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Abstract

The study of data collected from geographical regions is called spatial data analysis,
and the study of these data over time is called spatial-temporal data analysis. Recently,
the analysis of spatial and spatial-temporal data has been of interest to researchers in
the fields of epidemiology, biology, forestry, agriculture, and geography. In the analysis
of spatial data, locations within a user-specified distance are usually considered to
constitute a cluster. Responses obtained from neighbouring locations are likely to be
correlated due to the effect of latent variables at each location. Many authors have
used a linear mixed effects regression model to analyze continuous/Gaussian spatial
data under a variety of assumptions between and within clusters. Previous studies have
focused on the single observation studies obtained from each location (Mariathas and
Sutradhar (2016)). The intent of this research is to consider an extension to multivariate
data collected at each location that we refer to as familial-spatial data. Thus, aside
from the correlation between responses from neighbouring locations, we also consider
the effect of the familial correlation between the multivariate responses collected at the
same location. We then develop a familial-spatial cluster-based correlation model for
the data and propose methods for estimating the model parameters. Furthermore, we
extend the cluster-based correlation idea of Mariathas and Sutradhar (2016) to develop
models to spatial-temporal data. Intensive simulation studies are applied to assess the

performance of the models.
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Lay summary

In many spatial studies, the aim is to identify the correlation between the responses from
the same or different locations, families, and time points. For example, individuals living
in the same or different households may experience lead poisoning in their blood. Blood
lead level can be affected by not only some fixed covariates such as age, gender, water
hardness yet unobserved variables from neighboring locations and a shared family latent
variable based on the area and family to which people belong. Or in an environmental
study, the amount of specific particulate in the water every week may be influenced by
some latent variables from adjacent locations. Therefore, to determine the correlation
between the two response variables, it is important to know how far apart these two
responses are in terms of their spatial distance. In this study, any nearby locations
within a pre-specified distance belong to a cluster. In the first model, we consider a
familial-spatial linear model when multivariate responses at the same location belong
to a family. The second model considers a spatial-temporal model when there is an
autoregressive order of one structure between the responses. We proposed different
statistical estimation methods to evaluate the performance of the parameters of the

two models.
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Chapter 1

An Overview of Statistical Analysis
of Spatial and Spatial-Temporal

Data

In many epidemiological and environmental studies, the correlation between responses
from different locations or different locations and moments in time is of interest. Spatial
data refers to data collected from different locations and spatial-temporal data refers
to those data collected from different locations at different moments in time. Recently,
Mariathas and Sutradhar (2016) proposed a pair-wise linear (continuous) mixed effect
model and compared the method of moment (MM) and maximum likelihood (ML)
estimates of regression effects when there is correlation between any two responses from
different locations. These random measurements obtained from different locations are
referred to as spatial data, and the correlations between them are known as spatial
correlations. For example, a researcher may be interested in evaluating the effects
of individual, epidemiological, and environmental covariates such as age, gender, and

water hardness on the blood lead level (BLL) of residents. Variations in the BLL and



correlations among the BLLs of individuals captured from different areas (locations)
are important parameters to prevent the risk of high BLL in the next generation.
Along with these fixed covariates, latent variables from nearby regions that cannot
be measured directly may affect these responses. Such latent variables from different
locations that affect the response will be referred to as location random effects.

On a continuous scale with a single observation at each location, Mariathas and
Sutradhar (2016), with respect to the linear distance between the locations, considered
the impact of neighbouring location random effects on the response and constructed the
pair-wise correlations between the location random effects, and following on that built
the spatial correlations between the responses from these locations. They estimated
the impact of regression covariates after modelling the spatial correlation between the
responses.

In the first part of this thesis, we develop an extension to Mariathas and Sutrad-
har (2016) model for analyzing multivariate observations at each location. Aside from
the spatial correlation between nearby locations, we also assume that there exist fa-
milial correlation between the multivariate observations at a given location induced
by a common unobservable random effect. Mariathas and Sutradhar (2016) used the
terms cluster and family interchangeably, but throughout this work, it is essential to
emphasize that a cluster is not interchangeable with a family. From now on, cluster will
be used to refer to a group of nearby locations within a user-specified distance d, and
family to a group of observations at each location. The family of observations collected
at each location and the correlations between the responses from the same or different
locations are referred to as familial-spatial data and familial-spatial correlations, re-
spectively. In the familial-spatial setup, we note that apart from the above-mentioned

fixed covariates and vector of location random effects, the responses within each family



might be affected by a common unobserved variable, say a family random effect. It is of
interest to evaluate the effect of regression coefficients of the responses after exploiting
familial-spatial correlations within and between families.

In the second part of this thesis, we extend the cluster-based spatial correlation
idea of Mariathas and Sutradhar (2016) to develop models for spatial-temporal data by
considering both spatial and temporal correlations between the linear responses. We
refer to these correlations among the responses collected from different locations and
different time points as spatial-temporal correlations. In addition to the fixed covariates
and vector of location random effects that affect the responses, for this model there
is an autocorrelation structure between the responses of different time points. In the
following two sections, we review the spatial and spatial-temporal linear mixed effect

models in the previous literature, respectively.

1.1 Spatial Data Models and Analysis

Several authors including Cressie (1993), Vecchia (1988, 1992), Jones and Vecchia
(1993), Gaetan and Guyon (2010), Cressie and Johannesson (2008), Kang and Cressie
(2011), and Mariathas and Sutradhar (2016) have published articles on the analysis of
continuous spatial data and investigated their correlation structures.

For Gaussian spatial responses, Mardia and Marshall (1984) considered the linear
model and determined the ML estimates of the model parameters. They assumed that
the errors are correlated, and that their covariance follows a distribution with unknown
parameters. Vecchia (1988), proposed a linear model with error terms that follow
a second-order stationary Gaussian random process. He assumed that the responses
contained noisy observations and collected from irregularly spaced locations. The ML

estimates and model identification procedures are presented. Afterward, for the same



location’s pattern, Vecchia (1992) developed a new prediction methodology for the ML
estimation of model parameters with the same error assumptions mentioned in his
previous paper from 1988.

Cressie (1991, Chapter 2) considered different correlation structures of the spatial
model such that they are a function of the Euclidian distance of two locations. To have
a positive definite correlation function, Cressie (1991) has suggested using Gaussian
and exponential covariance functions. He noted that by using any of these correlation
structures, as the distance between two locations increases, the correlation tends to
zero. Basu and Reinsel (1993, 1994) compared the generalized least square (GLS) and
ordinary least square (OLS) estimators of linear regression model in a two-dimensional
regular rectangular grid where errors are spatially correlated and follow an autoregres-
sive moving average (ARMA) model. One of the drawbacks of fitting the ARMA model
is that having responses from locations with equal distances is not always possible for
a large spatial area. When responses are spatially correlated, Gelfand et al. (2003)
considered the Gaussian stationary process model in a Bayesian framework.

Latent variables from neighbouring locations can have different effects on the re-
sponse variable; therefore, the correlation between responses is highly dependent on
the impact of these correlated latent variables. Significantly, the shorter the Euclidean
distance between the locations, the higher the dependency between the responses. In
the presence of correlated latent variables (random effect), fixed covariates, and the
error term, pair-wise correlations between the spatial responses on a linear model have

been obtained (Jones and Vecchia 1993; and Mariathas and Sutradhar 2016).

Assume in a study area there are S irregularly spaced locations. Let y, be a contin-

uous response measured at location s = 1,2, ...,.5, along with a vector of p-dimensional



fixed covariates x5 = (251, Zs2, ..., Tsp)'. Let the unobservable effect of location s be de-
noted by 7¥. Jones and Vecchia (1993) were the first to consider a linear mixed model

for the spatial data (xs,ys) given by
ys = 2.0+ vF +e, for s=1,..,5 (1.1)

where 8 = (B1, B2, ..., Bp)’ is a vector of p-dimensional regression parameters, and e,
is an error term that is identically and independently normally distributed with mean
zero and variance of o2. That is, e, ad N(0,02) for all s = 1,2,...,S. The model in

matrix format can be written as
Y =XB+7v+¢, (1.2)

where Y is a vector of responses, X is a S x p design matrix, v = (7,75, ...,75) is a
vector of random effects, and € = (ey, €9, ..., €5)’ is a vector of independent observational
errors with cov(e€) = 0215 in which Ig is an identity matrix. Each component of vector ~
was assumed to follow a distribution with mean zero and a rational spectrum correlation
structure with a covariance matrix of cov(y) = 030, where C' is a S x S correlation
matrix. It should be noted that the elements of v and e are independent. The total

covariance of the model was given by

o2V = o2(C + oils) (1.3)

2

where of = Jones and Vecchia (1993) applied the ML method to estimate the

th\) ‘mqm

regression parameters and variance of latent variables with a known matrix of V' and



normally distributed observational error as below

B = (XVIX)UX'V ) (1.4)
2 = - XBYV Ny - XP) (1.5)

These ML estimates lead to having the GLS estimates. Since the distance between two
locations, say d, has a substantial role, Jones and Vecchia (1993) utilized a modified
Bessel function of the second kind, order 1, to construct elements of the covariance
matrix V. Note that the elements of V' are functions of 03, o2, ¢, §, and d, in which
¢ and ¢ are two additional parameters emerging from the partial differential equation
(see equations (3) and (6) in Jones and Vecchia, 1993, page 948). One of the drawbacks
of using a modified Bessel function is the complex and time-consuming computations
of the elements of the covariance. Moreover, for the far apart locations, the correlation
between two responses may approach zero very slowly compared to the exponential or
Gaussian covariance functions presented by Cressie (1991, pages 85-87).

In two-dimensional coordinates, Basu and Reinsel (1994) proposed a regression

model such that the errors are spatially correlated and follow a first order ARMA

model. In a two-dimensional regular grid, the regression model is

yij = xf+ey, i=1,..,m, j=1,..,n, (1.6)

where y;; is the response variable at location (4, j), and x;; is a p-dimensional vector of

covariate corresponding to location (7, 7). The model error, that is, €;; is given by

€ij = Q€1 + Q€ j_1 + 361 j—1 + O1mi—1j + Oam; j—1 + O3mi—1 j—1 + 14, (1.7)



where E(n;;) = 0 and var(n;;) = o, and for all i and j, and 7;;’s are independent, and
a = (ay,a9,a3)’, 0 = (61,02,05) are model parameters. In matrix notation the model
(1.6) can be written as,

Y = X[ +e (1.8)

The GLS estimation of regression parameters has been compared with OLS estima-
tion when errors are spatially correlated. The ML and restricted maximum likelihood
(REML) estimation of & = (o, ¢’,07) were also compared. Based on the parameter es-
timates and the magnitude of log-likelihood function, the non-separable spatial ARMA
model was found to perform well compared to the separable or multiplicative ARMA
model. It should be noted that this time-domain ARMA model performs well under
the equally-spaced locations assumptions.

Mariathas and Sutradhar (2016) proposed a new approach by constructing a clus-
ter/family around each location. More specifically, they assumed that a sequence of
S locations are at equal distances from each other and that the distance between any
two adjacent locations is one unit. The response at each location was assumed to be
influenced by fixed covariates in addition to a vector of latent variables where the com-
ponents of this vector are the random effects of the same and neighboring locations
within a user-specified distance. The dimension of the vector of random effects may
vary from one location to another and depends on a user-specified Euclidian distance
value. The model was therefore referred to as an unbalanced random effects model.
This user-specified distance is identified prior to the studies by the researchers. In
the spatial set up, as the distance between the two locations increases, it is predicted
that the correlation between the response variables resulting from these two locations
approaches zero.. Mariathas and Sutradhar (2016) discussed the consequences of the

random effects on the responses and modeled the pair-wise correlation structure of the



spatial responses. At the s location, s = 1,...,.S, Mariathas and Sutradhar (2016)

proposed the unbalanced linear mixed model given by
Ys = 1{95 + w;’?s + €, (19)

where 8 = (01, B2,...,0p) is a p-dimensional vector of regression effects, and w, =

(Ws1s vy Wsn, )" 18 a known vector of weights that corresponds to 4s. Let v = (75, ..., v, . %, . 78)
be the vector of all random effects due to the S locations and 45 = (Vs1, Vs2y -5 Vsn. )

be a vector of random effects due to the n, locations within the cluster around location

s. Thus, 45 < 7. Note that ng is the dimension of the vector 75, that is, the number

of locations in the cluster around location s. Moreover, €, is an error term that is
identically and independently distributed with mean zero and a variance of o2. That

is, €, Y 0,6%),s=1,2,...,S.

As far as the distance between any two locations is concerned, Mariathas and Su-
tradhar (2016) assumed that d is a user-specified distance, and d, is the Euclidian
distance between the w'" and the s locations. For both independent and correlated
(equi-correlated) random effects, they proposed a linear mixed effect model and ob-
tained the correlation structure between any two observations from the same and dif-
ferent clusters. The marginal distribution of each random effect was assumed to follow

a normal distribution as,

75~ N(0,03), (1.10)



with a pair-wise correlation structure given by

1, fordy,s =0
corr (Vs Vs ) = OwsPs = 3 ¢,  for 0 < dys < d (1.11)
0, fordys>d

\

where ¢* . is a correlation coefficient between the two random effects at the w' and
the s locations. In (1.11), the random effects within the user-specified distance d are
assumed to be equi-correlated, and ¢ is an equi-correlation coefficient. Furthermore,

dws is an indicator variable defined by

1, ifdys<d forw=1,...5
5ws = (112)

0, otherwise.

Accordingly, in the case of independent random effects (¢ = 0), the pair-wise covari-

ances of two responses have the form of

oww({02,02}), forw=s w=1,.,9
cov(Yu, Ys) = X = (1.13)

Ows({02} N, g, 1), for w # s.

Also, in the case of equi-correlated random effects, the pair-wise covariances are given

by

oww({02, 02, ¢} |nw), forw=s w=1,...7S
cov(Yu, Ys) = X =

O'ws<{0-f2ya¢}|nwans;nw37n* ny n:), for w # s

ws) w?

(1.14)
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where ¥ in (1.14) is a function of 02, 02, ¢, and additional quantities of 1y, Ny, N,

* *

n'Ll)S’ nw’

and n* (number of location random effects) arising from decomposition of
the adjacent clusters. After developing the spatial correlation model, Mariathas and
Sutradhar (2016) examined the performance of MM and ML techniques to estimate
regression effects, variance, and correlation parameters of the proposed model.

As far as this decomposition of the clusters is concerned, the construction of the
correlation model for spatial counts and binary data is more complicated than for lin-
ear spatial data. Wijekoon et al. (2019) developed a correlation model for spatial
count data. They investigated the application of the proposed model on lip cancer data
(Clayton and Kaldor, 1987) collected from a sequence of spatial locations. Moreover,
Sutradhar and Oyet (2020) recently accommodated the issue of constructing the corre-
lation model of spatial binary responses by employing a mixed logistic model. It should

be noted that a great deal of attention must be paid when modelling spatial-temporal

correlations.

1.2 Spatial-Temporal Data Models and Analysis

At location s, s = 1,2,.... 5, let yy be an observation collected or measured at time
point t, t = 1,2,...,m. The response y, collected over both location s and time ¢
is commonly referred to as spatial-temporal data. For example, the spatial-temporal
response can be the amount of specific particulate in the air measured at different
locations every hour. Several authors have analyzed continuous spatial-temporal data
under a variety of assumptions. One of the common assumptions is the classes of the

separable and non-separable space-time covariance function. According to Gaetan and
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Guyon (2010), a space-time covariance function, C(s,t), can be separable if:

(a) additive: C(s,t) = Cs(s) + Cr(t); (1.15)

(b) factorizing: C(s,t) = Cs(s)Cr(t), (1.16)

where Cg(.) is a purely spatial covariance and Cr(.) is a purely temporal covariance
function. One of the separable model’s benefits is the simplification of the calculation
of the determinant and inverse of a spatial-temporal covariance matrix. Cressie and
Huang (1999) considered a linear spatial-temporal model of wind speed measured every
6 hours at S locations. They assumed that the spatial-temporal response vector is y =
(Y11, -+ Ysts s Ysm)' With pug = E(Yy) and the covariance function between responses
Yot and yy, as,

K(s,r;t,q) = cov(Yst, Yrq)- (1.17)

It was assumed that the covariance function is stationary in space and time; that is,

K(S7T;taQ) = C(S - T;t - Q)a (118)

for certain functions C with a positive-definiteness condition. Therefore, they intro-
duced the classes of restricted non-separable covariance functions C, which depend
only on the known Fourier integral.

Gneiting (2002) extended the approach of Cressie and Huang (1999) to a very general
class of space-time covariance function and removed the earlier mentioned limitation
relating to the closed-form Fourier integral.

Gaetan and Guyon (2010) considered a linear model for the spatial-temporal data
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Yst given by

Yst = QY(s—1)¢ T BYse-1) — APBY(s—1)-1) + €xt, || and |f] <1 (1.19)

where (1 — aBy)(1 — 8By)ys = €5. Note that By and Bj are the lag operators relative
to coordinates s and ¢, respectively (B1yst = Y(s—1)t, BaYst = Ys—1), and B1Boyg =

Y(s—1)(t-1))- They deduced that the covariance function of y is separable given by

C(s — s, t —t') = gals=1 g1t~ (1.20)

where 0?2 = 02(1 — o?)71(1 — 3?)7L.
Also, Fass6 and Cameletti (2007) used the expectation-maximization (EM) algo-
rithm to perform the ML estimation of a general three-stage linear spatial-temporal

hierarchical random effects model. This hierarchical model has the form given by

}/t = Ut + €¢, (].21)
Ut = Xtﬁ + K’)/t + We, (122)
Ve = Gye—1 + My (1.23)
where Y; = (Y11, ..-,yse) i a vector of responses at time t for S spatial locations.

Moreover, ¢, is a normal error term with mean zero and a variance-covariance matrix
of 6%Ig, and U, is a smoothed version of the spatial-temporal variable Y;. In equation
(1.22), let X; = (xyy,...,xs) be an S x p design matrix, 3 be a p-dimensional vector of
regression coefficient, v, denote a ¢ x 1 vector of unobservable time random effect with
K as a S x g known weight matrix (¢ < §), and w; be the model error. In equation

(1.23), the temporal dynamics of 7; follows a g-dimensional autoregressive model with
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the ¢ x ¢ transition matrix G, and 7, is a g-dimensional vector of innovation error. It is

assumed that the three error components €;, w;, and 7; are mutually independent such

that
e Y N(0,0%15), (1.24)
w, " N(0,02Cy(h)), (1.25)
m " NO,%,), (1.26)
where o2 is a constant over time and space, Ig is an S-dimensional identity matrix,

02Cy(h) is a time-constant spatial covariance function with h = ||s — §'|| the Euclidean
distance between two locations s and s, and ¥, is a ¢ x ¢ matrix of variance-covariance of
1. Previous studies have focused on the different classes of separable and non-separable
space-time covariance functions and have not drawn enough attention for correlation
between spatial locations.

One of the common challenges of these studies is how to deal with massive datasets
and missing data. In the empirical-Bayesian framework, Kang et al. (2010) applied a
fixed rank filtering (FRF) approach to reduce spatial and temporal dimension. Their
spatial-temporal random effect (STRE) model with temporal dependency at a specific

time point t is

Yst = Hst + Vst + €st

= x;tﬁt + W;t')/t + Nst + €st, S = 1, ...,S, t= ]_, .., m, (127)

where z, is the p-dimensional fixed covariate at location s and time point t, wy is
a g¢-dimensional vector of known spatial basis functions and v = (714, ..., Ygt)' IS & ¢-

dimensional vector of STRE with zero mean and the ¢ x ¢ variance-covariance matrix
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given by K;. In general, the quantity ps = 2.,0; is called a trend function, and
Vst = WiV + N has zero mean and follows an STRE model. In the STRE model, it is

assumed that v, ng, and €y are mutually independent with the following structures:

Y= Gy-1+ &, (1.28)
Tst lfl\(“i (07 0-13)7 (129)
st 2 (0,02). (1.30)

In equation (1.28), v, is a vector autoregressive (VAR) process where G is the ¢ x ¢
first-order autoregressive matrix and &; the g-dimensional innovation vector with mean
zero and var(&;) = U;. A subject that was not discussed in this paper was the dimension
selection of the vector of random effect ; at each location as well as the selection of
known components of the vector of wg. It was assumed that there is an equal number
of random effects that affect the response at each location, where in practice that is not
always the case. Therefore, for both the SRE and STRE models, it is noteworthy to

find a suitable scheme for the dimension of vector of random effects at each location.

1.3 Motivation and Contribution to the Literature

Previous studies discussed in Section 1.1 have been limited to linear models with a
single observation obtained from each location while modelling the spatial correlation
between the responses. Jones and Vecchia (1993) and Basu and Reinsel (1994) proposed
linear models such that the response at each location was influenced by one location

random effect from that location. Mariathas and Sutradhar (2016) extended this model
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by assuming there is a cluster around each location. This cluster surrounds nearby lo-
cations, and the response at each location was influenced by certain location random
effects within the cluster at a user-specified distance. No existing literature has con-
sidered the linear models with multivariate observations at each location. Therefore,
it seems to be more challenging to assess the linear responses that are correlated in
two ways; spatial correlations happen due to the location random effects from nearby
locations, and familial correlations occur due to a shared family random effect. Hence,
one of the challenges of this model is formulating and calculating the correlation of
responses within and between families due these correlations. We noticed that the
analysis of such continuous familial-spatial data and familial-spatial correlation struc-
ture have not been studied in the literature. Thus, the complexity in modelling the
correlation between the responses motivates us to investigate this situation as it has
an application in epidemiology and environmental studies. In addition, most studies in
Section 1.2 have tended to focus on classes of separable and non-separable covariance
functions for spatial-temporal models. Also, in the analysis of spatial-temporal linear
models, none of these studies considered a cluster of locations. Hence, in light of recent
location classification schemes, it is of interest to see the effects of the fixed covariates
and the location random effects on the linear responses that follow an autocorrelation
structure. The results in the familial-spatial models motivate us to investigate the im-
pact of location random effects on the repeated responses over time. Therefore, we
derived the cluster-based spatial-temporal correlations between the responses of the
same and different locations at the same and different time points.

In Chapter 2 of this thesis, we extend the spatial linear mixed model of Mariathas
and Sutradhar (2016) to the familial-spatial linear mixed model, where a group of

random effects from adjacent locations (say location random effects) and a common
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unobservable variable for all family members of a location (say family random effects)
are used to model the cluster-based familial-spatial correlations of responses between
and within the families.

In Chapter 3, we examine the performance of the proposed model in Chapter 2 by
using the well-known GLS and MM techniques for both independent and correlated
location random effects models along with several simulation studies.

Chapter 4 deals with a linear dynamic mixed model for spatial-temporal data.
We implement the analysis of continuous data with weighted location random effects
through an autoregressive model of order one and obtain the cluster-based spatial-
temporal correlations between responses. A marginal generalized quasi-likelihood (GQL)
estimation approach is used to estimate the regression coefficients, spatial correlation
of location random effects, and variance of location random effects. To estimate the
dynamic parameter and variance of the model, we carry out the MM approach.

Finally, Chapter 5 summarizes how the proposed models are developed, and we

discuss possible future extensions.



Chapter 2

Familial-Spatial Linear Mixed

Models for Multivariate Data

For spatial Gaussian data, Mariathas and Sutradhar (2016) and Jones and Vecchia
(1993) considered models with a single observation at each location. In this chapter, we
propose an extension to familial-spatial random effect regression models when there is a
family of observations at each location. For example, a researcher may be interested in
evaluating the effects of individual, epidemiological, and environmental covariates such
as age, gender, and water hardness on the blood lead level (BLL) of residents. In this
case, aside from the correlation between observations measured at nearby locations,
the family of observations at a given location are also likely to be correlated. We
also assume that the familial correlation at each location is induced by a common
unobservable family random effect. These family random effects at each location are
independent and do not affect the responses of neighbouring locations. In Section 2.4,

we provide the marginal and correlation properties of the proposed model.
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2.1 Proposed Familial-Spatial Linear Mixed Effect

Model

The existing model developed by Mariathas and Sutradhar (2016) described the struc-
ture of a region § with a sequence of S spatial locations such that there is only one
response at each location. In the familial-spatial setup, we propose a new linear mixed
effect model for a family, or vector of observations measured at each location along with
covariate information. As we mentioned earlier in Chapter 1, this group of observations
at a certain location constitutes a family, and locations within a user-specified distance
constitute a cluster.

Let ys; be the response on a continuous scale for the " (i = 1,..., m) family member
at the s (s = 1,...,5) location. Each of these mS responses might be influenced by
a p-dimensional environmental or individual fixed covariate vector zg; = (i1, .., Tsip)'
Apart from this fixed vector of information, we also assumed that the response is influ-
enced by a vector of location random effects such that this vector contains unobservable
random effects from itself and nearby locations. As an example, let y,; be the value of
damages to homes caused by a storm. Clearly, damages to homes in the same neigh-
borhood will be about the same. Thus, these homes will form a cluster. Neighborhoods
that are a certain distance apart may affect each other due to certain unobservable
random effects. Let C, be a cluster of random effects centred around the location s,
containing locations that are correlated, denoted by s = (Vs1, ..., Vsjy ---s Ysn, ) for all
s=1,2,...,S. Furthermore, a response at the s location may be affected by a family
random effect that is common to all responses at the s location. This family random

effect is denoted by ag, for s = 1,2,...,.S. Figure 2.1 (see page 21) clearly presents
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the structure of the locations, location random effects, family random effects, and re-
sponses. It can be seen that at each location there is only one location random effect
~¥, and all responses at a particular location will be affected by a family random effect
as. Let the vector of all S location random effects be denoted by v = (7§, 74, ..., v5),

and each component of this vector has a distribution with mean zero and variance of

2
g

o

Following Mariathas and Sutradhar (2016), let n,, be the number of locations in
the cluster centred around location w (C,), that is, the cluster size, and d,, be the
Euclidian distance between locations w and r. Naturally, as the linear distance between
locations increases, the correlation between latent variables of these locations decreases.
Therefore, it is important to know how far the locations are from each other to make

the latent variables uncorrelated. This user-specified distance is denoted by d, which is

selected by the researcher. Define the indicator variable d,,,. as,

1, ifd, <d for r=1,..., S
Owr = (2.1)

0, otherwise

then

D bur = N (2.2)

reCy

It is noted that the larger the value of d, the greater the cluster size. Now, based on
the value of d, it is assumed that any two locations whose distance is less than or equal
to d have correlated location random effects, and those with a distance greater than d

have uncorrelated location random effects, hence:

COTT(’y:;, ’V:) = 5w8¢:)s' (2'3)
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For the convenience of modelling the correlation structure and calculations, suppose

that any two locations within distance d have equi-correlated location random effects

as,
1, ford,, =0

corr(Yus Vs) = 4 ¢, for 0 < dyps < d (2.4)
0, for dys > d.

Also, suppose that a family of observations at each location is affected by a common

family random effect, which is denoted by «;. It then follows that

a, " (0,02). (2.5)

Then, our proposed linear mixed model for familial-spatial data is defined as,
Ysi = B+ wiys + as + e, s=1,2,...,8;, i=1,2...m (2.6)

where (3 is a p x 1 regression effect of z; covariates, ws = (wWg1, Ws2, -, Wen, )" 18 the ng x 1
known weight vector corresponding to 75 € C, which is selected by the researcher, and
ay % (0,02) is a family random effect, which is defined in (2.5). In (2.6), €,; denotes
the error term for the i*» member of the st location, and it follows that

esi 2 (0,07). (2.7)

€

Note that although the proposed model in (2.6) and the model considered by Mariathas
and Sutradhar (2016, equation (2.6), page 5) look similar, they are fundamentally
different. The difference between the two models is that, in Mariathas and Sutradhar’s

model, there is only one observation at each location, whereas in (2.6), we observe a
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family of observations at each location. Moreover, these observations at each location
are affected by a common family random effect ;. The following diagram represents

the locations and family structure.

location random effects

family random effects

Figure 2.1: Structure of familial data at each location, correlated location random effects
v¥ for s =1,2,...,.5, and independent family random effects o, for s =1,2,..., S.

2.2 Decomposition of Cluster Regions

As previously stated, the location random effects in each cluster are correlated, and,
subsequently, the responses within and between clusters are likely to be correlated.
Specifically, y,; is influenced by n, location random effects such that ng — 1 of them

are from adjacent locations but they all belong to a cluster around the s location
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(Cs), and they are denoted by 75 = (Vs1s s Vsj» ---» Vsne) - TO facilitate the derivation
of the basic properties of the familial-spatial responses, it is necessary to distinguish
between the different regions of two neighbouring clusters and specify the number of
location random effects in each region. We consider another response from the location
w denoted by . (s # w). This response will be influenced by n, random effects
within the cluster Cy, as Ju = (Yawts -, Vs s Yunw) - Based on the magnitude of d,,
two clusters of €', and Cy may have common locations. Thus, vy, and y; are affected
by the same random effects from common locations. Moreover, there might be some
random effects that belong to only C, and are not in C, while some other random
effects may belong to only C and not in C, such that they are correlated. For the
purpose of constructing the correlation structure of y,,; and y;, each cluster is classified

into three regions as follows:

e The shared area between C, and C denoted by ws, where n}  is the number of

common locations (or location random effects) between the clusters C,, and Cs.

e The area in (), that has no common location with C; denoted by w(1) U w(2),
and similarly, the area in Cy that has no common location with C, denoted by
s(1) U s(2). Let nj,,) be the number of random effects in C,, and not in C; that
are correlated with nf,) random effects in Cf. It should be noted that not all
of these uncommon pairs are correlated. Hence, the number of those correlated

uncommon pairs of random effects is denoted by 7.

e We denote ny,;y by the number of random effects in C', that are not correlated
with any of ngy,y + nj,) random effects in Cs. Similarly, ng;, is the number of
random effects in C, that are not correlated with nfu(l) + njfu(Z) random effects in

Cu.
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Figure 2.2 shows the decomposition of two adjacent clusters. This decomposition

leads to expressing n,, and n as,

N = N1y + M) T Mg DA Ny = N5y + N0y + Ny (2.8)

Figure 2.2: A graphical decomposition of two clusters of C,, and Cj.

For two different locations w and s, the vectors of location random effects belonging

to clusters Cy, and Cy are Y, = (Va1 Yeo2s - Yony ) A0 Fs = (Vs1, Ys25 -5 Ysn, ) 5 TESPEC-

tively. Based on the above decomposition, the number of locations that only belonging

to €y and not Cj is denoted by nj, (ny, = ny ) + 1y o)), and similarly, the number of

s

locations that only belonging to Cs and not C,, is denoted by ny (ng = ni,) + niy))-

Also, one can express n,, and ng as,

ne =ns+nt. and ng=ni+n’_. (2.9)

Following the above decomposition, the vectors of location random effects 7,, and 7

can also be decomposed as

’711) = (’710(1)7 ;%U(Q)’ ’71,1;5), (210)
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and

’78 = (’?1057’7;(2)7’7;(1))/a (211)

respectively. The corresponding weight vectors w,, and w, can be decomposed as,

Wy :(wwla ceey Wag "'7wwnw)/

:(wl/u(l)7wiu(2)7w:us)/ (2.12)
and
Ws =(Ws1y vy Wy vy Wy )|
Z(%S,w;(z),w;(l))', (2.13)
respectively.

Mariathas and Sutradhar (2016) suggested using a known vector so that it gives

identical weight to all location random effects belonging to C, as,

Wy :<ww17 ceny Wawjs '~'7wwnw)/
Sy, Ly, Ly
S e My M@y, e
1

(2.14)

N
w

where 1, = (1,1,...,1)" is the n,, x 1 unit vector. Our proposed mixed model can be

written as,

Ywi = T + U A+ + €y, w=1,2,.08; i=12..m. (2.15)

1
Vi
iid

When the location random effects are independent with ~,,; ~ (0, 0’3), the variance
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of \/%Mhﬂw is the same as the variance of each vector member. It satisfies

1
E( 1 ~w> —0, 2.16
Nk (2.16)
and
1 I &
var( 1;11”%,) = var(— ’yw->
N N ]2_1 ’
1

= —(nwaz) = ai. (2.17)
One can also use the additive model with the weight vector w, %, = 1, 7., to

understand the influence of neighboring location random effects. For the independent
location random effects, the variance of this combination depends on the value of n,,,

which means the wider the cluster, the larger the variance. Thus, we have

var (1), Fw) = nwos, (2.18)

therefore, if n,, — oo, the variance in (2.18) approaches infinity. Another suggestion
might be to consider the average of all location random effects in C,,, that is, w3, =
il;iﬂw. Similar to the additive model, for the independent location random effects,

the variance of this combination depends on the value of n,. In this case, the larger

the cluster size, the smaller the variance. This implies that

1 1,

var(—1, 5,) = —d?,

2.19
- - (2.19)
therefore, if n,, — oo, the variance in (2.19) approaches zero. In fact, both the unit
weight and average weight models are not appropriate since they yield infinity and zero

variances for the large cluster sizes, respectively.
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According to Mariathas and Sutradhar (2016), another example of the weight vectors

2

> (wyww = 1) is the exponential distance decaying weights

such that var(w!,3,) = o

given as,

!
Woy =(Wapty ooy Wy -y Wannay )

=(a'k,...,d’k,...,a™ k), (2.20)

\ 05
where a is an appropriate constant function, and k£ = (Z;‘Zl a% ) . On the other
hand, for the correlated location random effects 7,,; and 7, with corr(yu;, Ywj) =

¢y (w), we deduce

1 1 Naw Naw
U&’I"( lgzwﬁ/w> = 7( UW(%‘) + 2 COU(’Yw‘a’Yw ’))
e o ; j ];, g0 Twj

1 -

Jj<j’
2 &
w iy

As a spacial case, when location random effects belonging to a cluster are equi-

correlated with ¢;;(w) = ¢, the variance in (2.21) can be simplified to

var(\/}Twlgw’yw) = 02[1+ (nw — 1)¢]. (2.22)

Using (2.16), (2.17), and (2.22), it can be shown that the marginal mean and variance

of y,; are given as,

E(Yui) = Hwi = 03, (2.23)
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and
02 + a2 + o2, for ~u; “¢ (0, 02)
var(Yy:) = ! ’ !
o2[1 + (nw — 1)@] + 02 + 02, for yu; ~ (0,02), corr(Yuwy, Yuy) = ¢,
(2.24)
respectively.
2.3 Computation and Comparison of n,, n;., and

n’LUS

2.3.1 The Number of Locations (n,) in Cluster C,,

In a linear sequence of spatial locations with a total number of S locations, the first
location on the straight line from the left is labeled with w = 1. Also, the furthest
location to the first location is labeled with w = S. By starting from the first location,
that is, w = 1, and moving to the right and location w = S, the nearest location
is w = 2, and the second nearest location is w = 3. We continue eventually getting
to the last location (furthest location to w = 1), that is, w = S. Irrespective of the
user-specified distance valued d, each location is 1 unit away from the nearest location.
For example, the locations w = 5 and w = 6, and w = 4 and w = 5 are one unit apart.
To find n,,, we first construct a circular region C, centred at location w, with diameter
d. Note that location w = 1 and location w = S are at the boundaries of the region
of interest. So, when d = 2, we have ny = 2, np = n3 = ... = ng_; = 3, and ng = 2.

Values of n,, corresponding to d = 2,4, and 6 are shown in Table 2.1.
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Table 2.1: Number of locations (n,,) in cluster C,, for d = 2, 4, and 6.

ny mg N3 Ng ... Ng_3 Ng-2 MNg-1 Ng
d=2|12 3 3 3 3 3 3 2
d=413 4 5 5 5 5 4 3
d=64 5 6 7 7 6 D 4

In Table 2.2, we outline the vector of the location random effect and family random
effect associated with each location when S = 100 and d = 6. For example, the number
of locations or, equivalently, the number of location random effects in the cluster around
the 6 location (Cg) is ng = 7. The vector of the location random effect is denoted by

Yo = (’Véka’yika’yékﬁga’y?ﬁékﬁg), = (’76177627’763,764,’7657’7667’767)/-
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Table 2.2: Family Random Effects and Location Random effects centred around each
spatial location w = 1,2, ..., 100 with d = 6.

Location Cluster Random Effect Vector Family Random Effect

1 Cl :)/1 = (’7;77377;772), Qi

Y= (711, Y125 713, 714)/

2 Cs Ao = (V5,7 7 e a

Yo = (7’21,%27%377247725)/

3 C3 ’?3:(7T77;;7§77177;‘77§)/ as

A3 = (731, 132, V33, 1345 V35, 736)"

A * * * * * * * 1
w Cw Y = (7w73’ Yw—25 Yw—15 Yews ’warl’ 7w+27 ’7w+3) Qryy

f?w = (’le; Yw2s Yw3s Ywds Vw5 Vw6 f}/w?)/

98 Cog Fos = (785 Vo6 Yor Vo3 Vo9 Vioo) Quog

=~ !/
Yos = (798,17 798,25 798,35 V98,45 V98,55 798,6)

99 C'99 :}/99 = (73‘67 7;77 7;87 7;97 ’YTOO)/ Qg9

X !
Yo9 = (799,1, 799,25 799,35 V99,45 799,5)

100 Cioo A100 = (V87> V88> V89> Vi00) @100

X /
Y100 = (7100,1, 100,25 100,35 7100,4)

2.3.2 The Number of Common Locations (n ) Between Clus-

ters (), and C

Let us assume w and s are two different locations in a straight line such that s > w,
and the distance between them is d,s = |s — w|. Figures 2.3, 2.4, and 2.5 exhibit the
number of locations in each cluster and the number of common locations between any
two clusters for three distinct values of d = 2, d = 4, and d = 6, respectively. Following

each figure, there is a table that demonstrates the number of shared locations in two
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*

s are given in Tables 2.3,

clusters of C,, and (. The number of common locations, n

2.4, and 2.5 for d = 2, d = 4, and d = 6, respectively.

54 VY s
SVAVIN

Figure 2.3: Graphical display of the cluster around each location with values of n,,
and n}  for d = 2.

Table 2.3: Number of common locations (n¥,) for d = 2 and s > w.

ls—w| |1 2 =3

S-6

Figure 2.4: Graphical display of the cluster around each location with values of n,,
and n}  for d = 4.

Table 2.4: Number of common locations (n} ) for d = 4 and s > w.

ls—w| |1 2 3 4 =5

(ifw=1lorw=S5-1) nk 3 3 2 1 0

ws

(ifw=2,3,..,5—2) n 4 3 2 1 0

ws
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Figure 2.5: Graphical display of the cluster around each location with values of n,,
and n}  for d = 6.

Table 2.5: Number of common locations (nf ) for d = 6 and s > w.

|s — w| 1 2 3 4 5 6 =7

(if w = 1) n* 4 4 4 3 2 1 0

(if w = 2) nt. |5 05 4 3 2 1 0
(ifw=34,...5-3) =% |6 5 4 3 2 1 0
(ifw=95-2) nh 5 4 - - - = -
(ifw=5-1) e 4 - - - - = —

2.3.3 Number of Correlated Uncommon Pairs of Locations

(nys) for Cluster C, and Cj

In this section, the values of n,y, M) and ng) for selected pairs of (w, s), and for
d =2 d=4, and d = 6 are given in Tables 2.6, 2.7, and 2.8, respectively. More
specifically, Wijekoon et al. (2019) obtained a specific pattern between the value of 7,

and the known values of ”2(2) and nj@) when the distance is d = 4.
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Table 2.6: Values of M2y Maz)s And T for selected pairs of locations with S = 100
and d = 2.

(w, s) |s —w] ni)@) ”:(2> Nws
(1,2) 1 0 0 0
(1,3) 2 1 1 1
(1,4) 3 2 2 3
(1,5) 4 1 1 1
(1,6) 5 0 0 0
(2,3) 1 0 0 0
(2,4) 2 1 1 1
(2,5) 3 2 2 3
(2,6) 4 1 1 1
(3,7) 4 1 1 1
(3,10) 7 0 0 0
(97,100) 3 2 2 3
(98,99) 1 0 0 0
(98,100) 2 1 1 1
(99,100) 1 0 0 0

As can be seen from Table 2.6, for all possible pairs of (w, s), the values of Ny o) and
n’s"@) are equal; therefore by assuming n:)@) = n;"@) = p, we demonstrate that

_plp+1)

ws 2.25
s = 2 (225)
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Table 2.7: Values of M2y Maz)s And T for selected pairs of locations with S = 100
and d = 4.

(w,s) s — wl Tay(2) o) Nws
(1,2) 1 0 1 0
(1,3) 2 0 1 0
(1,4) 3 1 2 2
(1,5) 4 2 3 5
(1,6) 5 0 0 0
(2,3) 1 0 0 0
(2,4) 2 1 1 1
(2,5) 3 2 2 3
(2,6) 4 3 3 6
(3,7) 4 3 3 6
(3.8) 5 4 4 10
(3,10) 7 2 2 3
(97,100) 3 2 1 2
(98,99) 1 0 0 0
(98,100) 2 1 0 0
(99,100) 1 1 0 0

From Table 2.7, Wijekoon et al. (2019) found that by assuming g = maz(njy,q), 752));

then n,s be expressed as,

-

Nys = 3 7((14_2)2((1_1)7 lf nfU(Q) #* n:@) # 0 (226)

\
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Table 2.8: Values of M2y Maz)s And T for selected pairs of locations with S = 100
and d = 6.

(w,s) s — wl Tay(2) (o) Nws
(1,2) 1 0 1 0
(1,3) 2 0 2 0
(1,4) 3 0 2 0
(1,5) 4 1 3 3
(1,6) 5 2 4 7
(2,3) 1 0 1 0
(2,4) 2 0 1 0
(2.5) 3 1 2 2
(2,6) 4 2 3 5
(3,7) 4 3 3 6
(3.8) 5 4 4 10
(3,10) 7 6 6 21
(4,5) 1 0 0 0
(96,100) 4 3 1 3
(97,100) 3 2 0 0
(98,99) 1 1 0 0
(98,100) 2 2 0 0
(99,100) 1 1 0 0

-

0, 1f mln(nfu(2),ns(2)) - 0

(g+2)(g=1)
(o9l i

Nps = 4 (2.27)

(q—2)2(q+3) T

p(p+1) if

2 Y

\
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2.3.4 Examples for d =6

Generally, in the linear sequence of locations with the user-specified distance equal to
6, when the distance of the centre of clusters C,, and C is greater than 6, there is no

common location random effect.

Example 2.3.1. In this example, we consider one of the situations where s — w > 6.
Figure 2.6 shows one of the cases where s —w = 8 units. Here, the distance of the centre
of clusters C,, and C; is s — w = 8. The number of locations belonging to each cluster
is n, = ng = 7. Also, the number of common locations between the two clusters is

ny . = 0. In this spatial design, we count the number of correlated uncommon pairs of

w
locations for two clusters. We select one location from each of these two clusters. The
random effects from these two locations are correlated if the distance of these locations

is less than or equal to d = 6. For instance, pairs of (w + 3,s — 3) have a distance of

s—3—(w+3) = 2 units. Therefore, these two locations have correlated random effects.

W-3  w-1 W+l W+3 S-3 S-1 S+1 S+3

W-2 w W+2 S-2 S S+2

Figure 2.6: Graphical structure of two clusters with no common location random
effects.

Table 2.9, shows how to calculate the number of correlated uncommon pairs of location

random effects.



Table 2.9: Correlated uncommon pairs of location random effects.

Locations in C, not in C; Locations in C; not in C,, Distance of Locations Correlated Pairs (Yes/No)

w—3 s—3 s—=3—(w—-3)=8>6 No
5—2 s=2—(w—-3)=9>6 No

s—1 s—1—(w=3)=10>6 No

s s—(w—3)=11>6 No

s+1 s+l—(w-3)=12>6 No

s+2 s+2—(w-3)=13>6 No

s+3 s+3—(w—-2)=14>6 No

w—2 s—3 s=3—(w—2)=7>6 No
s—2 $—2—(w—2)=8>6 No

s—1 s=1-(w—-2)=9>6 No

s s—(w—-2)=10>6 No

s+1 s+l—(w-2)=11>6 No

s5+2 s+2—(w—2)=12>6 No

s+3 s+3—(w—2)=13>6 No

w—1 s—3 s=3—(w—-1)=6=6 Yes
5—2 s=2—(w—-1)=7>6 No

s—1 s—1—(w—-1)=8>6 No

s s—(w—1)=9>6 No

s+1 s+1-(w—-1)=10>6 No

s+2 s+2—(w—-1)=11>6 No

s+3 s+3—(w—-1)=12>6 No

w s—3 s—=3—(w)=5<6 Yes
5—2 s—2—(w)=6=6 Yes

s—1 s—1—(w)=7>6 No

s s—(w)=8>6 No

s+1 s+1—(w)=9>6 No

5+2 s+2—(w)=10>6 No

s+3 s+3—(w)=11>6 No

w+1 s—3 s—=3—(w+1)=4<6 Yes
5—2 s=2—(w+1)=5<6 Yes

s—1 s—1—(w+1)=6=>6 Yes

s s—(w+1)=7>6 No

s+1 s+l—-(w+1)=8>6 No

s+ 2 s+2—(w+1)=9>6 No

s+3 s+3—(w+1)=10>6 No

w+2 s—3 s—3—(w+2)=3<6 Yes
s—2 s—2—(w+2)=4<6 Yes

s—1 s—1—-(w+2)=5<6 Yes

s s—(w+2)=6=6 Yes

s+1 s+l-—(w+2)=7>6 No

s5+2 s+2—(w+2)=8>6 No

s+3 s+3—(w+2)=9>6 No

w+3 s—3 s—=3—(w+3)=2<6 Yes
5—2 s—=2—(w+3)=3<6 Yes

s—1 s—1—(w+3)=4<6 Yes

s s—(w+3)=5<6 Yes

s+ 1 s+1—-(w+3)=6=6 Yes

s+2 s+2—(w+3)=7>6 No

s+3 s+3—(w+3)=8>6 No
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As a result of the findings in Table 2.9, n,,, = 15.

Example 2.3.2. In this example, we look at a case when s —w = 6 units. In the linear
sequence of locations with the user-specified distance equal to 6, when the distance of
the centre of clusters C,, and Cj is equal to 6, then there is only one common location
random effect. In this example, we take w = 4 and s = 10. The number of locations

belonging to each cluster is ny = nyp = 7.

Figure 2.7: Graphical structure of two clusters with one common location random
effect.

Table 2.10, shows the number of correlated and uncorrelated uncommon pairs of loca-

tion random effects. Hence from this table, n4 19 = 15.



Table 2.10: Correlated uncommon pairs of location random effects.

Locations in C; not in C}y Locations in Cjp not in C; Distance of Locations Correlated Pairs(Yes/No)

1 8 8—1=7>6 No
9 9-1=8>6 No
10 10-1=9>6 No
11 11-1=10>6 No
12 12-1=11>6 No
13 13-1=12>6 No
2 8 8—-2=6=>6 Yes
9 9-2=7>6 No
10 10-2=8>6 No
11 11-2=9>6 No
12 12-2=10>6 No
13 13-2=11>6 No
3 8 8-3=5<6 Yes
9 9-3=62>6 Yes
10 10-3=7>6 No
11 11-3=8>6 No
12 12-3=9>6 No
13 13-3=10>6 No
4 8 8—4=4<6 Yes
9 9-4=5<6 Yes
10 10-4=6=>6 Yes
11 11-4=7>6 No
12 12-4=8>6 No
13 13-4=9>6 No
5 8 8—-5=3<6 Yes
9 9-5=4<6 Yes
10 10-5=5<6 Yes
11 11-5=6>6 Yes
12 12-5=7>6 No
13 13-5=8>6 No
6 8 8—6=2<6 Yes
9 9-6=3<6 Yes
10 10-6=4<6 Yes
11 11-6=5<6 Yes
12 12-6=6=>6 Yes

13 13-6=7>6 No
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Example 2.3.3. In this example, we consider a case when s—w = 4 units. In the linear
sequence of locations with the user-specified distance equal to 6, when the distance of
the centre of clusters C,, and C§ is equal to 4, then there are three common location
random effects. In this example, we take w = 6 and s = 10. The number of locations

belonging to each cluster is ng = nyp = 7.

ng njo

Figure 2.8: Graphical structure of two clusters with three common location random
effects.

By using Table 2.11, we can count the correlated uncommon pairs of location random

effects. As a result of this table, ng19 = 6.
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Table 2.11: Correlated uncommon pairs of location random effects.

Locations in Cs not in C}y Locations in Cjp not in Cs Distance of Locations Correlated Pairs(Yes/No)

3 10 10-3=7>6 No
11 11-3=8>6 No
12 12-3=9>6 No
13 13-3=10>6 No
4 10 10-4=6>6 Yes
11 11-4=7>6 No
12 12-4=8>6 No
13 13-4=9>6 No
5 10 10-5=5<6 Yes
11 11-5=6>6 Yes
12 12-5=7>6 No
13 13-5=8>6 No
6 10 10-6=4<6 Yes
11 11-6=5<6 Yes
12 12-6=6>6 Yes
13 13-6=7>6 No

Example 2.3.4. In this example, we consider another case of s —w = 4 units. Unlike
Example 2.3.3, in this case, one of the clusters is centred around the first location in
the linear sequence of locations. We assume that w = 1 and s = 5. Hence from Figure

2.9, and Tables 2.1 and 2.5 we obtain n; = 4, n; = 7, and nj; = 3.

n*5=3

Figure 2.9: Graphical structure of two clusters with three common location random
effects.
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In Table 2.12, we show that the number of correlated uncommon pairs of location ran-

dom effects, that is, nis, is 3.

Table 2.12: Correlated uncommon pairs of location random effects.

Locations in C} not in C5 Locations in C; not in C; Distance of Locations Correlated Pairs(Yes/No)

1 5 5—-1=4<6 Yes
6 6-1=5<6 Yes
7 7T-1=6=>6 Yes
8 8—1=7>6 No

2.4 Basic Properties of the Familial-Spatial Linear
Mixed Model

From (2.6) and (2.14), the response for the i* member at the s location can be

modeled as,

Ysi = Thi3 + I As+as+ey, s=1,2,...,8 i=12..m. (2.28)

1
s
Consider model (2.28) with 3 as the regression coefficient of zg; for all s = 1,.., 5 and

i=1,..,m, and Y5 = (7s1, ..., Ysn.)" the vector of location random effects. We relabel

the components of the vector of 7, as,

5/8 = (’ysla ceey ’ysns)/ = (’7:_4/27 ceey 7:7 ceey /y:+d/2>,7 (229)

where I<s—4<S—%and1+%<s+4<8.
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Now, without loss of generality, we assume that v¥ = 7, such that 7 satisfies a
distribution with E(v}) = 0, and var(y}) = o2 for s = 1,...,S. For any j,j' € C; we

assume that v5; = 77 and v = 75, and , we write,

corr(Yaj, Vsjr) = corr(v5,v5) = 0@ = bjje(s). (2.30)

By assuming equi-correlated pair-wise location random effects (¢,;:(s) = ¢), the vector

of location random effect 7, has an n, x ng variance-covariance matrix, we denote by

Iy, defined by

ai a§¢ e 03
olp o ... 03¢

var(3s) = Ty o ! =02 (o1, 1, + (1= @),,), (2.31)
aggb aigb . 03/

NgXMNg

where ¢1,.1;, + (1 — ¢)I,,, is the n, x ny correlation matrix of 4, and denoted by

Ch.on, (@), therefore,

Fss = U’chnsns <¢) (232)

Based on the decomposition of 4, and 75 in (2.10), the matrix of variance-covariance

of 4, and 7, denoted by I',,,, defined by

cov(%f(l), Frws) Covﬁw(l)a 7;(2)) COU@w(l)» 7;(1))
cov(Fu, 75) = Luws = | cov(Fua), Ts) cov(Fuw@), Vs2))  COV(Tw(2)s Vo1 . (2.33)

CO'U(’S/wsa '71/1]5) cov (’?wsy ’7;@)) Cov(iwsv ’5/;(1))

Ny XNg
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The matrix of variance-covariance I',; can be written as a function of the correlation
matrix. Based on the decomposition of the clusters in Section 2.2, I',,s can be written

as,

w

£t (@) Cux x () Cux wx (9)
ES * ES * ES * . 2.34
£t (@) Cux wx (0) Crx s (9) (2.34)
Crgont, (0)  Cogonx, (9)  Cugonz, (9)

Ch
Fws = Urzy Cn

N XMNog

From this decomposition of the clusters, none of ”2(1) random effects are correlated
with n:(l) and n;k@) random effects, and none of nj(l) random effects are correlated with
Ny(2) random effects. The challenging component of this matrix that has no closed form

matrix is Cn*( »% (¢). Therefore, the components of T',, are given by

2)"s(2)

/

anvmnis(ﬁﬁ) = cort(Vu(1), Vips) = ¢1"2‘;<1)1 .

Nws

< ~/
C”i(1>n2‘<2)(¢) - COTT(’yw(l)”Vs@)) =

Onimnf@)

_ = ~/ N
C”:i(n"ja)((b) = corr(Fu(), Ts(1) = O”i(n"f(n

an‘l‘)@)n;’;s(QS) = COTT(;?U)(2)’ ’?{US) = gb]-n:'; 1/ *

(@) Mws

_ ~ N
ni(mnj@)(qb) - COT’I“(’}/w@), 75(2)) - quni(Q)n:‘(Q)

(¢) = 007"7“(%1(2),’7;(1)) = 0%

* * *
Ton(2)™s(1) @)"s(1)

Cronz (9) = corr(Fuws, Yus) = Olyz s+ (1 — @) Ly,

Cnﬁ;sn*@)(¢) = COTT(:)/w& :}/;(2)) = (bln?;s 1;1*

s(2)

(¢) = COTT(’?ws;’%(l)) = ¢1nis 1;1j<1) (235)

* *
TwsTy(1)

where Ln*(2>n*(2) IS & Ny, X N matrix such that some of its entries are one and

the rest are zero. As has already been mentioned, not all pairs of random effects in

the region w(2) and s(2) are correlated. There are n,, correlated uncommon pairs
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* * 3 3 * _
and 1y, o)n5) — Nws uncorrelated uncommon pairs.  For the special case of ny o) =

n;“@), the Ln*(2>n*(2) is a lower triangular matrix with all entries on and below the
main diagonal equal to one. Now, for the equi-correlated location random effects, the

marginal properties of the vector 7, are

E(:ys) = 0n5><1a (236)
and
'75 ~ (O,FSS), (237)
where
Ly = 02Chn, (). (2.38)

The family random effect, that is, a, is identically and independently distributed with
E(ag) = 0 and var(ay) = o2 for s = 1,..., S; that is,
a, " (0,a2). (2.39)

The error model is assumed to follow

€ (0,07, (2.40)

likewise, €4, ag, and v are assumed to be mutually independent. Now, by using (2.37),
Vs

(2.39), and (2.40), we can bring these new lemmas for the response variable in (2.28).

Lemma 2.4.1. For the equi-correlated random effect model, the mean and variance of



the response variable are given by

E(Ya) = 246 = s

var(Yy) = o2 [1+ ¢(n, —1)] + 02 + oZ.

Proof: Because of (2.37), (2.39), and (2.40), it is clear that F(Yj;)

follows that

1
Vs

1;13%) + var(ag) + var(es)

var(Yy) =var(xl,f + 1, As + o + €5)

: 1
=var
\/ nS
1
=—1, Tl,, + 02 +0;
N
0,2
Ty <¢1n51;ls L (1- ¢)Ins)1ns + o2 4o
Ng

o2
=n—7<¢n§ + (1 — ¢)n8> + 02 4 o2

=02 [1+ ¢(ns — 1)] + 02 + 07
or

1 Ns Ns
U(I?“(Y;l') = [Z var(’)/sj) + 2 Z COU(’YS]") ’Ysj)] + Ui + 052

N i<

1 s
= [nsaz + 2(2 )0‘3@5] + o2+ 02

=02 [1+ ¢(ns—1)] + 02 + 0.
If the location random effects are independent, it then follows that

var(Yy) = 02 + 0 + oL

45

(2.41)

(2.42)

= lg- 1t also

(2.43)

(2.44)

(2.45)
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Since at any spatial location there are m responses, the covariance of responses
consists of two parts. The first part is the covariances of different responses at the
same location, that is, cov(Yy, Ys) for s = 1,2,...,S; (i # '), and the second part is

the covariances of responses from two different locations, that is, cov(Yy;, Ys) for w # s.

Lemma 2.4.2. The covariance of two responses from the same location is given by

cov(Yy, Yo ) = 03 [1+ ¢(n, — 1] + o2 (2.46)

[0}

Proof: Because 2,5 is a deterministic component and e, is identically and inde-

pendently distributed, it then follows that

cov(Yy, Ysr) = cov(

1213;5/5 + Qs + €si s ]‘;'7,5;78 + Qg + Esi’)

1 1
A/ Mg A/ Mg
1
= —1, Tyl, +o0.
Ux

= 2 [1+¢(ns—1)]+02

or

1 Ns Ns
cov(Ysi, Yir) = e [Z var(Vs;) + 2 Z COU(’Ysj/»’Ysj)] + o,
5 L=t J'<j

1 N
- n—s ln503+2<2>03¢] +02

= o2 [1+ ¢(ns—1)] + 2.
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Note that if the location random effects are independent, it then follows that

cov(Yy, Yair) = 02 + 02 (2.47)

Lemma 2.4.3. The covariance of the two responses from different locations (w # s) is
given by

2

g,
Ywi,}/;i/ = 77{ ¥ ( WS * * _1 )} 248
coulVos Yir) = Pt + 6 b (0 408 08, - 1)} (29

Proof: Because of (2.39) and (2.40), we can write

1
cov(Yi, Yair) =c0v( o w F Q F €, ——17 A + 5 + €ir)
1

N

- 1 Tl (2.49)
A/ MawMs °

From the correlation structure of location random effects of two distinct clusters and

components of the correlation matrix in (2.35), we can write

2
(0}
cov(Yo: Vi) =— 2 {1’ Lo s Tys + 0l Tos 10 1
( wis sz) Tﬂ;ns (b n:i(l) w(1) n¥ nws ¢ 2 M) nks T Ms

w(1)  w®)s2) Ms(2)

3(2) T s Tn¥ s2) Ms(2)

+¢1« L«
¢ ) ()

—|—1’* C « S —{—1/*

Cox ¢ 1%
Moy~ Mw)s) (1) w2y Mw@)s1)  Ms(1)

/
F01 Ly Ve Lo 1.

The number of location random effects in each of the classifications is identified in
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Section 2.2. Note that L”*(g)"*(z) IS & 1y, 9) X 15) matrix with the number of n,, entries

of one, therefore we have

, j—
OLe , Lt o, L, = O, (2.51)
It then follows that
o2
cov(Yui, Yeir) :\/ﬁ{ﬁb”fuu)n;s + ONy(2) s T PN + (1 — @)ngyg

FPNps + PNy Ngo) + meusn;ku)}

0.2

=— {¢”Zs(nfu(1) + Nipz)) + P (NG + 152))

Vitwlts (2.52)

Oy + 1+ onl(nh, — 1) |

0.2

:ﬁ{ﬁb”z}s(n:f + TL::) + ¢nws + n::)s + ¢nZs(nfvs - 1)}
wlls

0_2

———{n + 6 (s + i+ ) + (i, = 1)) ]
N

Note that for the independent location random effects, the covariance in (2.52) is equiv-

alent to

n*
cov(Yyi, Yair) = 03 v, (2.53)
NS

Now, from Lemmas (2.4.1), (2.4.2), and (2.4.3), we use X to denote the matrix of
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variance-covariance of responses, so that

-

o3 [1+ ¢(ns = 1)] + 0% + o2, w=si=1

o2 [1+ ¢(ns — 1)] + 03, w=s1#1
cov(Yyi, Ysir) = X = <

0'2 . .
o s wEsIEL

\

(2.54)
For the special case of independent location random effects, the matrix of variance-

covariance reduces to

2 2 2 — 5§ =
oy, to,+o;, w=s1=1

cov (Y, Ysir) = X = < ‘73 + 02, w=8,1#1 (2.55)
_Nibs 52 + ) £ g
Tz Oy w # 5,1 # 1.

In the next chapter, we begin to consider the estimation of parameters of model (2.28)
when location random effects are equi-correlated. Then, we provide the estimation for

model parameters when location random effects are independent.



Chapter 3

Estimation in Cluster-Based
Familial-Spatial Linear Mixed Effect

Model

In Chapter 2, we derived the marginal properties of the response variable in Section
2.4. For convenience, we assumed that at each location there was an equal number of
observations. We mentioned that the estimation of the spatial linear mixed effect model
parameters with one observation at each location has been discussed by Mariathas and
Sutradhar (2016). This chapter involves the estimation of the unknown parameters
of the proposed model (2.28), including regression effect 3, the variance of location
random effects ag, the variance of family random effects o2, correlation of location
random effects ¢, and variance of error model 2. In order to carry out the parameter

estimations, it is helpful to write the model (2.28) in matrix notation.
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3.1 Model and Estimation

Consider the linear mixed effect model

Y =XB+QR+a+e, (3.1)

"is the mS x 1 vector of response variables,

where Y = <y117 o Yims -5 YS1, -"7y5m)
X = (g, ey Ty s Ty, oo, Tg,) 18 the mS x p design matrix with s = (g1, ..., Tgip)’
fors=1,2,...,Sand i =1,2,....,m. Let g € RP be the p x 1 vector of unknown regres-

sion effects. In addition, €2 is the weight matrix such that each row of a block diagonal

matrix is the weight vector %1’% corresponding to a specific location for s = 1,2, ..., S.
s
By assuming that >} ny = N, we have
s=1
1 1
Vi it
: 0 0
N N

1 1
0 0 :
Vs V55 ) msxn

In (3.1), R is an N x 1 vector of all S location random effect vectors, that is, R =
(71,92, -, ¥s)"- Also, a = (aq,...,aq,Q9, ..., A2, ..., g, ..., ag) is a mS x 1 vector of all

family random effect with E(a) = 0, and mS x mS variance-covariance matrix such
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2

- and the rest of the entries are

that all entries of block diagonal sub-matrices are o

zero. That is,

72 (11 ) msom 0 0

var(a) = 0 0

0 0 |211)mum

mSxmS

Further, € = (€11, ..., €1m, -+ €51, -+, €Esm ) 18 the mS x 1 vector of error terms with
E(e) = 0, and cov(e) = 0I,,5. Under the above assumptions and Lemma 2.4.1, we

have

:u(ﬁ) = E<Y) = Xﬁ = (Mll(ﬁ))'“nulm(B)?"'7M5i(6)7"'a/~55m(6)),7 (32)

where p.(8) = E(Yy) = 2,8, and ¥ = cov(Y) = f(0%,06%,0%,¢). Recall that the

'y7 o)

entries of 3 were obtained by (2.54). Clearly, u(f) is a function of unknown /3, and X
is a function of the unknown scale and correlation parameters. In our proposed model

(2.28), we are dealing with the estimation of p + 4 parameters simultaneously, which

includes p parameters of regression effects 5 = (0, ..., 5p)’, three scale parameters U,Qy,

o2, 02, and one correlation parameter ¢. In one special case, if we assume that the
location random effects are independent (¢ = 0), then the number of parameters reduces

to p + 3.
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3.2 Generalized Least Squares (GLS) Estimation

3.2.1 Estimation of Regression Parameter

In this section, we develop a GLS estimation method for § under a familial-spatial
random effect model. Since the familial-spatial responses are correlated, to have a
more efficient estimator for 3, the so-called GLS method should be applied. Although
both OLS and GLS estimators are unbiased for 3, the GLS estimator has a smaller
variance than OLS (Amemiya 1985, Section 6.1.3). In this approach, to obtain a GLS
estimate of 3, the following generalized sum of the square should be minimized; that

is,

L(B) = (Y - XB)E (Y - Xp)

= Y2y —28'X'S7 Y + AX'STIXB. (3.3)

Let the GLS estimator of 5 be denoted by Bgls. It is clear that Bgls can be obtained

by solving
0L (B)
—— =0. 4
a5 =0 (34)
Thus we have
Bas = [X'=7'X] T [X'271Y], (3.5)

where by (3.2), one obtains E(Bgls) = (. This means that Bgls in (3.5) is an unbiased

estimator of 3 if the components of ¥ are known. Moreover, var(fy;) = (X271 X)!

2 2 2

is a function of the unknown parameters o7, o, o7, and ¢. Therefore, to estimate [,

the components of ¥ need to be estimated first. The following theorem states that the

GLS estimate of § is more efficient than the OLS estimates.
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Theorem 3.2.1. Let B, = (Bl,olsy---aﬁp,ols), and Bgls = (317915,...,@,,915)’ denote the
OLS and the GLS estimators of vector § = (f1, ..., 8p), respectively. Then for each

1=1,...,p, it follows that:

cov (Bi,gls) < cov (Bi,ols) .

Proof: Let A= (X'X) ! and B = (X'27'X)~'. Then,

cov(Bus) = cov [(X'X)7'X'Y]
= o [(XX) XY — (X'STIX) NS 4 (XRTIX) (XS Y)]
= cw[AX'Y - BX'STY)] + cov(Bys)

+ 2001}{ [AX'Y — B(X'S'Y)] ,B(X’z—ly)}.

It is clear that,

cov{ [AX'Y — B(X'S™'Y)] ,B(X’E”Y)} (3.6)
= cov [AX'Y, B(X'S7Y)| —var [B(X'S7Y)]
— AX'SY'XB - BX'S'XB

= B'—-B' =
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Therefore for each element of vector 5 we have cov(@gls) < cov(@ols).

In the next section, we apply the moment (MM) method to estimate the scale and

correlation parameters. We will consider two scenarios:
e (i) when the location random effects are independent (¢}, = 0), and

e (ii) when the location random effects are equi-correlated (¢%, = ¢).

3.2.2 Method of Moment Approach for £ = (02,032,072, )
3.2.2.1 Equi-Correlated Location Random Effects ¢} = ¢

For the equi-correlated location random effects model, from (2.54), the components of
> are the functions of unknown scale and correlation parameters. Correlation between

two location random effects belonging to the same cluster is given by

1, fori=17
COTT(VSZ’? ’Ysi’) = (37)
¢, fori#1

where 7,; is the i component of the vector of location random effect ,. To estimate
the model’s scale and correlation parameters, it is necessary to solve four unbiased
moment estimating equations simultaneously. Generally speaking, one of the common
challenges of the moment estimation approach with multiple parameters is detecting
the appropriate unbiased statistics for the model’s parameters. In addition, as the
distance between two locations increases in the spatial setup, the correlation of responses

measured at these locations decreases. So, lag zero correlation (sample variance), lag
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one correlation, lag two correlation, and sample covariance are the suggested estimating

equations that are given below as,

S m
Wy = 2 (Ysi — f1si)?/mS; lag 0 correlation (3.8a)
s=1li=1
S—1 m m )
20 2 (Wsi = si) (Yssnyir = figsnyy)/m?(S = 1)
W, = s=Li=ti=l - ; lag one correlation (3.8b)
21 ;(ysi — i) /mS
S—2 m m
Z Z (ysz Msz)(y(erZ)i’ H(s42)i )/m ( )
W, = s=Li=ti=l s ; lag two correlation  (3.8¢)
Zl Zl(ysz ﬂsz>2/ms
1 m—1 m
W, = W Z Z(ysz tsi)(Ysir — sir);  sample covariance. (3.8d)
2 s=1 i=1 />3

The 4-dimensional vector of these statistics is given by W = (W5, Wy, W3, W,)" and

A = (A, A2, A3, A1)’ = E(W). To obtain the moment estimates of £ = (02, 02,02, ¢)’,

v )

we need to solve the following unbiased estimating equation

W —\=0. (3.9)

The equation (3.9) contains four sub-equations of W; — \; = 0 for i = 1,2,3,4. We



obtain the expectation of W; by using (2.54) as follows:

m

S
)\1 = E(Wl (7735 Z ysz st )
s=11i=
1 S m 1
—M;;var(ifsi)
S m
=n3522[a§(1+( 1)¢) + o2 + o?]

»
Il
—_
-
Il
it

—0+0+J+72

o3¢
=02+ 0. +0. +T(N S).

The expected values of W5 and W3 are approximately

S—1 m m
E<mz(é_1) o 21 gl(ysz Msi)(y(sﬂ)z" - M(s+1)i')>
)\2 = E<W2) = — = E(Wl)
1 =l m203 ( .
- m2(S — DA & msng Mastl

(st + g (07 + ) + 1l (0000 = 1))

S7

(3.10)

(3.11)
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and,
1 S—2 m m
E<m2(5‘—2) ) le Zl(ysz ﬂsi)(y(s+2)i/ - ,u(erZ)i’))
s = E(W3) = s=li=lil=
L P B
52 2 2
_ 1 Z m-oy (n* )
m2(S —2)A\ &\ fagng T
0 (Masrz + g (0] + ) + 100 — 1))
2
o
=T\ 3.12
)\1 31 ( )
where

2 g Ss+1
s=1 nsns+1 (

+ ¢(”s,s+1 + n:,s+1(n: + n:H) + n:,erl(n:,erl - 1))>7

(3.13)
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and,

|
Aaj = ( *
o (S - 2) ; \/nsns+2 ns,s+2

+ 6 (ara + 1 n (07 1) + 1T (0 — 1)) )

(3.14)
Also, we have
1 S m—1 m
Ay = E(Wy) :E< m)S Z Z(ysi = i) (Ysir — Msi’))
2 s=1 i=1 />3
18
=3 ;1 [0'3, + 02+ U,zy(ns —1)¢]
2o(N — S
=0’ + 0, + 7,9 5 ) (3.15)

The moment estimates of components of £ can be obtained by solving the following

so-called Newton-Raphson iterative equation
S (r + 1) = S (r) + Pl (W = N, (3.16)

where (.), denotes the value of expression at the " iteration, and P is the 4 x 4

first derivative matrix of A with respect to the components of &. Let é vy be the final



solution of (3.16). Hence, we have

(9)\1/(90’3 6)\1/60‘2 8)\1/8062 6)\1/6¢,
(9)\2/(90'3 (3)\2/(302 8)\2/8062 6)\2/8¢,
8)\3/603 6)\3/6U§ 8)\3/8052 6)\3/6¢,

6)\4/603 6)\4/802 a)\4/50'3 (9)\4/(9@5,

60

(3.17)

The elements of the derivative matrix P can be obtained by using equations (3.10),

(3.11), (3.12), and (3.15) for Ay, A2, A3, and A4, respectively. We provide the derivative

equations of matrix P as follows. The derivatives with respect to 03 are:

N
603
o
(903
o
(903
O\

2
607

P(N —S)
S b

(02 +02)
A2 ’

(02 + 02) a1
A2 ’
P(N —S5)
R

1+

1+

The derivatives with respect to o2 are:

oM\
02
Oy
02
O3
0Ny

2
oo?

2
_07>\21
2 ’
A

_ 2
O',Y)\gl
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The derivatives with respect to o2 are:

o\

o 0

0o _ —03)\21
oo? Y
oAz —03)\31
Oo? DY
0\

= O

Finally, the derivatives with respect to ¢ are:

o\ o2(N - 8)

o s
OMa 05 il
AT 1 Ve Ml VA
o PV S>\§( 5),
(3)\3 Ui 0—§>\31

= T aa — N —
o M\ Asg SN2 (N =5),
N 0AN-S)
ob S ’

where Ag; and A3y are given in (3.13) and (3.14), respectively. Further, we have

Odan 1 a1
Agg = 26 = 5-1 2 N o [ns,s+1 + 150 (N +n) + 150 (05 — 1))] 5
s=1 s
and
ONa1 I |
Asz = 29 = 5—-2) 2 N [ns,s+2 + 15 0o (Ng + 1) 15 (N5 0 — 1))] -
s=1 s'vs
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3.2.2.2 Computational Steps

Note that the GLS estimate of 8 can be obtained from (3.5), and MM estimates of

02, 02,02, and ¢ can be obtained from estimating equation (3.16). For the purpose of

parameter estimations, we are exploiting these steps.

Step 1: For the appropriate set of initial values for the scale and correlation parameters
£0) = (03/(0), o2 (D), 02(0), #Y, we construct ¥ from (2.54) and then estimate 3 (say 3(*)

by using (3.5).

Step 2: With gained 5 in Step 1, we calculate o2, 02, o2, and ¢ through the

’y? ) €
estimating equation (3.16). This new set of scale and correlation parameters becomes

g(l) _ (02(1) 02(1) 02(1) ¢(1))/'

'y ) (0% ) €

Step 3: Now use these new values of scale and correlation parameters from Step 2 in
Step 1 to update 3 (say B1). Then 3% is used in Step 2 to improve &. This iteration

cycle continues until convergence.

3.2.2.3 Independent Location Random Effects ¢ .= ¢ =0

We consider this situation because when two locations are far apart, the random effects
of these locations are uncorrelated. It implies that the responses from each location are
only affected by the random effect of its location. For the independent location random

effects and from equation (2.55), the variance-covariance component of responses are

given by
.
02+ 0} + 0l =07, w=s,i =1
cov(Yi, Ysi) = X = 4 03 + 0% = o?, w=s,17#1 (3.18)
U/%U,zy: \/’%702, w# 8,1 #i
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2
ol —

21,2152
o5 +ogto; o

g . . .
3. One of the main reasons for using 7 is that 7 represents

where 7 =
the proportion of variation in the responses, which is explained by the location random
effect. Further, it is clear from (3.18) that the true pair-wise familial-spatial correlation

of responses is given by

n¥ 2
ws O- ES
Pw,s = COTT’(Ywi/)}/si) = Tults 7 = et T, (319)

2 2 2
05+ 04+ 0¢ A/ ThpTs

therefore, 7 is an important parameter for estimating p, s.

In order to develop the moment estimate of the variance of responses, which is o2,
we use sample variance. To estimate the covariance of responses at the same location,
which is o2, we apply sample covariance at the same location. To estimate 7, we use
sample lag one correlation or sample lag two correlation. Therefore, three estimating
equations need to be solved simultaneously. The solutions are provided in the following

lemma.

Lemma 3.2.2. An approximated unbiased estimators of 02, o2, 7 (using lag one cor-

relation), and 7 (using lag two correlation) are given by
1 m
A2 N2
o= 85_1;:1(?;/51 fhsi)”s (3.20)

1 m—1

<m) . ; ; Zi:(y = isi) (Ysir — phsiv) (3.21)

A2
00—

2
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Wa(S — 1)

S—1 * )

>
Il

by using lag one correlation (3.22a)

>
|

by using lag two correlation (3.22Db)

respectively. Recall from (3.8b) and (3.8c) that

S—1 m m
20 2 (Wsi = i) Yesrnyir — Hsryir)/m*(S — 1)
WQ _ s=11i=1¢=1 :
Zl Z:l<ysi - MSZ)Q/mS
and
S—2 m m )
Z 2 (Wsi = i) (Y(sr2yir — Hisw2yir)/m=(S — 2)
W _ s=11i=14=1
3 S m
20 2 (Wi — psi)?/mS
s=1i=1

Proof: Clearly, as F(Yy;) = psi, then

B = o D)3 B~ )’
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Furthermore, we have

e
(3)s7

2
1 S m—1 m
= Z Z COU(K%’» Ysz")
m S s=1 i=1 />3
2

We conclude for the known value of § that 62 and 62 are unbiased moment estimates
for 02 and o2, respectively. The expected value of sample location lag one and lag two

correlations are approximated as,

95}

-1 m m
2 Zl 2 BV = i) (Yisrnyir = Ligs+1)ir)/m* (S — 1)
E(Wg) = s=li=li=1

m

S S BV — pa)2/msS

s=1i=1

T ns s+1
- s+l 3.23
S—1 =N ( )
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and

S—2m m
= ; .;1 E(Ysi = prai) (Ysroyir = ps2)/m*(S = 2)
E(W;) ~ ===

2 8 B(Yy — u)?/ms

s=1i=

—

n
_ T 8,542 (3_24)

Wa(S—1 W3 (S—2 : . .
therefore, <— Q(H* L and — 372 are approximately unbiased moment estimates of
5,541 s,5+2

7 based on sample lag one and lag two correlations, respectively.

From (3.18) and Lemma 3.2.2, the moment estimators of 03 using lag one correlation,

2 . . 2 2 .
o> using lag two correlation, o, and o7 are given by

Wh(S —1
63 = %62, by using lag one correlation (3.25)
ns,s+1
A Jnsmein
Ws3(S — 2
63 = %62, by using lag two correlation (3.26)
ns,s+2
& Vnsnsie
62 =65 — 63, (3.27)
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and

62 =6%— 63, (3.28)

respectively.

To estimate the model’s scale parameters with independent location random effects,
we applied moment estimation approaches, and the results of lag one and lag two
correlations are compared. In this case, the vector £ is reduced to & = (03,03,062)’ .
To estimate the regression coefficients 3, we apply the GLS method, and for all the
scale parameters, we use the results in Lemma 3.2.2 that are equivalent to the same
Newton-Raphson iterative method of moment estimation in (3.16). Here, the derivative
matrix P in (3.16) is a 3 x 3 matrix.

By using the lag one correlation structure, the unbiased estimating equation in (3.9)

has three sub-equations of (3.8a), (3.8b), and (3.8d). The derivative matrix P using

the lag one correlation is given by

8/\1/8@% 3)\1/803 8/\1/8062 1 1 1
ONof002 DN/002 ONof00? | = | Ltz o o) (3.29)

é’)\4/80§ é’)\4/é’0§ 6)\4/602 1 1 0

€
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where from Lemma 3.2.2
M =EWy) =02 +0.+0. =07, (3.30)

S—1 *

n
Ao = E(W,) = sstl 3.31
s = E(Wy) S—lgm (3.31)

A= E(W,) =02+ 0l = 0p, (3.32)
1 S—1 *
ot = Toott (3.33)

Similarly, the unbiased estimating equation in (3.9) using the lag two correlation has

three sub-equations of (3.8a), (3.8¢c), and (3.8d). The respective derivative matrix P is

given by
8/\1/803 é’)\l/é’ai 6/\1/6062 1 1 1
OXs/00% 003007 ONy)00? | = | (TAEgn Sou o (3.34)
6)\4/60’,2y (9)\4/(90’3 6/\4/6062 1 1 0
where from Lemma 3.2.2
. S—2 n* )
s = BE(W;3) = SoEe 3.35
s V) = 15 3, et (3.35)

Ag1 = 52 (3.36)
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3.2.2.4 Computational Steps

Recall from (3.5) that the GLS method provides a consistent and efficient estimate for
B. The MM estimates of 02, o2, and o7, can be obtained from equations (3.25)(or

(3.26)), (3.27), and (3.28), respectively. The following steps are performed to obtain a

suitable estimate for each scale parameter.

Step 1: Starting with an appropriate set of initial values for the scale parameters as
¢0 = (2O 52O 520y e construct ¥ from (3.18) and then estimate 3 (say 8©) by

using (3.5).

2

Step 2: With gained 8 in Step 1, we update the values of 02, 62, and o2 by us-

ing the results of Lemma 3.2.2. This new set of scale parameters is called £1) =

Step 3: Now we use these new values of scale parameters from Step 2 in Step 1 to
update 3 (say SM). Then AU is used in Step 2 to improve £. We iterate the above

cycle to reach convergence.

3.3 A Simulation Study

To examine the behaviour of GLS estimate of § and moment estimate of scale and
correlation parameters, several simulation studies have been conducted. We choose
a sequence of S = 100 equi-spaced locations with two observations at each location
(m = 2). Note that the distance between any two adjacent locations is equal to unit
one, and the user-specified distance to create a cluster of locations is assumed to be
equal 4, that is, d = 4. Recall from (2.6) that y,; the response of the " family member

at the s location is influenced by some fixed covariates, a vector of location random
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effects from neighbouring locations within the user-specified distance d = 4, and a

common family random effect. The linear model is given by

Ysi = 1{%5 + w;’?S + a5 + €4

= 2B+

L, s + as + €

1
Vs

1 &
Vsj + o + €siy (337)

= 2B+

where x4 = (g1, ..., Tsip)' 18 a 4-dimensional fixed-covariate vector associated with the
locations and family members. In this simulation study, we choose fixed covariates as

follows:
e Let x4, = 1 be an intercept covariate for s =1,2,...,Sand ¢ =1,2,....,m

e Similar to the fixed epidemiological covariate used by Mariathas and Sutradhar

(2016), we define x4 as shown in equation (3.38):

-

0, if 1 <s<S5/8, (locations are on high ground)

Tsiz = 1, if /8 + 1< s<35/8, (on plane ground) (3.38)

0, if35/8+1<s<S, (on high ground).

\

e Let x5 be the continuous uniform covariate associated with the age of individuals

Tgig ~ unif(10,30). (3.39)
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e Let x4y be a fixed binary covariate related to the gender of individuals such that

0, if the family member is male
Tsig = (340)

1, if the family member is female.

For the regression coefficients, we chose two sets of 5 = (51, 2, 83, 54)’,

6 = (ﬁhﬁ%ﬂi’nﬂﬁl)/ = (037 _057027O5>/7 (341)
ﬁ = (61, ﬁg, 63, 64>/ = (05, 0, 08, OQ)I (342)
In practice, Sy = —0.5 indicates negative effect of plane ground on the response variable.

3.3.1 Selection of Variance Components

As mentioned in the previous chapter, the vector of location random effect belonging
to cluster Cy denoted by Fs = (Vs1, Vs2y - Vsjs -+ Ysns) 1S & subset of the vector of

. In the present setup,

all S location random effects denoted by v = (v§,73,...,7%)
for example, the number of location random effects within Cy is no = 4 with 45 =
(721, Y22, V23, Y24) = (75,74, ¥4, v4)'. In the case of the family random effect, all family
members at a particular location are affected by a shared latent variable independent

of other latent variables from other families. The latent variable (say family random

effect) at location s is denoted by . Then the family random effect follows
a, Y N(0,02). (3.43)

Furthermore, for the location random effect,
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e if the location random effects are independent (¢ = 0), then

7 HN(0,02), (3.44)

e and if the location random effects (¢ # 0) are equi-correlated, then

1, ford,, =0
corr(Vos Vs) = &, for 0 < dys < d (3.45)
0, ford,s>d
Vi~ N(0,07). (3.46)
For the error model, we have
e Y N(0,02). (3.47)

It is important to consider different values of 02, 02, and o7 to assess the estimation

behaviour of these parameters. Therefore, we select

o2 =(0.1,0.5,1.0), (3.48)
o2 =(0.2,0.5), (3.49)
o? = (0.25,1.00). (3.50)

In practice, it is essential to evaluate the estimate of parameters for the small and
large true values of scale parameters. It helps us to understand which set of parameters
presents better estimates. We consider the simulation studies under two scenarios, first

for independent location random effects (¢ = 0), and second for equi-correlated location
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random effects (¢ = 0.3). These simulation studies were conducted using R software.

3.3.2 The Number of Location Random Effects in Different

Regions of Two Neighbouring Clusters

In the first scenario with independent location random effects, the unbiased estimat-
ing equations related to scale parameters are functions of known values of ny, n,, and
ny.. In contrast, in the second scenario with equi-correlated location random effects,

the unbiased estimating equations related to the scale and correlation parameters are

*
ws?

functions of ng, 1y, n ., n¥, nk and n,s. As discussed in Section 2.3, specific patterns

*

 s» Nws were obtained for three values of d = 2,4, and 6. Values

and formulas for n,, n
of n, and n} . for d = 4 were given in Tables 2.1 and 2.4, respectively. Moreover,
equation (2.26) calculated the value of correlated uncommon pairs of n, when d = 4.

For illustrative purposes, we display the values of n,,, ng, n}

ws?

n;;@), nj(g), and n,,s for

different pairs of w and s in Table 3.1.
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Table 3.1: Values of n,, ns, nk ., M2y Ma(2y, AN T for selected pairs of locations

with S = 100 and d = 4.

. . P
Pairs of locations (w,s) n, ns ny, Nyo) Mg Nws

(1,2) 34 3 0 1 0
(1,3) 3 5 3 0 1 0
(1,4) 3 5 2 1 2 2
(1,9) 3 5 0 1 11
(2,4) 4 5 3 1 11
(2,7) 4 5 0 4 4 10
(2,9) 4 5 0 2 2 3
(3,5) 5 5 3 1 1 1
(3,7) 5 5 1 3 3 6
(3,9) 5 5 0 3 3 6
(50,55) 5 5 0 4 4 10
(50,56) 5 5 0 3 3 6
(50,58) 5 5 0 1 1 1
(94,98) 5 5 1 3 3 6
(94,99) 5 4 0 4 4 10
(94,100) 5 3 0 3 3 6
(98,99) 5 4 4 0 0 0
(97,100) 5 3 2 2 1 2
(98,100) 5 3 3 1 0 0
(

99,100) 4 3 3 1 0 0
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3.3.3 Simulation Results When Location Random Effects are

Independent

We begin by using the proposed model (3.37) with (3.44), (3.46), (3.47), and selected
values of scale parameters to generate y,;. The GLS and MM estimating equations in
Section 3.2.2.3 were then used to iteratively compute estimates of the model parameters.
This process was repeated 500 times and we set the initial values of the parameters to
ag(o) = 0.01, 03(0) = 0.01, and 062(0) = 0.01 and follow the computational steps in
Section 3.2.2.4 to obtain estimates of the parameters up to 1073 level of accuracy. The
simulated means (SMs) along with their simulated standard errors (SSEs) were shown
from Table 3.2 to Table 3.9. The MM variance estimates from Table 3.2 to Table 3.5
are based on the lag one correlation statistic, whereas those from Table 3.6 to Table 3.9

are based on the lag two correlation statistic. Each of the following tables summarizes

the simulation results for different true values of parameters as below.

e Table 3.2 and Table 3.6 present the estimates of 8 = (0.3,—0.5,0.2,0.5), 02 =
0.25, 02 = (0.1,0.5,1.0), and o7 = (0.2,0.5) based on lag one and lag two corre-

lation statistics, respectively.

e Table 3.3 and Table 3.7 present the estimates of 3 = (0.5,0,0.8,0.2), 0% = 0.25,
02 = (0.1,0.5,1.0), and o7 = (0.2,0.5) based on lag one and lag two correlation

statistics, respectively.

e Table 3.4 and Table 3.8 present the estimates of 8 = (0.3,-0.5,0.2,0.5), 02 =
1.00, 02 = (0.1,0.5,1.0), and o7 = (0.2,0.5) based on lag one and lag two corre-

lation statistics, respectively.

e Table 3.5 and Table 3.9 present the estimates of 3 = (0.5,0,0.8,0.2)', o2 = 1.00,

02 = (0.1,0.5,1.0), and o2 = (0.2,0.5) based on lag one and lag two correlation
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statistics, respectively.

As far as the GLS regression parameter estimation is concerned, Tables 3.2 to 3.9
show similar results for two different sets of 5. Based on both lag one and lag two corre-
lation statistics, regression parameters estimates provide satisfactory results. For exam-
ple from Table 3.2, when the true values of parameters were § = (0.3, —0.5,0.2,0.5)" the
GLS estimates of 3 based on lag one correlation statistics with o2 = 0.25, 03 = 0.1, and
02 =0.2is B = (0.2929, —0.4784,0.1999, 0.5000)". Similarly from Table 3.6, the GLS es-
timates of 3 based on lag two correlation statistics is B = (0.2899, —0.4782,0.2000, 0.4990)’".

Also from Table 3.5, when the true values of the parameters were 5 = (0.5,0,0.8,0.2)/,
02 = 1.00, 02 = 0.1, and 02 = 0.2, the GLS estimates of regression components with
lag one correlation were § = (0.4921,0.0100, 0.8004, 0.1960)". In addition from Table
3.9, with the same true values of parameters, the regression components based on lag
two correlation were found to be 5 = (0.4945,0.0075, 0.8000, 0.2044)’.

Regarding the method of moment estimation of scale parameters, the estimates of
02 and o2 are unbiased for both lag one and lag two correlations when the true values
of variance components are small. However, as the true values of 03/ and o2 increase,
the estimates become slightly biased. For example the results from Table 3.3 show that
when the true values were 07 = 0.25, 02 = 0.1, and 07 = 0.2 the MM estimates are
62 = 0.2450, 6?/ = 0.0875, and 62 = 0.2013. However, from Table 3.7 when the true
values were 07 = 0.25, 0 = 1.00, and o2 = 0.5 the MM estimates are 67 = 0.2458,
62 = 0.7935, and 67, = 0.5782.

Overall, based on the lag one correlation statistic, the simulation results provide

better estimates for the scale parameters.
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Table 3.2: GLS estimates of regression coefficients and lag one correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"

(0.3,—0.5,0.lemma2,0.5)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
0.25 0.1 0.2 SM 0.2929 -0.4784 0.1999 0.5000
SSE (0.0089)  (0.0092)  (0.0003)  (0.0042)
0.5 0.2 SM 0.3031 -0.4634 0.1991 0.5003
SSE (0.0119)  (0.0155)  (0.0004)  (0.0040)
1.00 0.2 SM 0.2734 -0.4503 0.2005 0.4969
SSE (0.0137)  (0.0199)  (0.0004)  (0.0040)
0.1 0.5 SM 0.2936 -0.4779 0.1999 0.4963
SSE (0.0095)  (0.0109)  (0.0003)  (0.0044)
0.5 0.5 SM 0.2860 -0.4576 0.1998 0.5027
SSE (0.0116)  (0.0171)  (0.0004)  (0.0041)
1.00 0.5 SM 0.3011 -0.4514 0.1989 0.5001
SSE (0.0151)  (0.0218)  (0.0004)  (0.0042)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

025 01 02 SM 0.2470  0.0779  0.2039

SSE  (0.0026) (0.0028) (0.0016)

0.5 0.2 SM 0.2462  0.4239 0.2138

SSE  (0.0016) (0.0073) (0.0035)

1.00 0.2 SM 0.2460  0.8565  0.2262

SSE  (0.0016) (0.0133) (0.0043)

0.1 0.5 SM 0.2464  0.0698  0.5081

SSE  (0.0016) (0.0042) (0.0052)

0.5 0.5 SM 0.2457  0.4178  0.5140

SSE  (0.0016) (0.0084) (0.0057)

1.00 0.5 SM 0.2457  0.8482  0.5283

SSE  (0.0016) (0.0145) (0.0067)
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Table 3.3: GLS estimates of regression coefficients and lag one correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"

(0.5,0,0.8,0.2)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
0.25 0.1 0.2 SM 0.5064 -0.0013 0.8001 0.1960
SSE (0.0085)  (0.0095)  (0.0004)  (0.0041)
0.5 0.2 SM 0.5018 -0.0118 0.8001 0.1985
SSE (0.01)  (0.0155)  (0.0003)  (0.0040)
1.00 0.2 SM 0.4730 0.0370 0.8002 0.2031
SSE (0.0123)  (0.0198)  (0.0003)  (0.0430)
0.1 0.5 SM 0.4780 -0.0104 0.8006 0.1986
SSE (0.0089)  (0.0112)  (0.0003)  (0.0037)
0.5 0.5 SM 0.4883 0.0006 0.8004 0.2055
SSE (0.0114)  (0.0165)  (0.0004)  (0.0042)
1.00 0.5 SM 0.4922 -0.0230 0.8003 0.1992
SSE (0.0136)  (0.0220)  (0.0003)  (0.0045)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

025 01 02 SM 0.2450  0.0875  0.2013

SSE  (0.0015) (0.0024) (0.0028)

0.5 0.2 SM 0.2480  0.4450  0.2110

SSE  (0.0016) (0.0081) (0.0035)

1.00 0.2 SM 0.2460  0.8640  0.2340

SSE  (0.0016) (0.0140) (0.0046)

0.1 0.5 SM 0.2464  0.1080  0.4730

SSE  (0.0015) (0.0035) (0.0050)

0.5 0.5 SM 0.2477  0.4359  0.5180

SSE  (0.0016) (0.0093) (0.0063)

1.00 0.5 SM 0.2480  0.8816  0.5290

SSE  (0.0016) (0.0160) (0.0073)
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Table 3.4: GLS estimates of regression coefficients and lag one correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"
(0.3,—0.5,0.2,0.5)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.3102 -0.5028 0.1995 0.4951
SSE (0.0142)  (0.0119)  (0.0006)  (0.0066)
0.5 0.2 SM 0.2683 -0.4522 0.2010 0.4841
SSE (0.0169)  (0.0181)  (0.0006)  (0.0073)
1.00 0.2 SM 0.2508 -0.4341 0.2015 0.5034
SSE (0.0173)  (0.0226)  (0.0006)  (0.0074)
0.1 0.5 SM 0.2549 -0.4443 0.1999 0.5138
SSE (0.0322)  (0.0288)  (0.0014)  (0.0193)
0.5 0.5 SM 0.2728 -0.4502 0.2003 0.5078
SSE (0.0173)  (0.0186)  (0.0007)  (0.0077)
1.00 0.5 SM 0.2518 -0.4422 0.2015 0.4978
SSE (0.0183)  (0.0233)  (0.0007)  (0.0076)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

1.00 0.1 0.2 SM 0.8228  0.1410  0.3564

SSE  (0.0042) (0.0042) (0.0048)

0.5 0.2 SM 0.9314  0.4544  0.2655

SSE  (0.0053) (0.0086) (0.0063)

1.00 0.2 SM 0.9693  0.8406  0.2608

SSE  (0.0061) (0.0140) (0.0069)

0.1 0.5 SM 0.9847  0.0498 0.5162

SSE  (0.0053) (0.0044) (0.0066)

0.5 0.5 SM 0.97702  0.4261 0.5234

SSE  (0.0062) (0.0097) (0.0088)

1.00 0.5 SM 0.9855  0.8383 0.5362

SSE  (0.0065) (0.0161) (0.0097)
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Table 3.5: GLS estimates of regression coefficients and lag one correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"

(0.5,0,0.8,0.2)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.4921 0.0100 0.8004 0.1960
SSE (0.0131)  (0.0117)  (0.0006)  (0.0070)
0.5 0.2 SM 0.5092 -0.0213 0.7999 0.1933
SSE (0.0169)  (0.0178)  (0.0006)  (0.0073)
1.00 0.2 SM 0.5125 0.0070 0.7985 0.1996
SSE (0.017)  (0.0211)  (0.0006)  (0.0075)
0.1 0.5 SM 0.5132 0.0017 0.7997 0.1900
SSE (0.0160)  (0.0135)  (0.0007)  (0.0076)
0.5 0.5 SM 0.4954 -0.0039 0.7996 0.1982
SSE (0.0172)  (0.0184)  (0.0007)  (0.0008)
1.00 0.5 SM 0.4960 0.0018 0.8001 0.1959
SSE (0.0176)  (0.0242)  (0.0006)  (0.0078)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

1.00 0.1 0.2 SM 0.8210  0.1430  0.3560

SSE  (0.0043) (0.0042) (0.0045)

0.5 0.2 SM 0.9396  0.4775  0.2600

SSE  (0.0055) (0.0090) (0.0066)

1.00 0.2 SM 0.9780  0.8530  0.2630

SSE  (0.0059) (0.0154) (0.0070)

0.1 0.5 SM 0.9244  0.1425  0.5230

SSE  (0.0053) (0.0048) (0.0067)

0.5 0.5 SM 0.9670  0.4400  0.5180

SSE  (0.0060) (0.0100) (0.0090)

1.00 0.5 SM 0.9892  0.8506  0.5490

SSE  (0.0065) (0.0172) (0.0107)
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Table 3.6: GLS estimates of regression coefficients and lag two correlation moment esti-
mates of scale parameters for the true value of regression parameters 5 = (51, 82, 83, 1)’ =
(0.3,—0.5,0.2,0.5)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
0.25 0.1 0.2 SM 0.2899 -0.4782 0.2000 0.4990
SSE (0.0081)  (0.0092)  (0.0003)  (0.0039)
0.5 0.2 SM 0.2916 -0.4607 0.1997 0.4987
SSE (0.0114)  (0.0156)  (0.0004)  (0.0041)
1.00 0.2 SM 0.2838 -0.4436 0.1998 0.5075
SSE (0.0131)  (0.0199)  (0.0003)  (0.0042)
0.1 0.5 SM 0.2947 -0.4785 0.1996 0.5051
SSE (0.0091)  (0.0110)  (0.0004)  (0.0041)
0.5 0.5 SM 0.3008 -0.4592 0.1990 0.5013
SSE (0.0128)  (0.0173)  (0.0004)  (0.0043)
1.00 0.5 SM 0.2951 -0.5013 0.2003 0.4990
SSE (0.0140)  (0.0225)  (0.0004)  (0.0044)

(b) Estimations of the scale parameters

2 2 2 : 52 52 52
o o; o, Quantity lops op o

025 0.1 02 SM 02467 00778 0.2059
SSE  (0.0016) (0.0027) (0.0031)

05 02 SM 02461 0.3917 0.2444
SSE  (0.0016) (0.0081) (0.0048)

1.00 0.2 SM 02454 0.7720 0.2917
SSE  (0.0016) (0.0134) (0.0067)

01 05 SM 02460 0.0880 0.4899
SSE  (0.0016) (0.0037) (0.0051)

05 05 SM 02485 0.4085 0.5344
SSE  (0.0015) (0.0110) (0.0077)

1.00 05 SM 02457 0.8040 0.5840
SSE  (0.0016) (0.0166) (0.0100)
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Table 3.7: GLS estimates of regression coefficients and lag two correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"

(0.5,0,0.8,0.2)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
0.25 0.1 0.2 SM 0.4871 0.0217 0.8002 0.1985
SSE (0.0083)  (0.0092)  (0.0003)  (0.0040)
0.5 0.2 SM 0.4880 0.0374 0.7998 0.2024
SSE (0.0100)  (0.0156)  (0.0003)  (0.0042)
1.00 0.2 SM 0.4838 0.0570 0.7998 0.2075
SSE (0.0131)  (0.0200)  (0.0003)  (0.0042)
0.1 0.5 SM 0.4850 0.0200 0.8002 0.2015
SSE (0.0091)  (0.0110)  (0.0004)  (0.0044)
0.5 0.5 SM 0.5008 0.0408 0.7990 0.2013
SSE (0.0128)  (0.0173)  (0.0004)  (0.0043)
1.00 0.5 SM 0.4815 0.0533 0.7998 0.2012
SSE (0.0137)  (0.0221)  (0.0004)  (0.0044)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

025 01 02 SM 0.2466  0.0775  0.2056

SSE  (0.0017) (0.0029) (0.0041)

0.5 0.2 SM 0.2460  0.3930  0.2440

SSE  (0.0016) (0.0080) (0.0050)

1.00 0.2 SM 0.2453  0.7720  0.2940

SSE  (0.0016) (0.0134) (0.0067)

0.1 0.5 SM 0.2460  0.0900  0.4890

SSE  (0.0016) (0.0037) (0.0051)

0.5 0.5 SM 0.2456  0.3897  0.5414

SSE  (0.0016) (0.0096) (0.0074)

1.00 0.5 SM 0.2458  0.7935 0.5782

SSE  (0.0016) (0.0164) (0.0096)
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Table 3.8: GLS estimates of regression coefficients and lag two correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"
(0.3,—0.5,0.2,0.5)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.3254 -0.4965 0.1985 0.5059
SSE (0.0137)  (0.0122)  (0.0006)  (0.0073)
0.5 0.2 SM 0.2748 -0.4441 0.2003 0.5033
SSE (0.0172)  (0.0181)  (0.0007)  (0.0008)
1.00 0.2 SM 0.3029 -0.4293 0.1987 0.5029
SSE (0.0174)  (0.0223)  (0.0006)  (0.0074)
0.1 0.5 SM 0.2960 -0.4626 0.1996 0.4935
SSE (0.0162)  (0.0135)  (0.0007)  (0.0079)
0.5 0.5 SM 0.28008 -0.4539 0.2002 0.4964
SSE (0.0166)  (0.0187)  (0.0007)  (0.0074)
1.00 0.5 SM 0.3009 -0.4366 0.1991 0.4883
SSE (0.0193)  (0.0233)  (0.0007)  (0.0077)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

1.00 0.1 0.2 SM 0.8639  0.0853  0.3299

SSE  (0.0045) (0.0044) (0.0047)

0.5 0.2 SM 0.9411  0.3852 0.3124

SSE  (0.0056) (0.0098) (0.0074)

1.00 0.2 SM 0.9737 0.7416  0.3416

SSE  (0.0062) (0.0152) (0.0091)

0.1 0.5 SM 0.9539  0.1024  0.5170

SSE  (0.0058) (0.0052) (0.0069)

0.5 0.5 SM 0.9806  0.3783  0.5579

SSE  (0.0064) (0.0113) (0.0104)

1.00 0.5 SM 0.9844  0.7643  0.6055

SSE  (0.0066) (0.0179) (0.0124)
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Table 3.9: GLS estimates of regression coefficients and lag two correlation moment esti-

mates of scale parameters for the true value of regression parameters 5 = (1, 82, 83, 84)"

(0.5,0,0.8,0.2)" and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.4945 0.0075 0.8000 0.2044
SSE (0.0154)  (0.0121)  (0.0006)  (0.0073)
0.5 0.2 SM 0.4676 0.0685 0.8009 0.1875
SSE (0.0159)  (0.0181)  (0.0006)  (0.0070)
1.00 0.2 SM 0.4824 0.0753 0.8000 0.1919
SSE (0.0178)  (0.0222)  (0.0006)  (0.0074)
0.1 0.5 SM 0.5020 0.0355 0.7995 0.1889
SSE (0.0147)  (0.0132)  (0.0006)  (0.0077)
0.5 0.5 SM 0.4823 0.0461 0.8003 0.1863
SSE (0.0159)  (0.0187)  (0.0006)  (0.0077)
1.00 0.5 SM 0.4859 0.0580 0.7999 0.1939
SSE (0.0186)  (0.0232)  (0.0007)  (0.0076)
(b) Estimations of the scale parameters

o} o2 o2 Quantity 52 a2 62

1.00 0.1 0.2 SM 0.8633  0.0855  0.3332

SSE  (0.0046) (0.0044) (0.0047)

0.5 0.2 SM 0.9422  0.3833 0.3161

SSE  (0.0057) (0.0097) (0.0075)

1.00 0.2 SM 0.9733  0.7477  0.3402

SSE  (0.0062) (0.0152) (0.0090)

0.1 0.5 SM 0.9560  0.1028  0.5167

SSE  (0.0058) (0.0052) (0.0070)

0.5 0.5 SM 0.9810  0.3823  0.5540

SSE  (0.0063) (0.0114) (0.0104)

1.00 0.5 SM 0.9844  0.7650  0.6059

SSE  (0.0065) (0.0180) (0.0125)




85

3.3.4 Simulation Results for Equi-Correlated Location Ran-

dom Effects

Once the familial-spatial data yg; is generated using (3.37), (3.45), (3.46), and (3.47),

2

we carry out the GLS estimation of § and MM estimation of £ = (O’?Y, 02 0% ¢) using

Ji(o) = 0.01, Ui(o) = 0.01, 062(0) = 0.01, and ¢© = 0.01 as a set of initial values.
Note that, in this large familial-spatial set up with S = 100 and m = 2 and eight
parameters, each simulation takes a considerable amount of time. Tables 3.10 to 3.13
show the simulated means and simulated standard errors of GLS estimation of regression
parameters and MM estimation of scale and correlation parameters obtained from 500
simulations. Irrespective of the size of the true values of 03/, o2, and o2, the GLS
approach performs very well for the estimation of 3. For instance, from Table 3.10,
when the true values of parameters were § = (0.3, -0.5,0.2,0.5)", 02 = 0.25, 02 = 0.5,
02 = 0.2, and ¢ = 0.3, the simulated mean of /3 is B = (0.2761, —0.4723,0.2000, 0.4994)".
Similarly, from Table 3.11 when o2 = 1.00, U,QY = 1.00, 02 = 0.5, and ¢ = 0.3, the
simulated mean of 3 is 3 = (0.2872,—0.5315,0.1997,0.5055)".

For the MM estimation of { = (02,0207, ¢), when the true value of scale pa-
rameters are smaller, the simulated means of these parameters are closer to the true
values. Also, by increasing the true values of cr?/ and o2, the simulated standard er-
rors become larger. For example from Table 3.12, when the true values of parameters
were o7 = 0.25, 02 = 0.5, 0 = 0.2, and ¢ = 0.3, the simulate mean of ¢ is ¢ =
(0.2419,0.5139,0.2046, 0.3117)" with standard error of (0.0016,0.0117,0.0036,0.0135)".
However, from Table 3.13 when o? = 1.00, 02 = 1.00, 02 = 0.5, and ¢ = 0.3, the
simulated mean of ¢ is £ = (0.9658,1.0831,0.4965,0.3317)" with standard error of

(0.0062, 0.0250, 0.0096, 0.0154)".



Table 3.10: GLS estimate of 8 and MM estimates of £ = (ag,a
tions with 100 locations and 2 family members and 8 = (81, B2, 83, 81)" = (0.3,—0.5,0.2,0.5)’,
¢ = 0.3, and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
0.25 0.1 0.2 SM 0.3052 -0.5015 0.1998 0.4988
SSE (0.0098)  (0.0135)  (0.0003)  (0.0038)
0.5 0.2 SM 0.2761 -0.4723 0.2000 0.4994
SSE (0.0153)  (0.0217)  (0.0003)  (0.0039)
1.00 0.2 SM 0.2895 -0.5270 0.2004 0.4964
SSE (0.0196)  (0.0269)  (0.0004)  (0.004)
0.1 0.5 SM 0.3001 -0.4908 0.1998 0.5036
SSE (0.0110)  (0.0148)  (0.0004)  (0.0040)
0.5 0.5 SM 0.2614 -0.4741 0.2006 0.5035
SSE (0.0162)  (0.0251)  (0.0004)  (0.0042)
1.00 0.5 SM 0.3013 -0.4984 0.1999 0.4931
SSE (0.0199)  (0.0307)  (0.0004)  (0.0045)

(b) Estimations of the scale and correlation parameters

~

o? o2 o2 Quantity 52 a2 62 1o
025 01 02 SM 0.2422  0.1399 0.1810  0.2888
SSE  (0.0016) (0.0038) (0.0025) (0.0140)

0.5 0.2 SM 0.2429  0.5105 0.2028  0.3156
SSE  (0.0016) (0.0112) (0.0035) (0.0139)
1.00 0.2 SM 0.2428  0.8755  0.2487  0.2624
SSE  (0.0016) (0.0171) (0.0043) (0.0102)

0.1 0.5 SM 0.2429  0.1617  0.4609  0.2587
SSE  (0.0015) (0.0044) (0.0044) (0.0153)

0.5 0.5 SM 0.2427  0.5809  0.4773  0.3367
SSE  (0.0015) (0.0143) (0.0059) (0.0189)

1.00 0.5 SM 0.2435 1.0204 0.5073 0.3185
SSE  (0.0016) (0.0218) (0.0069) (0.0137)
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2 02, ¢) from 500 simula-



Table 3.11: GLS estimate of S and MM estimates of £ = (ag,a
tions with 100 locations and 2 family members and 8 = (81, B2, 83, 81)" = (0.3,—0.5,0.2,0.5)’,
¢ = 0.3, and selected true value of scale parameters.

(a) Estimations of the regression parameters

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.2906 -0.4939 0.2001 0.4917
SSE (0.0154)  (0.0151)  (0.0007)  (0.0074)
0.5 0.2 SM 0.2941 -0.4798 0.1992 0.4918
SSE (0.0181)  (0.0258)  (0.0006)  (0.0070)
1.00 0.2 SM 0.2896 -0.5025 0.1994 0.4938
SSE (0.0245)  (0.0308)  (0.0007)  (0.0073)
0.1 0.5 SM 0.2816 -0.4762 0.1994 0.5079
SSE (0.0158)  (0.0167)  (0.0006)  (0.0071)
0.5 0.5 SM 0.2847 -0.4856 0.1999 0.5030
SSE (0.0191)  (0.0281)  (0.0006)  (0.0073)
1.00 0.5 SM 0.2872 -0.5315 0.1997 0.5055
SSE (0.0246)  (0.0343)  (0.0007)  (0.0079)

(b) Estimations of the scale and correlation parameters

~

o? o2 o2 Quantity 52 a2 62 1o
1.00 0.1 0.2 SM 0.8751  0.1989  0.2726  0.2849
SSE  (0.0047) (0.0053) (0.0049) (0.0225)

0.5 0.2 SM 0.9519  0.5622  0.2212  0.3243
SSE  (0.0059) (0.0132) (0.0055) (0.0151)

1.00 0.2 SM 0.9585  0.9059  0.2788 0.3781
SSE  (0.0061) (0.0202) (0.0063) (0.0183)

0.1 0.5 SM 0.9436  0.1961  0.4806  0.2620
SSE  (0.0058) (0.0057) (0.0071) (0.0149)

0.5 0.5 SM 0.9718  0.6259  0.4559 0.3221
SSE  (0.0062) (0.0159) (0.0082) (0.0187)

1.00 0.5 SM 0.9729  1.0797  0.4929 0.3504
SSE  (0.0063) (0.0262) (0.0093) (0.0165)
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2 02, ¢) from 500 simula-



Table 3.12: GLS estimate of 8 and MM estimates of £ = (ag,ai,ag,gzﬁ)’
lations with 100 locations and 2 family members and 8 = (81, 2, 83, 84)" =
¢ = 0.3, and selected true value of scale parameters.

(a) Estimations of the regression parameters

88

from 500 simu-
(0.5,0,0.8,0.2),

o? a2 o Quantity B Bs Bs B

0.25 0.1 0.2 SM 0.5037 0.0007 0.7999 0.1983
SSE (0.0096)  (0.0132)  (0.0003)  (0.0037)

0.5 0.2 SM 0.4713 0.0287 0.8002 0.2025
SSE (0.0145)  (0.0221)  (0.0003)  (0.0042)

1.00 0.2 SM 0.4989 -0.0128 0.7996 0.1967
SSE (0.0195)  (0.0277)  (0.0003)  (0.0044)

0.1 0.5 SM 0.4904 0.0058 0.8000 0.2017
SSE (0.0115)  (0.0142)  (0.0004)  (0.0041)

0.5 0.5 SM 0.4639 0.0126 0.8007 0.1958
SSE (0.0151)  (0.0253)  (0.0004)  (0.0044)

1.00 0.5 SM 0.4812 0.0011 0.8001 0.1984
SSE (0.0213)  (0.0300)  (0.0004)  (0.0040)

(b) Estimations of the scale and correlation parameters

~

o? o2 o2 Quantity 52 a2 62 1o
025 01 02 SM 0.2435 0.1451  0.1785  0.2854
SSE  (0.0016) (0.0038) (0.0025) (0.015)

0.5 0.2 SM 0.2419  0.5139  0.2046  0.3117
SSE  (0.0016) (0.0117) (0.0036) (0.0135)
1.00 0.2 SM 0.2429  0.8969  0.2430  0.2437
SSE  (0.0016) (0.0175) (0.0043) (0.0096)

0.1 0.5 SM 0.2431 0.1540  0.4617 0.2813
SSE  (0.0016) (0.0044) (0.0046) (0.0194)

0.5 0.5 SM 0.2431  0.5927  0.4710 0.3234
SSE  (0.0016) (0.0143) (0.0058) (0.0162)
1.00 0.5 SM 0.2426  1.0570  0.5001  0.3096
SSE  (0.0016) (0.0236) (0.0070) (0.0138)




Table 3.13: GLS estimate of 8 and MM estimates of £ = (0,%,03,062,
lations with 100 locations and 2 family members and 5 = (81, 82, 83, 81)

¢ = 0.3, and selected true value of scale parameters.

(a) Estimations of the regression parameters

¢)'
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from 500 simu-
(0.5,0,0.8,0.2),

o? a2 o Quantity B Bs Bs B
1.00 0.1 0.2 SM 0.4650 0.0270 0.8006 0.1987
SSE (0.0145)  (0.0148)  (0.0006)  (0.0071)
0.5 0.2 SM 0.4860 0.0139 0.7999 0.1938
SSE (0.0188)  (0.0260)  (0.0006)  (0.0073)
1.00 0.2 SM 0.4609 -0.0420 0.8004 0.2147
SSE (0.0241)  (0.0317)  (0.0006)  (0.0076)
0.1 0.5 SM 0.5215 0.0226 0.7987 0.2005
SSE (0.0151)  (0.0164)  (0.0006)  (0.0082)
0.5 0.5 SM 0.4696 0.0157 0.8007 0.2040
SSE (0.0200)  (0.0290)  (0.0007)  (0.0081)
1.00 0.5 SM 0.5152 -0.0190 0.7994 0.1781
SSE (0.0237)  (0.0342)  (0.0006)  (0.0075)

(b) Estimations of the scale and correlation parameters

~

o? o2 o2 Quantity 52 a2 62 1o
1.00 0.1 0.2 SM 0.8814  0.2050 0.2682  0.2938
SSE  (0.0048) (0.0055) (0.0050) (0.0165)

0.5 0.2 SM 0.9558  0.5570  0.2205  0.3298
SSE  (0.0058) (0.0126) (0.0057) (0.0149)

1.00 0.2 SM 0.9602  0.9103 0.2740  0.3622
SSE  (0.0063) (0.0203) (0.0062) (0.0164)

0.1 0.5 SM 0.9535 0.2022  0.4656  0.2622
SSE  (0.0056) (0.0058) (0.0070) (0.0151)
0.5 0.5 SM 09734 0.6170  0.4554  0.3700
SSE  (0.0063) (0.0159) (0.0083) (0.0344)
1.00 0.5 SM 0.9685 1.0831  0.4965  0.3317
SSE  (0.0062) (0.0250) (0.0096) (0.0154)




Chapter 4

Estimation of Spatial-Temporal
Linear Dynamic Mixed Effect
Model

Spatial-temporal data has been of interest to researchers in the area of biology, ecology,
meteorology, medicine, transportation, and forestry. In the spatial-temporal setup,
observations are collected from different locations sequentially at different time points.
For example, in an air pollution study, one may be interested in examining the influence
of random effects from adjacent locations on the amount of specific particulate in the
air every hour. This chapter extends the cluster-based spatial correlation model of
Mariathas and Sutradhar (2016) to the cluster-based spatial-temporal correlation model

by using an AR(1) type dynamic model for linear responses.
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4.1 Proposed Cluster-Based Spatial-Temporal Lin-

ear Dynamic Mixed Effect Model

Suppose at the s location we observe a time series ¥, ¥s2,..., Yst,- For simplicity,
we consider a balanced dynamic model such that at each location, we have the same
number of observations at equi-spaced time points, that is, t;, = m for all s = 1,...,5
locations. Let v, be a continuous response measured at the s location at time point

t that follows an autocorrelation structure model as,

Ys1 = xi@lﬁ + W;:VS + €1,
Yst = TouyB +0(ysi—1 — 2%, ) +wiFs +eq fort=23,..,m, (4.1)
where zy = (Tg1,..., Tsp)' is & p-dimensional environmental or individual fixed co-

variate, 5 = (B, ..., 5p)" is the regression effects of s on yg for all s = 1,...,.S and
t =1,...,m. Note that in (4.1), 0 (|| < 1) refers to an autoregressive order one AR(1)
dynamic dependence parameter that is leading to a temporal correlation between re-
sponses, and s = (Vs1, .-+, Ysn, ) is a vector of location random effects, which was already

defined in (2.29) with weight vector w, = —=1,,.. Also, for any two distinct locations

Wor
s and w, 75 and 7, satisfy the assumptions of (2.31)-(2.38). For ¢ = 1,...,n, and

7 =1,...,ns, we have

r

1 fordys =0

corr(Vwis Ysj) = 3 ¢ for 0 < dys < d (4.2)

0 for dys > d,

\
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and

/YSj ~ (070-3)’ and ’78 ~ (Oarss)a (43)

where I'ys is given in (2.31). The error model €y is independent of 7,; and assumed to

follow

et 4 (0,02). (4.4)

€

Now, for simplicity of notation, we use the mean deleted variable as follows,

Ust = Yst — x;tﬁ (4'5)
Based on the above assumptions we can rewrite the proposed model (4.1) as,

~ / ~
Ys1 = WyTs + €51,

Ust = 0Ust—1 +wiys +eq fort =23, ..,m. (4.6)

4.2 Basic Properties

By using the properties of the vector of location random effect in the second chapter,
we discuss the mean, variance, and covariance of spatial-temporal responses in the

following lemmas.



4.2.1 Mean and Variance

93

Lemma 4.2.1. The mean and variance of the mean deleted variable for spatial-temporal

dynamic mixed model are given by

E( st) = 07
var(Yy) = o2
=1 )2 =1
- { Z 63} wilgsws + { Z «92]}03.
Jj=0 j=0
and, the recursive variance formula is
var(Yy) = o2
=1
= 920;%@,1) + { —1+2) & }w;Fssws + 02,
7=0
where %) = 0 and from equation (2.31) and Lemma 2.4.1 with w, = \/177517157
o’ for ¢ =0
wilgsws =

o3nsd + (1—9)] for ¢ #0.

(4.7)

(4.8)

(4.9)

(4.10)

Proof: From (4.1), (4.3), and (4.4), we conclude that E(Yy) = z.,4 and from

(4.5) yielding E(Yy) = 0. By rewriting the model (4.6), var(Ysy) = var(Yy). For all

s =1,...,.5, the variance of the response at ¢t = 1 is given by

‘7?1 = E(YsQl)
= E[(W;’?S+€51)2]

/ 2
= wl'ssws + 07

(4.11)



94

At t = 2, we obtain the recursive variance formula as,

0 = E(Yfz)
= E[(0Ya + WA + €2)?]
= F [9237;21 + WA W + €25 + 20V W Ay + 20Y €0 + 2w, Fs€s2 ]
= 0%0 + Wlssw, + 07 + 20E [(W s + €51)w7s]
= 0%02 + Wl ws + 02 + 20w T w,

= 0%0% + (1 + 20)w.Dgews + 02, (4.12)
by replacing equation (4.11) in (4.12), we have
02 = (1 4+ 0)*w Tw, + (1 + 6% (4.13)
At t = 3, the recursive relation variance formula is

oY = E(Y/s%)
= E[(0Yi + w3 + €)%
= F [6’2}7522 WA W, + €5 + 20V 0w Ay + 20Y 0643 + 2w;75683]
= 0202, + Wl gws + 02 + 20E [(0Y1 + Wl + €52)w] ]
= 0%0% 4+ Wil gws + 02 +20(1 + 0)w' T g,

= 0%0% + (1 + 20 + 26*)w.lgews + 02, (4.14)
by replacing equation (4.13) in (4.14), we have

02 = (140 +60°)wlw, + (1+ 6% +6")0?. (4.15)
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Similarly, at t = 4, we find

oy = E(Ysi)
= E[(0Yq + WA + €4)?]
= F [9237;% + WA W + €24 + 205w As + 20V 3€0 + 20w, A5 €51 ]
= 0202 + WDy, + 02 + 20E [(0Ys0 + W.As + €53)w ]
= 0’04 + Wl ws + 02 + 20 [1 +60+ 02] WiT s

= 0%0% + (1 + 20 + 20° + 20°)w.lsw, + 02 (4.16)
by replacing equation (4.15) in (4.16), we have
02 = (140 +6%+ 032w, + (1 + 6%+ 6" +6%02. (4.17)

Now, the repeated substitution method gives a general expression for the recursive

variance formula at time point ¢

var(f/;t) = o}
t—1
— 0202+ { —142) Qj}w;FSSwS + o2, (4.18)
=0

where 02, = 0. Following on that

var(ffst) = aft

2 ¢
= { 2 97} Wil gqws + { 92]}062
3=0

1— 6t 2 ) 1— p2
= [1_9] wsfssws+[1_92]ag. (4.19)

|
—
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Note that the var(Yy) in equation (4.19) required to calculate E(Yyw!7,) for all

t =1,...,m. Therefore, by using a repeated substitution method, we have

1—6
E(Y. W Ys) = {Z Gj}w;Fssws =1 ewgf‘ssws. (4.20)

4.2.2 Covariance

The covariance between spatial-temporal responses consists of covariance of responses
from the same location at different time points and covariance of the responses from
different locations at any time points. The corresponding covariances are given in the

following lemmas.

Lemma 4.2.2. The covariance between two mean deleted spatial-temporal variables
Usk and g from the same location s and different time points of k and ¢ (k # t) is given

by
Osk,st = COU(Y/;k,Y/>

min(kt)—=1
- {29]}{293} (T + 01 ) 0¥l (a21)

and, the recursive relation covariance formula is

Okt = cov(Yag, Yy)
k—1
= 00gs-1) + W laws Y 0. (4.22)
j=0

Proof: To find the covariance between the spatial-temporal responses of the same

location at different time points, that is, g s = cov(f@k,ffst) = cov(Y, Y ), we use



the repeated substitution method. Start with £ = 1 and ¢ = 2, we have

Os1,s2 = COU(Ysl,KQ) = E(Y/:slf/tﬂ)
= 0E(Y]) + E(Yaw/7s)
= Qo5 + E(leﬁs)

2 /
= o + w ] gsws,

by replacing equation (4.19) at point ¢ = 1 in (4.23), we have

05152 = (1 4+ 0)w' T ogws + 0o

Now, at £ =1 and t = 3, we find

051,53 = COU(YshYsza) = E(Y/sﬂ;ss)
= OE(YyYe) + E(Yaw.As)

= 90'51752 + E(Yslwgﬁ/s)

/
= 0051,52 + WSFsswsa

by replacing equation (4.24) in (4.25), we have

Os1.63 = (1 + 0 + 0°)w.Doow, + 6202

97

(4.23)

(4.24)

(4.25)

(4.26)
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Next, at £k =1 and t = 4, we find

051,54 2000(373173/54) = E(KJ@A‘)

= QE(};;lS}sg) + E(stlw;:ys)

= 0051,33 + E(szlwfg;?s)

= 0o e + wilws, (4.27)
by replacing equations (4.26) in (4.27), we have
O = (1+ 0+ 0%+ ) Dows + 00>, (4.28)
In general, for k =1 and t =2,3,4, ...
=1
Os1st = { Z Hj}wgfssws + 0712, (4.29)
j=0
and the recursive relation covariance formula is
Osl,st = egsl,s(t—l) + W;Fssws- (430)
Now, for k = 2 and t = 3, we have

052,53 = COU(YS27 Ys3) = E(Y/SQY/SS)
= OE(Y3) + BE(Yaow/7s)
= b0+ E(?@QW;%)

= 0o + (1 + 0)w'Tws, (4.31)



by replacing equation (4.19) at point ¢ = 2 in (4.31), we have
05253 = (L +0)(1 + 0 + 0*)w.Tssws + 0(1 + 6°)02.

Next, at k = 2 and t = 4, we find

052,54 = COU(Y327YS4) = E(YLQYM)
= QE(Y/}2Y/};3> + E(Y/ﬂw;’?s)

= 00'52,33 + E(}/s2w;’78)

= 00s. + (1 + 0)w.Tssws,
by replacing equation (4.32) in (4.33), we have
Osos0 = (L+0)(1+ 0 + 6> + 0°)w. D, + 6°(1 + 6%)0?.

In general, for k =2 and t = 3,4, ...
=1
o = (1 + 9){ 3 eﬂ}w;rssws + 0721 + 0702,

7=0

and the recursive relation covariance formula is
/
Os2,st = 00—52,3(1‘/71) + (]— + H)Wsrssws-

Similarly, for £ = 3 and t = 4,5, ... we find

t—1
Gapor = (14 0+ 03 3 09 bl Lo, + 031 + 0% + %),

7=0

99

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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and the recursive relation covariance formula is
Os3.st = 9083,s(t—1) (1 + 0 + 92) ssws (438)

From (4.29), (4.35), (4.37), and using repeated substitution method we conclude that

for k <t

s = {ZOH D0t 0+ )2 (139

7=0

in another way, for any k # ¢

%t:{g }{ }W;rwwen—k{m’"z Yot (o)

HM\

From (4.30), (4.36), (4.38) the recursive relation covariance for t = k+ 1,k +2,...,m is

given by

Oarst = cov(Ya, Y

= Hask,s(t—l) + { Z } I'ssws. (441)

Lemma 4.2.3. The covariance between two spatial-temporal responses 7, and 7
from the locations w and s at any time points of £k = 1,...,m and ¢t = 1,...,m is given

by

Owk,st = COU<}7U)]€7}~/St)

_ { jZ 9]‘}{ Z gj}wiupwsw& (4.42)
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and, the recursive relation covariance formula is

Owk,st = CO’U(Y/wka }N/st>
t—1
= O0ursen) +{ 20 el T, (4.43)
=0
. . _ # _ 1
where from equation (2.33) and Lemma 2.4.3 with w,, = mlnw and wy = \/ﬁlns,
2_nk, _
ST O3 s for 9 =0
e e+ 6 (s + i + 03 + i (0p D) |, for o 20,
(4.44)

Proof: To derive the covariance formula in (4.42), we use the repeated substitution

method. Start with k =1 and ¢ = 1, we have

Owl,s1 = COU(Y/wlaysl) = E(Y/wlf/;l)
= FE [(?wl(w;;?s + 631)]

= E(lec‘);f?s)

= W;HF’LUSWS‘ (4.45)

At k=1 and t = 2, we have

R
?

Owl,s2 = COU( w17Ys2) = E(ywlf/ﬂ)
= E [(le (9?51 + w;ﬁs + 652>]
= 90_11}1,51 + E(Y/wlw;;?s)

/
= Ho-wl,sl + wwrwsws

= (14 0)w,,Tysws. (4.46)
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Next, at £ = 1 and t = 3, we have

Owl,s3 = COU<Y/w1> Y;S) = E(Yw15/;3)
= E[(Yir(0Ye + WAs + €3)]
= 60w1,s2 + E(?wlwgﬁ/s)

/
= 60w1,52 + wawsws

= (1404 6°)w,Lusws. (4.47)
In general, for k =1 and t = 1,2, ..., m, we conclude that

Owrst = cov(Yyr,Ye)

= eawl,s(t—l) + W;ﬂrwsws

=1 /
= {;)Qj}wwrwsws. (4.48)

Now, for k =2 and ¢t = 1, we find

Ow2,s1 = COU<Y/w27Y;1) = E(Yw2Ysl)
= F [(ffwg(w;% + €]
= B(Yuw/7s)
— OE(Yiw'As) + w,Cysws

= eawl,sl + Owl,sl

= (14 0)w,,Tysws. (4.49)



Atk=2and t =2,

Ow2,52 = COU(Y/w% }/:92)

Next, at £ =2 and t = 3,

Ow2,s3 = COU( w27§/s3)

E(Y2Ys2)

E[(Yus (61 + w75 + €2)]
Oowas1 + Ow2,s1

Oouos1 + (1 + 0)w!, Tpsws

(14 0)%wW!, T ypsws.

E(Yy2Ys3)

E[(YVuo(0Ye2 + wWis + €33)]
0ow2s2 + Ow2,s1

0o was2 + (14 0)w!,Tosws

(1+0)(1+ 0 + 0%, Tpss.

In general, for k =2 and t = 1,2, ..., m, we conclude that

Ow2,st = COU(Yw%Yst)

= 90—w2,s(t71) + (1 + Q)W;Fwsws

= (1+ 9){ til Qj}wivfwsws,
=0

103

(4.50)

(4.51)

(4.52)
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where 0,250 = 0. Now, for £ = 3 and ¢t = 1, we find

Ow3,s1 = COU(Y/w?)a Y:sl)

At k=3 and t =2,

!
!

Ow3,s2 = COU( w3,Y52)

Next, at £k = 3 and t = 3,

Ow3,s3 = CO’U(?’UI?H Y:GB) =

= (140 +0%)w Tyews.

= E(wa?yf/vsl)

= F [(ffwg(w;% + €]

= E(Yw?;w;:}/s)

= OE(Yuowl?s) + wl,Dusws

/
= 00w2,51 + wwrwsws

(4.53)

E [(Y/w3<0}~/:91 + w;% + 652)]
00w3,51 + Ow3,s1
(1 + 0)0‘103751

(1+0)(1+ 0 + 0%, Topss. (4.54)

E(Y,3Ys3)

E[(Yus(0Ys2 + w5 + €3)]
003 s2 + Ows,s1

00 w352 + (1 4 0 + 602)w, T sy

(140 + 60*)°w), T ysws. (4.55)
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At k=3 and t = 4,

Twsst = cov(Yug, Yar) = E(YusVar)
= E|(Yus(0Yss + wAs + €4)]
= 00u3,63 + Ows,s1
= Oouzsz + (140 + 0%)wl Typsws

= (14+0+0)(1+0+ 6%+ 0%, Tpsws. (4.56)
In general, for k =3 and t = 1,2, ..., m, we conclude that

Ouwsst = cov(Yos, Yar)
= 00w3 s(t 1) (]. + 9 -+ 62) I‘wsws

= (1+6+6% {291} Tyutos, (4.57)

where 0,3 50 = 0. Therefore from (4.48), (4.52), (4.57), and using repeated substitution

method we conclude that
Owk,st = { Z ej}{ Z } wswsy (458)
the recursive relation covariance is given by

Owkst = cov(f/ )7)

= 0urate {293} T stds. (4.59)
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Now, from Lemmas (4.2.1), (4.2.2), and (4.2.3), we use X to denote the matrix of

variance-covariance of responses as follows,

(t—=1 N2 t—1
{ 6’7} Wil ssws + { > 023}062, w=sk=t
j=0 J=0
- k=1 (t=1 min(k,t)—1
cov(Yipr, Yor) = X = < { 93}{ >0 }ngssws - 6“_’“‘{ > 92]}062, w=sk#t
Jj=0 J=0 J=0
k=1 (t=1
{ 99}{ 0 }w;Fwsws, w # s,k #t.
L Lji=o i=0

(4.60)
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4.3 Estimation of the Parameters of Cluster-Based
Spatial-Temporal Linear Dynamic Mixed Effect

Model

Recall from previous sections that the proposed spatial-temporal response variable 1,
(4.1) has a mean, which is a function of f, and variance and covariance, which are
functions of 6, o2, 03, and ¢. In the following subsections, we develop estimating
equations for the unknown parameters of the model. As the spatial-temporal linear
dynamic mixed effect model involves the estimation of five parameters, we follow Su-
tradhar (2011, Chapter 3) to develop a marginal GQL approach for 3, 0,2Y and ¢, and
a marginal MM technique for 02 and 6. In order to estimate each parameter, we solve
the marginal estimating equation by assuming the other parameters of the model are

known. In the following subsections, we discuss the marginal estimation of each pa-

rameter.

4.3.1 Marginal GQL Estimation for (3

First, we rewrite the model (4.5) in matrix notations,
Y =Y + X3, (4.61)

where Y = (Y11, -+, Yims -y Ysts -, Y51, --s Ysm)' is the mS x 1 vector of response variables,
Y = (Y11, oo Tims oo st -os U1y -y Jsm )’ 18 the mS x 1 vector of mean deleted variables,
X = (&g ey Ty oos Ty ooy Tgy,) 1 the mS x p design matrix with 4 = (g1, ..., Tstp)’

fors=1,2,...,Sand t =1,2,...,m. Let § € R? be a p x 1 vector of unknown regression

effects. Under the assumptions of the model and Lemma 4.2.1,
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n= N(ﬁ) = E(Y) =Xp= (“11(6)7 "'mulm(ﬂ)a "'nust(ﬁ)a "'>u5m<ﬁ))l7 (4'62)

where

:ust(ﬁ) = E(Y:St) = w;tﬁv (463)

and ¥ = cov(Y) = f(0,02,02,¢) such that the entries of ¥ are obtained by (4.60).
Clearly, p(f) is a function of unknown S, and X is a function of the unknown scale,

correlation, and dynamic parameters. In fact, by assuming the known values of 6, ag,

2
€

o2, and ¢, the GQL estimating equation for g is given by minimizing the following

equation with respect to [ as

(y — XB)S7Hy — XD). (4.64)

Note that in this linear model because u = X3, the GQL estimation of 3 yields the

GLS estimation of 3 as

Baor = Pars = [X'STX] XSy (4.65)



4.3.2 Marginal MM Estimation for o>
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For the estimation of o2, we use the method of moment techniques and construct a

suitable unbiased estimating equation based on the basic statistics

S m
ZZZ yst—,ust /mS

(4.66)

In the MM approach, to find an unbiased estimator for o2, we should solve the following

estimating equation

W — E(W) = 0.

We obtain the expectation of W by using (4.19) as follows,

W) =B( L3S~ )

S
where N = 3] n,. Let 67, be the solution of (4.67) as follows,
s=1

t=1

(4.67)

(11:62?)]_1[“/_ (cb(N 5 +5) i(l—et” (4.69)
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4.3.3 Marginal MM Estimation for ¢

Following Oyet and Sutradhar (2013, Section 3.2), for the estimation of 6, we consider
the standardized sample variance and the standardized sample lag one autocovariance

to find a suitable estimating equation; that is,

1 SR yst - ,ust
- DI , (4.70)
s=1t=1
1 5 & yst - ,Ust ys(t+1) — Ms(t+1)
o=t ) (4.71)
(m — 1)5 ;1 =1 Us(t+1)

with

B(sy) =L 3 B by (4.72)

msS s=1t=1 Ost
E(S,) :# ZS: i El(yst — frst) Ys(es1) — Hser1))]
(m—1)S s=1t=1 Ost0s(t4+1)
e i rainn (4.73)
(m-1)S 44 TstOs(t4+1)

where 04 (0r o441)) and o s¢+1) can be obtained using Lemma 4.2.1 and 4.2.2, respec-
tively. To obtain the method of moment consistent estimator of 6, we define r = S5/5)

such that

— E(S,). (4.74)
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We solve the following estimating equation for # by assuming other parameters are

known; that is,

g(0) = m—E()=0 (4.75)

S m .
> 2 (=) /(m —1)8 S m
=1 =1 TstTs(t+1) 1 Ost,s UOst,s(t+1)
_ — =0. (4.76
: s 4

i (Zsi)z/ms (m - ae11=1 OstOs(t+1)
s=1t=1

The expression in (4.76) contains complex summations that make it complicated to

find the equation’s root for 6. For simplicity of the notation in (4.76), we set

gstgs(t—i-l)
) = —/——— 4.77
gl( ) OstOs(t+1) ( )
g2
900) = = (4.78)
Ot
galf) = TeED (4.79)
Ost0s(t41)

Thus, the Newton-Raphson iterative technique given by

Orrns(k + 1) = Oarar (k) — [{(99(9)/(99}_19(9)](k) , (4.80)

will be used to solve (4.76), where [.]() denotes that the expression within brackets is
evaluated at 0 = Gyp (k). In (4.80), 0g(0)/00 is the derivative of g(f) in (4.76) with

respect to 0. In order to simplify the derivative formulas, we assume that a = w!.I'gsws,
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and b = o2. Then,

1_0t2 1_021?
0§t=< )

a9 T (4.81)

(1 o 0(t+1))2 1 — 92(t+1)
021y = (= at ——p b, (4.82)

1 —6%)(1 — 6+ 1 g%
Tst,s(t+1) _ (1)(_ 7)? )a + 0 T g b. (4.83)

Since g(0) is a complicated equation, we break it down into three terms and use the

Maple software to compute the derivative of each term as follows:

YstUs(t+1)
OstOs(t+1)

e Derivative of g;(0) = with respect to 6

0g1(0)/00 = — gst@s(tﬂ){ (2(2(11__933) + 28)(91<i_02§2 )

2at01(1 —6Y)  2bt0* 1
- Os(t+1)

(1-0)2 102
2a(1— 6" 2B(L - 6%2) (¢t 4 1)6*H!
(1— )3 (1—62) 1— 62

2a(t + 1)0%(1 — §t+1 2 2 2 15
_ ( +(1)_(0)2 )>Ust}/2(gstgs(t+l)) . (4.84)

e Derivative of go(f) = % with respect to 6

- ;2
Ost

N

2atd—1(1 — 6 2btH* 1




e Derivative of g3(f) = 2221 with respect to 0

Ost0s(t+1)

2a(1 — 0Y)(1 — 61)  b(1 —6%)  200%(1 — 6?)
0g3(0)/00 :{ (1-6)7° Tioe T (1—62)?

atf" (1 —0""") a(t+1DO"(L—6")  2bt6™
B G e G e

a(l— Ht)(l — 9t+1) bo(1 — 6275) 2a(1 — et)z
o e ){<<1—0>
200(1 — 6%%)  2atf='(1—0")  2bt6* 1\
(1-06%)2 a (1—6)2 12 >Us(t+1)
2&(1 — 9t+1)2 2b9(1 — 92(“‘1)) 2a(t + 1)91&(1 . 0t+1)
( (1—6)3 + 1—022 (1-6)?

113

2b(t + 1)6>*!
_(1—22)Ugt}/Q(Ugtgg(tH))l'B- (4.86)
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4.3.4 Marginal GQL Estimation for o2

Under the proposed model (4.1), 02 is the variance of the location random effect. Clearly
from (4.60), O’,?/ is involved in variance components of the responses. Therefore, for the

estimation of a?w the vector of all second-order responses will be utilized. Let

U= (T Ty oos Ty oes Tt oos Ton) (4.87)
with

E(U) =X = (A1, My oos Asty ooy AST o0y Asm) (4.88)

where \y; = E(7%) = 0%, and

var(U) = L. (4.89)

For known f3, 6, 02, and ¢, we can solve the second order GQL estimating equation

2
for o7 as,
oN

2
(3‘0V

QU -))=0. (4.90)

If we assume that 63,6‘(2 ;, denotes the solution to the marginal estimating equation
in (4.90), then this solution can be obtained by the Newton-Raphson iterative method

given by

ON g N ] [N
~2 ~2 -1 -1
g g ooz ao2], | a0 "

where [.]) denotes that the expression within the square bracket is evaluated using
02 = 62 ;o (k) obtained at the k' iteration. The formula (4.91) involves the variance-
covariance matrix €2, and the first derivative of vector A with respect to ag. In the

following subsections, we calculate €2 and %.
ol
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4.3.4.1 Construction of the Covariance Matrix () for Estimation of 03 Under

Normality

In Lemma 4.2.1, we provided the first and second-order moments of the model (4.1).
Now we use the following lemmas to help to compute the third and fourth-order mo-

ments [see also Sutradhar (2011, Section 3.3.1)].

Lemma 4.3.1. Under normality conditions, the third-order moments of mean deleted

response are given by
E(gstgsk?jsl) =0. (492)
Lemma 4.3.2. Under normality conditions, the fourth-order moments of mean deleted

response are given by

E(gwkzgstgwlgsu) = Owk,stOwl,su + Owk,wi0 st,su + Owk,su0 st,wl - (493)

We write the mS x mS matrix of variance-covariance €2 = var(U) as,

var(Y) -+ coo(Y3,Y3) -+ cou(Y3,YE,)
= var(Y3) cov(Y3,YE,,)
| var(Y3 ) |

The construction of  requires to calculate var(Y2) and cov(Y2,,Y2) for all values

wk»

of s, t, w, and k. In the following cases, we calculate each component of this matrix

using Lemmas 4.3.1 and 4.3.2.
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e Case 1: For any value of s and t

~ ~ 2
var(Y3) =E(Yy) - [E(Yy)]
:3‘7§t - U;lt

=20, (4.94)

e Case 2: For any value of w, s and k, t

cov(Yp, Y3) =E(Y5Y3) = BV B(Y)

wky * st

_ 2 2 2
=04k 05 T+ 20wk,st — OukOst

=207 - (4.95)

4.3.4.2 Computation of %
2

Recall from (4.88) that the mS x 1 vector A contains Ay = 02 for all values of s and

t. Thus, to find %, we need to calculate 2% = g‘z_%t for any s and ¢. From (4.8) and
(4.10),
=1 N2 t—1
<Z€J) ai—k(ZQ%)a?, for p =0
hamoh= g (1.96)
(S 0) o+ (1= 0)] + (35 6¥)a? foro#0
Jj=0 7=0
It then follows that
t—1 93) 2 ‘ ¢ 0
\ . [(xe), or ¢ —
Dot _ D J A (4.97)

g0y 003 ( 9j>2[ns(b +(1—¢)] forg#0.

<.
Il
o
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4.3.5 Marginal GQL Estimation for ¢

Under the proposed model (4.1), ¢ is the correlation between location random effects.
Clearly from (4.60), ¢ is involved in covariance components of the responses. Therefore,
for the estimation of ¢, the vector of all lag one in a location with the same time points

(location pair-wise product) second-order responses will be utilized. Let

V= @11?}217 EaS) glmg2m7 nggi’)l) SERT) ngg?)mv SRRD) g(S*l)lﬂSlv ) g(Sfl)mgSm)/a (498)

with

E(V) =1nN= (7711, cees My «oos Nsty - oy 7](5’—1)17 ceuy T](S—l)m)/7 (499)

where 1y = E(Jsl(s+1)t) = Ost,(s+1)t, for s =1,...,S =l and t = 1,...,m, and
var(V) = A. (4.100)

For known 3, 6, o2, and 03, we can solve the second-order GQL estimating equation
for ¢ as,

on' 4 B
2GAT WV =m =0 (4.101)

If we assume that the solution for marginal estimating equation in (4.101) is de-
noted by QASGQ 1, then this solution can be obtained from the Newton-Raphson iterative

procedure given by

~ . on' 0 -1 on'
daqr(k +1) = daqr(k) + l(;;A‘laZ] . laga—l(v = n)} , (4.102)

where [.]x) denotes that the expression within the square bracket is evaluated using
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¢ = ¢aor(k) obtained at the k™ iteration. The formula (4.102) involves the variance-
covariance matrix A, and the first derivative of vector n with respect to ¢. In the

following subsections, we construct A and %—Z.

4.3.5.1 Construction of the Covariance Matrix A for Estimation of ¢ Under

Normality

Similar to 2, under normality conditions we use Lemma 4.3.2 to compute the elements
of covariance matrix A. [see also Sutradhar (2011, Section 3.3.1)]. We write the m(S —

1) x m(S — 1) variance-covariance matrix A = var(V) as,

var(YiYor) -+ cov(YiYar, YaYisrny) -+ cov(YiYar, Yis—1ymYom)

A= var(YaYsiny) - coo(VaYiein Yis-nmYom)

Uar(zs—l)mYSm)

m(S—1)xm(S—1)

Clearly, the construction of A requires the calculation of var(ffstff(sﬂ)t) for s =
1,..,8S—1andt=1,..,m, and cov(ffstff(sﬂ)t, f/wkf/(wﬂ)k) for all values of s, ¢, w, and
k. In the following cases, we calculate each component of this matrix using Lemmas

4.3.1 and 4.3.2.

e Case 1: For any valueof s=1,....S —1landt=1,....m

& &0 & 2
UCLT’(YstY(sH)t) :E(}/ﬁif(?wl)t) - [E(Ysty(sﬂ)t)]

_ 2 2 2 2
=040(s+1)t T 2‘75t,(3+1)t — Ost,(s+1)t

:Ugta?sﬂ)t + O-gt,(erl)t‘ (4.103)



e Case 2: For any value of s = w, and k, t

COU(Y/;tY/(s+1)t> Y:sk?(sﬂ)k) ZE(Kt}N/(sH)tY/skY/(sH)k)
—E(YyuYse10) EYVarYs18)
=0st,(s+1)t0sk,(s+1)k T Ost,skO(s+1)t,(s+1)k
T Ost,(s+1)kO sk, (s+1)t — Ost,(s+1)t0 sk, (s+1)k

=0st,5k0 (s+1)t,(s+1)k + Ost,(s+1)kO sk,(s+1)t-

e Case 3: For any value of s # w, and k, t

kav(w+1)k) :E(}}Sti}(s+l)t?wk}>(w+l)k>

_E(}Ztﬁs-‘rl)t)E(?wk}}(w-&-l)k)

=4

cov(YarYisr 1yt

=0st,(s+1)tOwk,(w+1)k + O st,wk0 (s+1)t,(w+1)k

+08t,(w+1)ka(s+1)t,wk’ = Ost,(s+1)tOwk,(w+1)k

=0stwkO (s+1)t,(w+1)k T Ost,(w+1)k0 (s+1)t,wk-

4.3.5.2 Computation of %
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(4.104)

(4.105)

Recall from (4.99) that the m(S — 1) x 1 vector 7 contains 1y = 0, s+1) for all values

Onst agst,(s+l)t

of s and ¢. Thus, to find 2L, we need to calculate = —2=2 for any s and t. From

¢’ ¢ ¢
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(4.42) and (4.44),

t—1 *
2 s (s+1) _
(j;oeﬂ) 2l for ¢ = 0
t—1 N2 o2
Mst = Ost,(s+1)t = 3 (jO 93> Nor [n’s“’(sﬂ) for ¢ # 0
+¢(ns (s+1) T 7 (s-'rl)(ns +ni) +n; (s+1)(n (s+1) — 1))

(4.106)
It then follows that
.
0, for =0
a77315 aO-sst,(erl)t =l N2 U?/
06~ 06 ] <j§o 93) Vs | 1t (+D for ¢ # 0
+n:,(s+1)(”: +ngy) + n:,(s+1)(n:,(s+1) -1
\
(4.107)

4.4 Computational Steps

Recall from (4.65) that the GQL method provides a consistent and efficient estimation

for 3. The MM estimators of o2 and 6 can be obtained from equations (4.69) and (4.80),

2

respectively. The GQL estimators of o3

and ¢ can also be obtained from equations
(4.91) and (4.102), respectively. The following steps are performed to attain a suitable

estimate for each parameter.

Step 1: Starting with an appropriate set of initial values for the scale and correlation

parameters, £©) = (062(0), 6O 03(0), #©Y we construct ¥ from (4.60) and then estimate

B (say BY) by using (4.65).

Step 2: With ) in Step 1 and selected initial values of (%) O',QY(O), and ¢, the value
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of 02 is updated by using (4.69) and it is called o2'").

Step 3: With A in Step 1, 03(1) in Step 2, and selected initial values of 03(0), and

#© | the value of 6 is updated by using (4.80) and it is called 6.

Step 4: With (), 03(1), and 80 in Steps 1, 2, and 3, respectively, and selected initial
value of ¢, the value of 2 is updated by using (4.91) and it value is called 03/(1).

Step 5: With ), 03(1), 61 and 03(1) in Steps 1, 2, 3, and 4, respectively, the value of
¢ is updated by using (4.102) and it is called ¢"). This new set of scale and correlation

parameters obtained from Steps 2 through 5 is called £ = (02(1) AN 03(1), pMY.

€ Y

Step 6: Now we use £ = (03(1),9(1),03(1),&1))/ in Step 1 to update 8 (say 3?).
Then @, M), 03(1), and ¢M are used in Step 2 to improve o2, and this updated
value is called 062(2). We iterate the above cycle until convergence is achieved up to a

user-specified level of accuracy.

4.5 A Simulation Study

In this section, we investigate the behaviour of GQL estimation of 3, 03, and ¢ and
moment estimation of # and 2. Several simulation studies were conducted using a
sequence of S = 100 equi-distant locations with four time points at each location
(m = 4). Note that similar to the familial-spatial model in Chapter 3, the distance
between any two adjacent locations is equal to unit one. The user-specified distance
to create a cluster of locations is assumed to be d = 4. Recall from (4.6) that the
spatial-temporal response ¥, is affected by some fixed covariates, a vector of location

random effects from neighbouring locations within the user-specified distance d = 4,

and a lag one dynamic dependence parameter leading temporal correlations among the
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responses of different time points. That is,

1

~s = 1/ ~s+ sl
Ys1 \/nfs nsfy €s1
1
Ust = OUsi—1+ \/—7751;5% +ey fort=2,3,..,m, (4.108)

with
st = Yst — T35, (4.109)

where zg = (Tg1, Ts2, Tsi3)' is a 3-dimensional fixed-covariate vector. The covariates

were generated as follows:
e 1y = 1 is an intercept covariate for s =1,2,...,S and t =1,2,3,4

e Similar to the time-dependent covariates were used by Oyet and Sutradhar (2013,

Section 3.4), we define vectors of zyy and x4 given by

0 forl<s<S/8 =12

—1 for1<s<S8/8 t=3,4

1 for S/8+1<s5<35/4; t=1

Totz = 3 (4.110)
0.5 for S/8+1<s<35/4; t=23,4

0 for3S/44+1<s<S; t=1,2,3

1 for3S/4+1<s<S; t=4,
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and
]
t/4 for 1<s<S/4; t=1,2,3,4
-1 for S/4+1<s<35/4; t=1
Tas =14 0 for S/4+1<s<35/4; t=2,3 (4.111)
0.5 for S/4+1<s<35/4; t=4
k(O.5+(t—1)0.5)/4 for 35/4+1<s<S; t=1,23,4.

For the regression coefficients, we chose two sets of 5 = (81, 52, f3) as,

6 = (61, 527 Bg)/ = (03, —05, 02)/ (4112)

B = (b1, P2 03) =(08,0,0.1) (4.113)
For the independent location random effects (¢ = 0)

v N(0,02) (4.114)

s

For the correlated location random effects (¢ # 0) with pair-wise equi-correlation

structure of (3.45)

v~ N(0,02) (4.115)
For the error model
esi Y N(0,02) (4.116)

For the values of the spatial correlation parameter, dynamic parameter, the vari-

ance of the location random effect, and variance of error term, we used ¢ = (0, 0.3),
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0 =(-0.1,0.1), 02 = 0.2, and o7 = (0.25,1.00), respectively.

4.5.1 Simulation Results of Cluster-Based Spatial-Temporal

Linear Dynamic Mixed Effect Model

Once we generated 7 (or ys ), we set the initial values of the parameters to o2 © _ 0.01,
6 = 0.01, O',QY(O) — 0.01, and ¢ = 0.01 and follow the computational steps in Section
4.4 to obtain estimates of the parameters up to 1072 level of accuracy. The estimates of
parameters are based on 300 simulations with S = 100 locations and m = 4 time points.
Note that these simulation studies are very time-consuming because we are dealing with
the estimation of seven parameters for equi-correlated location random effects (¢ = 0.3)
case and six parameters for independent location random effects (¢ = 0). The simulated
means and simulated standard errors for equi-correlated location random effects are
reported in Tables 4.1 and 4.2. Similarly, the simulated means and simulated standard
errors for independent location random effects are presented in Table 4.3. In both
correlated and independent location random effects models, the GQL estimation of
[ provides satisfactory results. For instance, under equi-correlated location random
effects in Table 4.1, with the true values of § = (0.3, -0.5,0.2)', 02 = 0.25, 02 = 0.2,
and 0 = 0.1, the GQL estimate of 3 obtained as § = (0.2737,—0.5037,0.2061)". Also,
under independent location random effects models in Table 4.3 with the same true
values of parameters, the GQL estimate was B = (0.295,—0.504,0.2044)".

Regarding the GQL estimate of 03 and ¢, Tables 4.1 and 4.2 show that both variance

2

2 is large.

of location random effect and spatial correlation are bias especially when o
Table 4.3 indicates that when the location random effects are independent (¢ = 0)),
we observe an improvement in the estimation of afy. The GQL approach indicates

that when o7 is small the o2 is slightly underestimated and when o7 is large the o2 is
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slightly overestimated. It is noted that the MM approach produces biased estimates
for # which is not far from our expectation, especially when o2 value is large. As the
Newton-Raphson iterative methods are sensitive to the initial values, selecting the best

initial value for # may improve the MM estimate of this parameter.
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Table 4.1: Estimate of 5 and £ = (03, o2, $,0) based on 300 simulations with 100 locations
and 4 time points, and with 8 = (1, 82, 83)" = (0.3,—-0.5,0.2)", ¢ = 0.3.

(a) Estimates of the regression parameters

% o’ 0 Quantity éa By s

0.25 0.2 0.1 SM 0.2737 -0.5037 0.2061
SSE (0.0193)  (0.009)  (0.0007)

0.2 -0.1 SM 0.3070 -0.4930 0.1980
SSE (0.0164)  (0.0090)  (0.0070)

1 0.2 0.1 SM 0.2975 -0.5207 0.1930
SSE (0.0205)  (0.0166)  (0.0132)

0.2 -0.1 SM 0.2868 -0.5030 0.1970
SSE (0.0190)  (0.0150)  (0.0130)

(b) Estimates of the scale and correlation parameters

o? 03/ 0  Quantity 63 10} 0
0.25 0.2 0.1 SM 0.1820  0.2527  0.1440
SSE (0.0022) (0.0031) (0.0127) (0.0073)

0.2 -0.1 SM 0.1146  0.2270  -0.0500
SSE (0.0024) (0.0035) (0.0120) (0.0070)

1 02 01 SM 0.1443  0.1758  0.0628
SSE (0.0088) (0.0065) (0.0117) (0.0063)

0.2 -0.1 SM 0.1472  0.1847 -0.0510
SSE (0.0084) (0.0048) (0.0980) (0.0062)
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Table 4.2: Estimate of 5 and £ = (03, o2, $,0) based on 300 simulations with 100 locations
and 4 time points, and with 8 = (31, 82, 83)" = (0.8,0,0.1)", ¢ = 0.3.

(a) Estimates of the regression parameters

al a2 0 Quantity e Bs Bs

0.25 0.2 0.1 SM 0.7717 0.0070 0.0890
SSE (0.0189)  (0.0085)  (0.0070)

0.2 -0.1 SM 0.7665 -0.0045 0.1100
SSE (0.0193)  (0.0090)  (0.0083)

1 0.2 0.1 SM 0.7816 -0.0055 0.0998
SSE (0.0208)  (0.0216)  (0.0230)

0.2 -0.1 SM 0.7955 -0.0025 0.1243
SSE (0.0175)  (0.0147)  (0.0131)

(b) Estimates of the scale and correlation parameters

o? 03/ 0  Quantity 52 63 0] 0

025 02 01 SM 02535 0.1263 0.1449 0.1255
SSE  (0.0023) (0.0045) (0.0090) (0.0085)

02 -0.1 SM 02434 0.1800 0.1600 -0.1122
SSE  (0.0030) (0.0080) (0.0110) (0.0100)

1 02 01 SM 09874 0.1412  0.1470  0.0600
SSE  (0.0118) (0.0068) (0.0119) (0.0093)

02 01 SM  1.0060 0.1527 0.1700 -0.0600
SSE  (0.0090) (0.0045) (0.0090) (0.0062)
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Table 4.3: Estimate of 8 and £ = (02,02,6)" based on 300 simulations with 100 locations
and 4 time points, and with 8 = (1, 82, 83)" = (0.3,—-0.5,0.2)", ¢ = 0.

(a) Estimates of the regression parameters

al a2 0 Quantity e Bs Bs

0.25 0.2 0.1 SM 0.2950 -0.5040 0.2044
SSE (0.0120)  (0.0084)  (0.0068)

0.2 -0.1 SM 0.2914 -0.5042 0.2024
SSE (0.0114)  (0.0080)  (0.0072)

1 0.2 0.1 SM 0.3018 -0.4837 0.2113
SSE (0.0154)  (0.0164)  (0.0127)

0.2 -0.1 SM 0.3032 -0.4997 0.1910
SSE (0.1270)  (0.0140)  (0.0133)

(b) Estimates of the scale and dynamic parameters

o? 03 0  Quantity 52 63 0

025 02 01 SM 02370 0.1736  0.0800
SSE  (0.0045) (0.0080) (0.0154)

02 -01 SM 02304 0.2076 -0.1400
SSE  (0.0051) (0.0123) (0.0170)

1 02 01 SM 08840 0.2490  0.0400
SSE  (0.0227) (0.0136) (0.0122)

02 01 SM  0.8690 0.2367 -0.2110
SSE  (0.0158) (0.0247) (0.0158)




Chapter 5

Discussion and Conclusion

Spatial data refers to data collected from different locations and spatial-temporal data
refers to those data collected from different location at different time points. In this
thesis we extended the cluster-based spatial linear mixed effect model of Mariathas and
Sutradhar (2016) with one observation at each location to the multivariate familial-
spatial and spatial-temporal linear mixed effect models. This chapter summarizes these
two models and presents the simulation results. Future studies will be reviewed in the

last section.

5.1 Summary and Conclusions

In the first chapter of this thesis, we reviewed the studies conducted in the fields of
spatial and spatial-temporal linear models. In the spatial linear models, the main goal
was constructing the correlation between responses from different locations. In all of
these studies, it was assumed that there is only one observation at each location and
this response was influenced by fixed covariates in addition to a one latent variable or

a vector of latent variables from the same and neighboring locations. These studies
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have not discussed the impact of familial correlations between the observations of the
same location on the responses. To fill this gap, we considered a familial-spatial model
where there is a family of observations at each location. In addition to the spatial
correlation between the responses of different locations, we cannot ignore the familial
correlation due to a shared family random effect between the responses of the same
location. Also, in the spatial-temporal setup, most studies have tended to focus on
classes of separable and non-separable covariance functions. In the analysis of spatial-
temporal linear models, none of these studies considered a cluster of locations. Hence,
we considered the effects of the fixed covariates and the location random effects on
the linear responses that follow an autocorrelation structure. Therefore, we derived
the cluster-based spatial-temporal correlations between the responses of the same and
different locations at the same and different time points. Regarding the familial-spatial
case presented in Chapters 2 and 3, we constructed a situation where a group of ob-
servations at each location is influenced by a vector of unobservable variables arising
from adjacent locations and a family random effect. Chapter 2 investigated the decom-
position of two clusters and proposed the correlation structure and properties of the
familial-spatial linear mixed model. Based on different user-specified distance values
of d, we computed the number of locations in a cluster (n,), the number of common
locations between the two clusters (n ), and the number of correlated uncommon pairs
of locations for two clusters (n.,s). We showed that the variance-covariance of responses
is a function of n,, ng, n ., Ny, and other unknown scale and correlation parameters
of the model.

In Chapter 3, we considered the familial-spatial linear mixed effect model when
the location random effects are equi-correlated or independent. We showed that the

GLS estimation of regression parameters performed well under both equi-correlated and
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independent location random effect models. Moreover, under the independent location
random effects, the MM estimations of variance components appear to achieve better
estimates with small true values of J,Qy and 0. The simulation studies of equi-correlated
location random effects demonstrated that the MM technique yields better estimates
for £ = (02,0%,02,¢) when the true values of the scale parameters are smaller.

In Chapter 4, we have also expanded the cluster-based spatial random effect model of
Mariathas and Sutradhar (2016) to a spatial-temporal model by considering temporal
correlations between ys and y,;—; using dynamic dependence parameter. Through
different lemmas we demonstrated that the variance-covariance of responses is a function
of Ny, Ng, Mo, Nuws, and other unknown scale and correlation parameters of the model.
We also developed the marginal GQL estimation for 3, 03, and ¢, and a marginal MM
approach for 02 and 0. As far as the estimation of regression parameters is concerned, for
independent and correlated (equi-correlated) location random effects, the GQL (GLS)
estimates of regression parameters showed that the estimates are very close to their

corresponding true values. The GQL estimates of 03 and ¢ perform better under the

smaller values of 2.

5.2 Future Works

One possible future work can be examining the performance of familial-spatial model
parameters through the ML technique and comparing the ML estimates with the GLS
and MM estimates. Also, a real-life data analysis can be applied to this model.
Future work should concentrate on the familial-spatial-temporal linear mixed effect
model such that it is required to compute familial-spatial-temporal correlations among
responses. Let 1, be a response of i'" family member at time point ¢ in the s location.

Therefore, the proposed model for all s =1,....,5;7=1,....m,and t = 1,...,T is given
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/ !~
Ysit = xsilﬁ + WyYs + Q51 + €1,

Ysit = x;ltﬁ + G(ysi’t,l — x/si,t—lﬁ) + w;’ys + Qg + €Egit fOI‘ t = 2, ...,T, (51)

where zg = (Tsit1, ..., Tsitp)' 18 a p-dimensional environmental and individual fixed co-
variate vector, 6 (|0] < 1) refers to an autoregressive order one dynamic dependence
parameter, ¥ = (Vs1, ..., Vsn.) 1S a vector of location random effects, oy, is a family
random effect, and €,; is an error term.

Another interesting extension of our spatial-temporal linear model is considering the
higher-order model such as autoregressive order two AR(2) correlation structure. Let
the response yg at location s and time point ¢ be related to ys,—; and ys:—o at time

points t — 1 and t — 2, respectively. Therefore, the proposed model is given by

Ys1 = xiglﬁ + W;% + €51,
Yo = Tuof + 01(ys1 — 21 B) + wiFs + €52,
Yst = l{;tﬂ + 6, (ys,t—l - 1{9775_15) + 0, (ys,t—2 - x;7t_25)

+ WAs+ey fort=3, .. m, (5.2)

where the stationary conditions are

92+91<1, 92—91<1, —1<92<1 (53)

We remark that Mariathas (2012, Chapter 4) has constructed the marginal GQL
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estimating equations for f3, 03, and ¢ in the spatial setup for binary responses with cor-
related locations. In addition, the analysis of cluster-based familial-spatial and spatial-
temporal models can be extended to categorical responses such as multinomial and
binary data or count data with equally-spaced correlated locations or unequally-spaced
locations design. It should be noted that modelling the correlation and constructing
the estimating equations of parameters for categorical and count responses are not so

easy.
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