; since. a(I) = I, .a is injective. It
is edsy to venfy' that § is an u-denvntxon on R. With these nonticn‘s in

" mind, we may stato the following prnpusition. )
. . ¥
r_ogosniun 1.8. Let. R sbe .u' ring,‘ o« an nuto'morph:\sm of R, ¢ anaq-
'dmvmue on R .and ‘I @’ two-sided ideal in R sich that a(1).= I. and-

GIx1 =R, WM/IJ m

Y ST Then Ry g

Proof. We define o '~R v[x] > R— -[x] by a(frix ) = Zrix + Clearly, o

addxtive. He' now prove that it is also multxylxcutive and lgn!.n it is enoug}l
OARS-

m

to prove it on monnlninls. We havq a(rxPo @) = " sx =3F -
s i=0 z'es‘ (1)
vheze S', ‘is the set of all possible’ p:mutntiuns of ‘i copies of & nnd -
. m-d4 copies af §. On the other hand, ‘

(rxs’?‘J—utrZ DI T

ges; (1) B i=0 ges | @)

Since the canonical apimnrphism ‘wr R R estabiishas a sét ismmhisn .

between sm('i) and’ §' (1), W6 Sy imite ) 1 & 5

Cesi v(rx")a(sx ) = o(rx, sx-).




ht’i.nd' C; We'collect some 1enunss..

Hertce, o e s o

- ‘%"F*l“‘a;l*lll wi e

. o,y U
We study now'the centar C.'of Rv w\[:(] If R is a field, not necessar-

Aly commutative, J.B. Casullan used a different approach in [2, pg.- 28] to.

- " » . ’
m . J s [ & X o
Lonmi 1.9." 1£ _anixi iétcentral dn- K [x] then R@bGa) - 0,@ 1)) =

=0, Yizo. . s

5

" ‘Remark. . As usual, we set 'ui =0 Vi>m andalso a) = 0. -Then the notation

n
Lo
L k0 1k . ges, ()

above is clear and the lemma '1mpues “Ru(e)) =0 ‘and K(a - a%) =0, .

Broot. Lt b Ry since [ ajxt: is central wehave

1o zzz'h“"z'?zb“"'
' X = UL o8, X
i=0 : 1=0 k=0 ees (k) k=0 i=k1 ee'si(k)
g ‘m * . . - i
ie. bay = )j 5 ® o, Vk 200, = ! : ¢
< L 5es (k)

" We misst also have Z ax bx = bx Z a;x* 5 ‘this equality nay be veuritten

B

. . . m‘ &l et oA
5 3 b “‘T“n b igo .;;:i +~b 120 'ai"xrh.l,“i.o.' , Yk 5“,0 -
?. a J bt =~buV +.bal ‘(zv) My,
1 i k«-l e 3
S ot -

By complting (1) and: (Z) we nbtni.n buk = bak*l + blk or"

bw’(‘kﬂ) -0 (ak)) =0 Vbe R, Vk > 0; .this 1s glso true “for k = -1. We °

conclude that R(o(u,) ) (‘m” =9 Vi" o ;

~




A

Corollary I.10. If R -
central in' R, [x],, then ¥(2;) = 0 (a; ) Vi 0.

Proof, By lemma 1.9,
: Jios
element in R; . then d

a %y

w(a)=e[n P Viz

Lemma I.11. Let aj,a;
\d

Yok o
bal’* = bay § .

grocf By inductmn ‘on
hy its hypothesis.

Suppuse it is true

.ﬁrst case, we have bn.

a1

a,

-

JIn the second case,
‘hence S

0 08 L 8 a8 Y

9 PE oY b“—l

he

Let 858,

! Then Vb

s ';b 1-%;',

8
“bay.= ba,% . then V20, VK<)

Ci=1

g m . 3
is a ring with a regular element and ) a.x is

RG(s) -6,6)) =0 V1207 fst d.boa regiar

W“ﬂ"%“x.;)) =0Y ir_{ 0, implies
o.

. 8 €R be'such that’ VbeR and Vizo,

5. Vees 0 md voer ' i

§.If jEko=

R .
for any j<j &y >*0," .and 16t ‘zss’ (k). Eitl
. o E

g = E'Ba witht ey kD of =gy with Bes 00, In'the
0

(213 b;ﬂ:%i'ou .
Y of' o,
) G
i ud e "“1
e have (b“‘
g v
-1 .w .
B ¥ YO

8408"

<o) 8 € R be such that ba{ s

e R and Vj,t such thet’ 6<j<t<m,

A;':

{14

0,, then &-=.1 and the lemma holds—

her

|
|
|
|-




-}(unce i

Proof. By mdn:uon on. t.,m €50 thn j =0 and Z )

t-1
= ba =ba,_.. Suppose b § ' J. E=|m' .
LN fet155 ges;(e-1:p OO0
b
consider’ b | [ ¥ with j <t. As before, we obtnin

ist-j g€s, (t-1) 1 ) .
Y y
L) az=b J ot
i=t-j Es; (t-1) imt-j 5&8]._1(:-1)

lemma .11, this equals

LD o - L ey
is=t-, i GES; (t i)%-1 - 1-:-3‘ AN 5

A I )
ist-j ges; (e

rne last two terms add up to oy since 5.1 (7).= 8 (:1) = 40) .

afab 48 .
: ;-E-j césj (c-p“’ s 1-%4 czsj_rl(t—i) i1 \11;] 1ges; 1(: gyt
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our hypothesis for. induction tosconclude that
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ist-) :esj(c 1 1
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lomna L.13. Lot a8, sy €R ‘b such that rm‘f = bay - “,

and Vizn. 1'hen Vn>o nml Vb,

woaby en, _'
m. mn -' E
apdy = T bt

X
t-01+j=z’i,

| ()_'bjx)( in R, VJ['x],: .'

Ptcnf. Accnrdsng to prropisitlon i1, [:2 bjxj)( Z aix 7 =

J

Tem Pt
=3 L, j g I Ekﬂ.whers O<k,0‘i=‘mvtn. ‘If we.set k0i-z
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j Ty =‘mm n,o
(j{n_bjx)(.znnnix) 2_ vA):ﬂhjat_jx { {obj .t téoigth

Wo now prove our main theorem describing tho center of Ra ‘b[ ] .

Theorem 1.14. Let -C be the center_vni Rﬂ JIXT7 Then I nix" C if and
P : , o # i=0

oily if Vb €R, . . =

) ¥
Vo o
1) -oobaf=bay  * Viz o oand

m & : .

: B

2) gad = 5B & Vk such thit. 0 <.k < m.
Lk ) h 02

Proof. * Suppose El a,x" €°C. By lemma 1.9, Vb ER, b-}f = bay ) for
i=o b, b " -

each. i>0, - , & <

Se, vy
1 Let ,b sbpsevisb € R and consider the polynomal 'Zo bjx’ . -
50 3. 2,

Since [ .

" mn .m 3 gommet o on - ot ¢
8 viba T b iEx® 5 because of
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it holds for any £ such that 0 <2< k<m In (1), tak.e t = k. Then
S f by by ‘the hypothesis for induction,
ges; (k-1) 7 m—k 4 s g
)lf( Lm oy - o

I a1 L= Z ‘
j=1 i=k-j E;ES.(k-j) Jog= J&k"
By subttu:ti.ng tl\e last equnlity from the previous one, we obtain
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I a Z b‘
isk ‘cE.si(x-j) <

Conversely, subpose ‘e,

. any polynomial in R, w[x], By lemma 1.13,

mn 3 all .
(ji bjx el ax) =) ] bjnixt on' the other.hand, .
=0 =0 =0 i+j=t. s

"J- :

m+n
)<E hx)- 1 D! j
(20 an istaj *, EeS (t-j)

b5 <, hy' 2., uence,()',hx)(z
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Remark: I the ring R thas a regular elenent and,if we consider y-=

conditions in ‘theorem 1,14 will read as follows: et

g

°'k Vb, € R. Hence, "2)holds for'any k such ‘that

n
8, satisty Land 2) 5 let I hij be
j=0 .




In t.he case when R is a fxelrl, not necessuuy co—uhuve, t.hxs was

pmed-by J.B. Castillon, 1n [2] s 1% . &

The next corollnry xs also yroved in [2] when R isa field, and y'= 0.

Corollary LS. lLet R be a commutative integral do'l:in, o _an 'nutnlorphhl i

Of R suchthat ‘¥ # I Yk >0 and 4 an a-derivation one R. “Then the

center of R [x] is equal to. ker y A ker 6 . ’
h w.y ! Lo,

: o & ¢ 3 B " s
i Pxooi Let ~I at v dential 3 by theoren 1,14, mb" = b, Vb R Loy L
| A
Sim:a R is comutnti.ve, *a [ b" =0 Yha RS !ince ok # I Vk>0 1
and since” R is an imeml donain, a_ =0 Vu > 0. * Hende the cenl:nl C Tt
“efements of R, [x]  are in R By corollary 110, iif ‘a€R is - central \
in R '[x], then ' v(-)-o,md s (a)-'(o)-o N & N §
For the conerse we note that theorem 1.14 implies that ker v r(‘ker ) ncm
is contained in the- center of R, [x] 'in all cases. S )
5 - . A g 2
Corollary 1.16. Let R be a ring witha regulir elemsnt. . Then Z 4x s 3
2. %0, :
central in & R [x] - if and g if a € ker "a and '_ ,-1 ]
for each i> 0. : & S
o . \
Proof. Let,d bea regular olenent of R. “Suppose’, ): ad is central, :
By theoren I. 14, AW (ay) - X 4 (8540) = 0, and'since ' =0, we hava B -
84(53.1) = 0 ‘Condition” 2) 'in theoren 1.14.and y = -0 yeld Ya, e o
: 'l'he converse is a dhact consequence of r.hwnm I 14. . ; ¥
Fe msider now the case, uf « r:lng bdﬂl idmth.y and study R _v[xl' #, )

the set of- all invmible ulmts i.n R [x]. Only very partial results.

are obtained here.




L * 'Proposition 1.17. If. R ‘is an'integral domain, Ry y[xI*=

Proof. Of course, RER w[x]'.

Let m> 0 and let 2 a;x" be invertibie. Then, there exists ) bij
¢ j=o 1

in R} w[x] such that ()‘_ ax](z be)=1, wies! WS 039
Ca et NP i 3
b La by =0 as the caefﬁuent of ‘x"'". Hence by =0 Vn2 0. Continuing, .

wogst b =0 Vi2o and thus (fapd)0 =1, This contradiction came fron

i
supposing 1 > 0. Hence,

Rﬂiw[xl} = Re. Lo ey

Definition, - Let R be a ring and -a n automorphism of R: An element a of °
e ¥ " n .

0.

R is a-nilpotent if ‘there exists n >0 s‘uch'rghac. aa® ... a*
The next proposition was proved -in [4] for R[x] where R can be any ring.:’

i . S -
Progositiml 1.18. ' Let n bea comutxtive ring with identity and « an auto- °

g o mrpllism of R. Then R* = (R [x])* if and only if R has no ponzeroya-

mlpoten: o1 ements. X

Froof. Suppose R has no’ nonzero u—mlpatent elements. Let £(x)

809 = 2 bx bu such-that £(x)g(¥) = 1 in R} [x]

Tt  n ot vy L !
. ’rhen i ) a;b5 X ‘1 snd this\xmlies’ ab ='1. Hénce, a €R*
isfe0 - 0%, o € )
o~ énd i€ m= 0, then'nm = 0. By,symetry if m2>.1, then n> 1. Inithis

: Y
case, wé proceed by induction to reach a i We have ab * = 0;

" suppose that for each: k' such that. 0< k < y 3 m.

; Lk guekel ) Lol
R W a2 b Since ‘m"n-p-1 o i b

*iaat
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=0 for some a €R

d hﬂm_Pd ol mén’ i
LRV as the coefficient of X »
v x B QTP mopl m
by multiplying this equation by b} * b .:. by, we'obtain
e i ‘ i Vi 9
_ S, o wder &l
o =0 By iiduction, a bR .. W) = 0 sjpce &
b, i a-nilpotent; hence zero. We have then n > 1..and
n21. Hence n=0land R [x]*=RM.
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Now suppose that R* ='R [x]* ‘ind let. aa” ...
' and some > 0. Then, . e et ",
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CHAPTER IT 3
. Chain Conditions R e
] ] ' o

- In this chapter, we deal mainly with rings with identity. We extend the.’

Hilbert basis ‘theorem and also,a wesult by R.N. Gilmer Jr. in [sj L As a
consequence ve sse, that if a ‘mj R s ive, 1o cwisn;u ial ving
w;th cneff:tcxmts in R ma zero derivation is laft (right) Noathenun uxv.hout

n R bemg Both left.

. R. and évery twisted pol 1 ring with
and right Noetherian (including R{x). Fmally, we prove that no tnsted poly-.

nomll ung wlth cneffic:ents ina Ting wi.th identity is ‘either right cr lsft

Artinian. We liso prove that if riot every elemént in JR is u-mlpocem, then

. R,[x] “is neither 1’ef'_: nor Tight Artinian. i g 9

Dofinition. A fing K 4s lefé (right) Nnaﬂleﬂm 1 for every ascending hain

[y
o thare :s u—pssitive intexer

-of left (right) ideals, A, S EnE Ai €.

+ " n_ such-that ‘){M‘ =K, Vk>o. v

It is a vell knomn result that a-idg is-Teft (ﬂzht) ‘Nootherian if nnd 3

only 1if ‘every left (right) ideal is ﬁnmly génaamed [11, Pe. 22]. We seed

h' identity.' If R,

g Pmﬂsiti«m II.1. Let R be a rii\x b
‘ Noecﬁeﬂm sods R [x] for ‘every lutomrphxsu o of R dnd every Ly

denvation v °B R.




hen:e, 3'2 (a:l + by )xJE A

.2 a'jijA with
e L T

Nothorhn, 3 n > o sm:h th.lt -




z

. twisted poiynomial rings with zero derivation.

j
" and has dégree less than m which contradicts our choice of g(x). Hence

' cag's in R e polynomial g(x) -

— g
LAz A" and Ry '[x] is therefore left Noetherian. O 4

¢ Theprevious proof is much ‘the”same as that given in [11] for Tight . . .

Nbeulerun in the case a = I ;nd v = 'l\; ao-plne che prloof nf pmposhion .

1. 1,ne mst still :)\ov that if R is right Nutherun, R. [x] also is

right Noetherian. We do :m by fullo\ﬂnz axnctly the pmaf gwen in [11]

with two changes: o

_ In order to show :h.i theisets A re x| i Z i xj €K with ag.=r)

closed under mh: multiplication by elements’ s n? R, we mulhply

-1 : .
a3 by -s“ © on the ight' and ‘obtain the, polynontal 3

3
f asfoa kg -with 1'e-.ung costficient as.”
k—D ses ®) 7 s -

i

“To obtain the contradiction after choosiig ‘(:J in 4 but mot in A,
k

_wé consider the po.lymuul g(x) B Z p-J(x)c.j "

R.W. m-er has proved that u R is a comutative '?ng and  R[x] . is
\Nostherian, then R contains aniidentity [6]. We exteid'this result to =,

1 . .

! Proposition I1.2. If ‘R [x] -'is left (right) Noetherian, R is left (right)

Noetherian, . 3 T

P}oof."::on’stur the mapping o 3 E() + £(0) of R [x] omto R: It'is'a

m.. ﬁ“ Boporphisn, fog; the constant tera of the pmdm: of: two polymuh.ls in
[x) is the product of th- :onstnnt terms ol t.hnse polynomials. ..

-
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